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THEORY AND USE 

OP 

ASTRONOMICAL INSTRUMENTS, 


CHAPTER I 

THE TELESCOPE 

1 The complete theory of the telescope considered simply as 
an optical instrument is too extensive a subject to he condensed 
into a chaptei of the present ivoik it must be sought for in the 
larger works on optics * I shall, theiefore, confine myself to 
such points as appear to he immediately needed by the obseiver 
for the intelligent use of Ins instruments The following expla- 
nations, at once elementary and practical, some of which aie 
not to be found in optical works, are chiefly derived from 
Sawitsch f 

2 The simple astronomical telescope — The astronomical telescope, 
m its simplest foim, consists of two bi-convex lenses , the laiger, 

A Eig 1 



AB (Pig 1), which is turned towards the object, is called the 

* See Herschel’s Tieatise on Light, Prechtel’s Practischc Dioptrik, Biot’s -4t- 
(ronomie Physique, Vols I and II , Potter’s Optics , Coodinoton’s Optics, Lloyd’s 
Treatise on Light and Vision, Littrow’s Analytische Dioptrik, Pearson’s Practical 
Astronomy 

f Abrm der practischen Astionomie, vo?i Du A Sawxi slii, avs dem Rmmchcnabersetzt 
von Dr W C Goitze Hamburg, 1850, 
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objectne , or, more commonly, the object glass , and the smallei, gg f 
through which the observei looks, is called the ocular , or, moie 
commonly, the eye glass 01 eye piece The two surfaces of both 
these lenses are segments of spherical suifaces of difteient ladn 
The optical axis of a lens is the straight line which passes thiough 
the centies of the two sphencal suifaces which bound the 
lens The optical axis of the telescope is coincident with that 
of the object glass When the telescope is well constiucted, the 
optical axis of the ocular should always be parallel to that of 
the objective, even when (as is usual m the laiger instruments) 
the ocular is movable, this motion being m a plane at light 
angles to the axis of the telescope Wheie the oculai has no 
motion, its axis should coincide with that of the objective, and, 
consequently, with that of the telescope 

3 Let us now suppose that our telescope, or lather its optical 
axis, is directed towaids a stai S Then, on account of the gieat 
distance of the stai, we can assume that all the rays fiom it to 
vanous points of the object glass, as SA, SC, SB, aie paiallel to 
each othei The lay SC, which passes along the optical axis 
itself, suffeis no deviation from the lefi active power of the lens, 
since it enteis and leaves the lens at right angles to the refi acting 
surfaces , but all othei rays, as and SB, ai e refracted both 
when entering the lens and when leaving it, and, when the lens 
is small in proportion to the ladn of curvature of its surfaces, 
these rays wall all conveige to a common point J^in the axis of 
the telescope This common point m which a system of paiallel 
rays meet is the principal focus, usually called simply the focus, 
i)f the lens, and the distance _F(7fiom the centie C of the lens 
is called the focal length of the lens If the radiant point S is so 
near to the telescope that the lines SA, SB aie sensibly divergent, 
the lens will not bung them together at the pnncipal focus, but 
at a point more remote , that is, the actual focus will be faithei 
from the lens than F If the ladiant point is at a distance from 
the lens equal to the principal focal distance, the divergent lays 
Lorn this point will simply be rendeied paiallel by the lens, or 
the actual focus will be lemoved to an infinite distance Foi all 
•istionomical purposes we need eonsidei only the pnncipal focus, 
i egarding the rays, even from the nearest celestial body, the 
moon, as sensibly paiallel The telescopes used m surveying 
instruments (wheie the terrestrial objects observed aie at vanous 
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distances fiom the lens, and these distances all small) aie pio- 
vided with a ready means of adjusting the position of the object- 
ive, by sliding the pait of the telescope tube containing it out 
and m so that the actual focus may alwajs occupy the same 
absolute position in the optical axis, and, consequently, alwajs 
be at the same distance from the oculai The same result is 
also obtained by giving the poition of the tube containing the 
ocular a sliding motion 

4 All the parallel rays fiom a distant ladiant point, as a s ar 
S , which are converged to the focus jF, foim an image of the 
star in that focus Conveisely, if the radiant point be placed at 
jF, all the divergent rays SA , SB , &c will emerge fiom the lens 
in parallel lines AS, BS , &c ^VVe shall heieafter have occasion 
to make several important applications of this piopeity of a lens 
here we shall apply it at once to show how a distinct view of 
the image of a stai at F is obtained The eye lens gg\ being 
placed m the line CF produced, at a distance Fc equal to its owe 
principal focal distance, it follows, from the piopeitj ot a lens 
just stated, that the diveigent lays Fg , Fg' will emerge m 
parallel lines gk, g'k ', and will, consequently, enter the eye of the 
observer m paiallel lines, thus giving a distinct view of the stai , 
for the eye, m persons who are neitliei far-sighted noi near- 
sighted, is naturally adapted for distinct vision when the lays 
entenng it are parallel Without the telescope we should see 
only those rays from the star which fall upon the pupil of the 
eye , but when we look at the image of the star at the focus of 
a telesoope, we see it with greater distinctness, because we then 
receive into the eye all the rays which have entered the object 
glass and have been united at the focus In this consists the 
jhst great advantage m the use of the telescope 

5 Let a very fine thread be stretched in the focus F of the 
telescope at right angles to the optical axis This thiead will 
he visible through the ocular when the lattei is so placed that 
its focus coincides with F consequently, when the telescope 
is directed towards a stai, wc shall have distinct vision of 
both the star and this thiead at the same time If two thieads 
are placed at the focus at light angles to each other, then mtoi 
section will determine a fixed point m the field of view, which 
by moving the telescope may be In ought upon the object to be 
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observed By bringing this point successively upon different 
celestial objects, their relative positions can be measured with 
the gieatest precision , and m this consists the second great ad- 
vantage m the use of the telescope Since the appaient thick- 
ness of these threads is increased by the magnifying power of 
the ocular it is necessary to use a very fine material the spidei’s 
web is that which is almost universally used 

The line of sight is the straight line diawn from the thread 
thiough the optical centre of the objective, for this line repre- 
sents the dnection of a distant point (as a star), when the tele- 
scope is so directed that an image of the point is formed at the 
thread This line is also called the line of collimation, but we 
shall hereafter, for the sake of bievity, call it the sight-line 

6 The spider lines, 01 threads, are usually stretched across a 
ung, 01 diaphragm, which is placed m a tube which slides m the 
principal tube of the telescope The ocular also slides without 
affecting the threads so that by means of these two motions we 
can bring the threads exactly into the common focus of the ob- 
jective and ocular It is to be obseived that the motion of 
the oculai is necessaiy merely for adaptation to the eyes of 
different observers The threads, being once accuiately placed 
in the focus of the objective, must not be disturbed, but the 
ocular may be drawn out or pushed m by each obseiver until 
he obtains a distinct view of the threads To ascertain whether 
the threads are accurately placed m the focus of the objective, 
fiist adjust the ocular for distinct vision of the thieads, then, 
bringing a thread upon a very distinct point, as a slow moving 
stai, observe whethei a motion of the eye m any direction 
towards the edge of the eye lens causes the stai to leave the thread , 
for, if the image of the star is exactly on the thiead, it ought to be 
seen on it even from a side view , but, if it is before or behind 
the thiead, it will be seen on it only from a direct fiont view 

7 Magnifying power — Let us suppose the telescope to be 
dnected towards a very distant object DL (Fig 2) Fiom its 
uppei extiemity D a multitude of rays proceed which fall upon 
all parts of the objective AB , and which (m consequence of the 
gieat distance of the object) may all be regarded as parallel to the 
line DCd which passes through the middle point of the lens All 
these rays ai e brought to a focus m tins line D Cd at a point d w hose 
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distance from tire lens is equal to the focal length of tlie lens There 
exists then at the point d a distinct image of the point D. In a 

Fig 2 


A 



sinnlai "manner an image of every point of the object is found at 
the same distance behind the object glass so that there will exist 
at the focus of the lens a complete, though very small, image of the 
object This image will be inverted , for, while the image of the 
upper point D is formed at d, that of the lowest point L is formed 
at l, the axes of the systems of lays from the several points of the 
object ciossmg at the middle point C of the lens If the focus of 
the oculai is coincident with that of the objective, and, con- 
sequently, also with the image dl, the lays which chveige from 
a point d of the image and fall upon the ocular gg' will emeige 
fiom the lattei in lines paiallel to each othei and to the line 
del which is drawn from d thiough the centic of the ocular, 
and, the same being true of rays from every point of the image, 
those fiom the extieme point l emerge in lines paiallel to the 
line len Hence the lays horn the two extieme points d and l 
of the image entei the eye of the obseiver at an angle with each 
othei equal to nek 01 led, and this angle is the apparent angular 
magnitude of the image to the eye But without the telescope 
the apparent angulai magnitude of the object, the eye being at 
C, would be DCL — d Cl, which angle may be assumed to be 


Fig 3 


the same as that under which 
the object is seen fiom the 
actual position of the eye be- 
hind the ocular, the length 
of the telescope being m- 
consideiable m relation to 
the distance of the object 
How, the apparent lineal 
magnitudes of the object 
and its image seen thus undei chffeient angles can be com- 
paied by referring them to the same absolute distance Thus, 
referring the image dl (Fig 3) to the actual distance of the 
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object DL , by the lines Edd\ ElV drawn fiom the eye at E, we 
have 

dT : EL = d'JU : E M = tan l dEl : tan J EEL 
Hence, denoting the magnify mg powei by Cr, we have 

cVV tan ] dEl 

= ~EL ~ tan VEEL 


whence the pioposition, (A), The magnifying power of the telescope 
is equal to the tangent of half the apparent angular magnitude of the 
image seen though the oculai , dinded by the tangent of half the ap - 
paient angular magnitude of the object seen without the telescope 
Refemng again to Fig 2, we have the apparent magnitude of 
the image as seen through the ocular = led , and that of the 
object as seen by the naked eye = ICd , and 

tan l led i tan l ICd = — : = mCimc 

me m C 


or 


tan \ lcd mC 

tan l ICd me 


( 2 ) 


whence the proposition, (B), The magnifying power of the telescope 
is equal to the quotient of the focal length of the objectne dinded by the 
focal length of the ocular 

This pnnciple selves foi the calculation of the magnifying 
power when the focal lengths of the glasses are known, at least 
for the simple astronomical telescope here consideied A mode 
of obtaining the magnifying power of any telescope by clncct 
observation will be given below 

We see then that with the same objective we can have various 
magnifying powers by simply vaiymg the oculai , and the less 
the focal length of the ocular, the gi eater will be the magni- 
fying power The moie the telescope magnifies, the nearer will 
the object appear to us, and, consequently, the moie distinctly 
will its several parts be seen Herein consists the third essential 
advantage m the employment of the telescope 


Eig 4 


8 The field of view — By the field of view is meant the space 

which can be viewed with the tele- 
scope at one and the same time The 
magnitude of the field depends upon 
the angle gCg f (Fig 4), which is con- 
tained by two lays fiom the centie 
of the objective to the extremities 
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of a dunictei gg' of the oculai , and consequently it depends upon 
the magnitude of the ocular and its distance fiom the objective 
Most telescopes have chapb agios, 01 opaque lings, placed within 
the tube to cut off lays fiom the extiemc edges of the objective, 
as well as stiay light falling down the tube If the inner edge 
of any diaphiagm tienches upon the lines Cg , Oj', the magni- 
tude of the field will be diminished, and will then depend upon 
the /fee apeituie of the diaphragm, 01 upon that poition of the 
oculai upon which lays fiom the centre of the objective can fall. 

As it is difficult to constiuct laige eye pieces which shall give 
as peifect images neai their edges as m the centre, it is usual to 
obtain a laige held with a small eye piece by 7 gn mg tie a ei 
a sliding motion at light angles to the axis of the telescope In 
this case the whole available field depends also upon the quantity 
of motion possessed by the eye piece Usually this motion can 
be coven only m one direction, m which case the whole available 
field is oblong, its breadth being limited by the dimensions ot 
the eye piece, and its length by the quantity of motion Some- 
times, howevei, two motions are piovided, at light angles to each 
other, and then the whole of the fiee circular aperture of tie 
diaphragm becomes available foi the field 

9 Brightness of images produced by the telescope , and the intensity 
of their light The image which the telescope gives of an object 
must possess a sufficient degree of bnghtness to make an lmpies- 
sion upon our eye Let us suppose two telescopes, the object 
classes of which aie of different diameters, to have the same mag- 
mfung power Then the bnghtness of the two images formed 
will be propoitional to the quantity of light which falls on the 
smface of the two objectives respectively, but these sui faces are 
propoitional to the squaics of the diameters of the objectives, 
and hence the bnghtness of the images is proportional to the 
squaie of these diameteis On the other hand, let us suppose 
two telescopes, with object glasses of equal diameters, to have 
different magnifying powei s , then one and the same quantity of 
lioht is distnbuted ovei the laigei and over the smaller image, 
and consequently, m this case the brightness of the image is 
inveisely proportional to the squaie of the magnifying powers 
It is to be observed, howevei, that not all the rays which fall 
upon the object glass leach the eye, partly on account of the 
\vant of absolute tianspaiency of the glass, and still more on 
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of tlie lei ieflect, ° nof a number of rays fiom the surfaces 

bieadth 7th » , Sht 18 dS ° l08t occas,ona %> when the 

S f h -> JG S kSS 18 n0t sufficient t0 embrace all the lays 

at tho Z CeeC ln f C ° n f ^° m ima ^ e a 1 pliant point formed 
+i lS> ? 611 ^ be P u Ph °t the ej e is not laige enough to 
“ whole cyhnder which these rays foun aftei pafsmg 

S Z f ^ gla88 ThUS) 111 Fl ^ *’ let ^be the cylindet 
of tS i / r rJ Stant P° mt > falhn g ^on the fiee opening 
from tl ° J f kSS ’ tbe c yhnder of light which emerges 

tcou S I 7 &SS ’ -f the C ° mm0n f0CUS of ^0 two glasses On 
have f 116 Slm aUty ° f the triangles ABF and g'gF, we 

AB : g'g — CF: Fc 

But the magnifying power G is (Ait 7) equal to ^ consequently, 


0 = -- 

9 9 


mZl’ 5 ^ Ch faU Up ° n the ob J eet g^ss will enter the 

f P the eye ° n } 7 wben 9 is either equal to the diametei d 

of the pupil, or is less than d In the first case we shall have 


<? = : X , m the second, G> AB 


But if G < we must 


, - cl N /7 must 

from fhl > d ’ 01 i the diameter the cylinder of light emerging 
tW e r? e ^ ass gieatei than the diameter of the pupil in 

IT’ ref ° re ’ T ° f 46 h * ht 1084 to the eye 

Since every point of an object seen thiough a telescone must 

x:r yxr wh r ** 

se “rTl 7'r , ,,! ( «* mU ' m ’ J 0f 1116 ■nomination of the 

ouanbly oTlthf wl- T* ^ telM00p<! de P e “ d8 “PO" the 
^ \ whlctL proceeds from each point of the obieet 

and reaches our eye We must, therefore, not confound mto«m 

f “ mtie -—n of tie Zt 

Of «,I p if ye The “tensity of the light is independent 
Of the magnifying power, while the brightness ,s as wfCe 
seen, inversely proportional to the sqnfre of tie Ignifon" 

Ki itw^f 7 h T , tb ‘ ^wing eXaS 

r^nitS *™ ^ ^ 

Let B be the brightness, Ithe intensity of light of an obieet 
seen through the telescope, both being supposed to be fwTe 
naked eye, equal to unity Let D be the diameter of tlie oUet 
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glass, d tliat of the pupil of the eye, G the magnifying power 
of the telescope, and 1 m the ratio m which the light is dimm- 
ished by its passage through all the glasses of the telescope , 
then we have 


B = m 


D 2 

d 2 Gr 2 



( 3 ) 


Now, so long as G < — ■> which, however, occurs only in tele 

scopes of laige objective apertures and low magnifying power, 
the quantity B must lemam constant and = m 9 for, if G is less 

than — the diameter of the cylinder of emergent lays fiom the 

ocular will be greater than can be received by the pupil , the 
eye then leceives no more of the light than it would if the ob- 
jective had the diameter Gd Hence, the greatest value of B is 
m , and can never be greater m the telescope Since m the best 
achromatic telescopes m = 0 85, we see that the bughtness of 
an object is always greatest with the naked eye As soon as G 

is gi eater than — > the bughtness lapidly diminishes as the square 

of G 

“ On the other hand, /, oi the intensity of the light, is constant 
as soon as G — or > — > provided that the field of view always 

includes the whole of the magnified object I can therefore 
become very gieat when D is great, and this is the reason why 
exceedingly faint stais can be seen thiough a telescope with a 
large objective The diameter d of the pupil (which may be 
assumed to be about 0 2 of an inch) is not only diffeient in 
different observers, but also varies with the absolute intensity of 
the light of the object viewed, — e g it is less when we view the 
moon, greater when we view Satuin, less when we view the 
moon through a telescope of five inches aperture than through 
one of two inches apertuie 

“The sky, or 4 ground of the heavens,’ has a certain degree 
of bughtness, not only in daytime, in twilight and moonlight, 
but even at night in the absence of the moon This brightness 

J)2 

of the sky also diminishes m the telescope asm aG d therefore 

the ratio of the brightness of an observed object to the bright- 
ness of the sky remains constant for all magnifying powers 
This is the leason why for considerable magnifying powers we 
Vol II— 2 
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do not obseive a correspondingly great decrease of brightness. 
But, if we call tins brightness of the sky 6, although the ratio 
B b remains constant, our eye can, nevertheless, no longer dis- 
tinguish the difference B — b of the brightness ot the object and 
the sky when this difference is veiy small Hence, faint nebulfe, 
tails of comets, &c become invisible under high magnifying 
poweis The intensity of the light of the portion of the sky 
which we see in the telescope varies inversely as 6r 2 , nearly * 
This intensity of the light of the field may be so great as 
wholly to prevent our seeing objects of feeble intensity This 
is the reason why with the comet-seeker (a telescope of large 
aperture and small magnifying power) we cannot see stars, even 
of the first magnitude, in the daytime, when we can see them 
without difficulty with telescopes of much smaller apertures and 
gi eater magnifying powers This also explains why with high 
magnifying powers we often discovei very faint stais which are 
wholly invisible in the same telescope with lower poweis ” 

The more perfect the telescope is, the more nearly will the 
image of a star resemble a blight point, and, according to the 
above, we may without hesitation always employ for the obser- 
vation of fixed stars the highest magnifying powers 

10 Spherical and Chromatic Aberration — = telescope of the 
simple construction, above described would possess serious defects. 
All the parallel rays fiom an object which fall upon a simple 
spherical lens cannot be bi ought exactly to a common point m 
any case , and not even approximately unless the lens is small 
or of relatively great focal length The image of a fixed star 
will, therefore, not be a well defined point, but rather an ill defined 
spot of light, and the images of all objects will be the more dis- 
torted the greater the objective is in proportion to the focal 
length This deviation of the lays from a common point m the 
telescope is called the spherical aberration 

In the simple astronomical telescope, still anothei difficulty 
exists for white rays of light, after they are refracted by a simple 
lens, are resolved into the colors of the prismatic spectrum, or 
of the rainbow, and, consequently, the image of any object will 
appear surrounded and disfiguied by colored light This arises 

* That 1S ’ the e f ect u P on W of the whole of the light of that portion of the 
sky which is visible under the magnifying power G varies nearly as -L, as is evi- 
dent, since the field is diminished in this ratio 
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from the different degrees of refrangibility of the different colois 
The deviation of the rays of different colors from a common focus 
is called the chromatic abenafion 

With regard to the means by which the telescope is rendeied 
almost wholly free both from sphencal and from chromatic 
aberration, that is, rendered both aplanatie and achromatic , it 
must here suffice to state, in general terms, that the result is 
obtained by substituting for the simple lens a compound one of 
which the component lenses are made of glass of different degrees 
of refractive and dispersive powers There are generally two 
2 omponent lenses, as in Fig 5 , one of which, AB, is a biconvex 


Fig 5 


J! 



lens of crown glass, and is that which is tui ned towards the object , 
the other, AA'BB', is a meniscus or concavo-convex lens of fimt 
glass The latter kind of glass usually contains at least 33 per 
cent of oxyde of lead, from which crown glass is wholly free , 
and both its refi active and its dispersive poweis exceed those of 
crown glass By giving the four sphencal surfaces of the com- 
ponent lenses suitable cuivatures, both the spherical and the 
chromatic abenations produced by the crown glass lens are veiy 
nearly conected by the flint glass lens 

Even m the best telescopes an absolutely perfect compensation 
of the errois has not been reached Some idea of the lelative 
excellence of the instillment may leadily be obtained as follows 
The coirection for spherical aberration is well made when the 
image of a stai, in favorable states of the atmospheie, is a very 
small, well defined, lound disc Having adjusted the eye piece, 
by sliding it out or m, until this disc is i educed to its least dimen- 
sions and most perfectly defined, the slightest motion of the eye 
piece from this position, either out or in, should disturb the per- 
fection of the image : a telescope in which the character of the 
image lemains sensibly the same during a considerable motion 
of the eye piece is imperfectly corrected for the spherical abei- 
ration. The correctness of the general figure of the lens is 
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judged ot by sliding the eye piece m beyond the perfect focus, 
whereby the image becomes enlarged, but if the lens is sym- 
metncal throughout, the image will lemam ciiculai, and m veiy 
perfect telescopes will piesent a number of complete concentric 
circular lings of light, a similai lesult should follow when the 
eje piece is drawn out An impel feet, unsymmetiical lens, vuth 
the eje piece out of locus, will give an image composed of incom- 
plete and distoited rings, or only a confused and megular mass 
of variously colored light If the glass of which the lens is com- 
posed is not peifectly homogeneous (one portion having gi eater 
refi active power than anotliei), the images of blight stars of the 
tiist 01 second magnitudes will have what opticians call a mug on 
one side, v hi eh no perfection of figure or of adjustment can re- 
move But the defective poition of the glass maybe discoveied 
by covenng up successively diffeient paitb of tlie lens by means 
of caps of variable apertures in various positions, and some lin- 
piovement in the peifoimance of the lens maybe obtained by 
excluding tins defective portion, at the expense of light 
The achromatism is judged of by pointing the telescope to 
some bright object, as the moon 01 Jupiter, and alternately push- 
ing m and drawing out the eye piece fiom the place of most pei- 
feet vision m the foimer case, if the lens is good, a ling of pm pie 
will appear lound the edge of the image, m the lattei, a img of 
pale green (which is the central color of the pnsmatic spectium) , 
foi these appeal ances show that the extreme colois of the spec- 
trum, red and violet, are connected 

11 Ach omahe eye pieces — The eye pieces now most commonly 
used are of two kinds the Huygeman and the Bamsdcn 
The Huygeman eye piece consists of two plano-convex lenses 

of crown glass, A and B 
(Big 6), the convex sur- 
faces of both being turned 
towards the object The 
first lens A receives the 
converging rays 8a, 8b, 
coming from the object 
glass, before they have 
reached the pnncipal fo- 
cus F of the object glass, 
and bungs them to a focus F' half-way between the two lenses 


Fig 6 
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A and B The focal length of the lens B being made equal to 
BF', the image formed at F' is distinctly visible to an eye be- 
hind B Since this eje piece is adapted to rajs already converg- 
ing, instead of diverging lays, it is commonly called the negatne 
eye piece 

The j Ramsden eye piece is shown in connection with the tele- 
scope m Fig 5 It also consists of two plano-convex lenses , 
but the plane suiface of the lens neaiest the object is turned 
towards the object The diverging rays fiom an image .Fare 
rendered less divergent by the first lens, and finally paiallel by 
the second lens, aftei emerging from the latter, therefoie, they 
aie adapted for distinct vision to an eye placed behind it This 
eye piece being adapted for diverging rays, like the simple double 
convex lens, is called the positive eye piece It is universally 
used wherever spidei threads aie placed in the focus of the object 
glass foi the pui poses of measui enient, as in the transit instrument, 
&c ; for the permanency of the position of these threads is of 
the first importance, and this could not be msuiod unless the 
threads weie so placed as to be independent of any motion of 
the eye piece Thieads aie, however, often placed in the focus 
of a Huygenian eye piece meiely to mark the centie of the field, 
as m the eye pieces of the telescopes of a sextant 

The optical qualities of the Huygenian eye piece are, however, 
supenoi to those of the Bamsden, the spheueal abenation being 
more perfectly collected, and it is, therefoie, piefened for the 
mere examination of celestial objects when no measurements 

are to be made „ 

Neither of these eye pieces changes the apparent position ot 
the image, which therefore lemams inverted Aeliiomatic eye 
pieces designed to show objects m then eiect positions usually 
consist of four lenses They are used chiefly foi land objects, and 
only in small telescopes The gieat loss of light from the addi- 
tional lenses is an insuperable objection to them for astronomical 

purposes „ , 

The lenses composing the eye piece are fixed, at the pioper 
distance fiom each othei, in a separate tube, which has a sliding 
motion in another tube fixed to the telescope, so that it can be 
pushed in or drawn out and thus adapted foi different eyes 
For near-sighted peisons it must be pushed in , for far-sighted 
persons, drawn out 
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12 Diagonal eye pieces — -When a telescope is directed towards 
an object near the zenith, it is always inconvenient, and often, 
with small instruments, impossible, for the obseiver to bung 
his eye directly undei the telescope The inconvenience is 
obviated by employing an eye piece which bends the rays at 
right angles to the optical axis of the telescope, 
as m Fig 7, where the lens A receives the rays 
m the direction of the axis of the telescope and 
partially refracts them , they are then reflected 
by the plane surface M (placed at an angle of 
45° with the axis) to the lens JJ, by which they 
are rendered parallel and adapted for distinct vision to the eye 
at B looking m the dneetion BM The surface M may be either 
a plane metallic mirror, or the interior face of a right prism of 
glass, the section of which is shown m the figure by the dotted 
lines The prism is usually prefeired, as less light is lost by 
reflection from its interior face than ftom a metallic speculum 

18 To measui e the magnifying power of a telescope — Fu si Method — 
The magnifying power depends upon the focal lengths of the 
object glass and eye piece (Art 7), and hence foi the same tele- 
scope different eye pieces will give different magnifying poweis 
We suppose, then, that the eye piece whose magnifying power 
is to be found is placed upon the telescope and very caiefully 
adjusted for distinct vision of very distant objects If we then 
direct the telescope in daytime towaids the open sky, we shall 
see near the eye piece, and a little way beyond it, a small illumi- 
nated circle, which is nothing more than the image of the 
objective opening of the telescope Let the diameter of this 
circle be measured by a very minutely divided scale of equal 
parts, then the magnifying power is equal to the quotient arising from 
dividing the diameter of the object glass by the diameter of this illumi- 
nated circle * For example, let the diameter of the object glass 

* The demonstration of this rale is not usually given in our optical works Let 

ANB, Fig 8, be the objective, G the 
ocular, which we can regard as m effect 
a single lens , N the middle of the ob- 
6 jective, n the middle of the small li- 
ft lummated circle anb , which is the image 
of the objective opening formed beyond 
the ocular If we remove the object 
glass from the telescope tube, the un ige anb of the opening will still remain the same 


Fig 8 



Fig 7 
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be 4 inches, that of the small illuminated circle & of an m^h, 

the magnifying power is 4 — ,& = 80 

The ’hief difficulty in this method lies m the exact measure- 
ment of the diameter of the small illuminated aide Various 
methods have been contrived for this purpose , but the most 
effective is by means of the instrument known as Ramsdens 

^ Second Method (proposed by Gauss) -If we reverse the tele- 
scope and dnect the ocular towards any distant ob J ec ) ^ e ^ ’ 
when looking through the objective, see the image of the object 
as many times diminished as we see it magnified when looking 
through the ocular Select, theiefoie, two well defined points, 
lying m a horizontal line, and direct the telescope so that look- 
mg Into the objective, these points may appear to he at about 
equal distances on each side of the optical axis Then place a 
theodolite m front of the objective, level the horizontal aide, 
and buna- the optical axis of its telescope nearly into coincide ce 
with that of the larger telescope, so that looking into -the object 
ive of the latter, tlnough the telescope of the theodolite, the 
ILcted points maybe distinctly seen 
angular distance of the images of the points with the 
bv bringing the vertical thread successnelj upon these images 
™d taking the difference a of the two i eadmgs of the horizontal 
Trcle Remove the larger telescope, and measure in the same 
manner w,th the theodolite the angular distance f ““^bv'the 
themselves Then the magnifying powei G is given . 

formula — 

x 1 vr rtW 1 + known, from the elements ot optics, that 
S5t objecl from a convex lens ' of the 
image from tie lens, /the focal length of the lens, we have the equa 

1+1 = 1 

W ** fo< f ^ T+T’on-v! X«uX StaDCe 

them, then we have NC = t* = F + f, On - ™ > 

ill F 


Also, 


! / F + f f(F+f) 

. F + f = l I 


AB 

ab 


NC 
: nC ' 


AB 

But, by Art 6, l expresses the magnifying power of the telescope hence, also, 
expresses the minifying power, as » the method of the text 
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rs tan £^4. 

tan £ a ^ 

or, H the angles A and a aie very small, G = — 

cc 

If the obseived points aie not^eij distant, a\ e should in stnet- 
ness measure the angle A by placing the theodolite at the point 
fii st occupied by the oculai , foi A is the angle contained bj the 
rays from the two points to the ocular, and a the angle contained 
bj these rays after they have passed through the ocular and have 
been refracted by it 

If the telescope cannot be removed conveniently, the angle A 
may be obtained by measuring the linear distance D of the middle 
point between the two obseived points fiom the oculai, and the 
horizontal linear distance d between the points , then 

tan i A = ■— (5) 

When the latter method is practised, howevei, it is necessary to 
observe that if the telescope of the theodolite, m measunng the 
angle a, is inclined to the horizon by the angle J, we must employ 
instead of a the angle a' given by the foimula 

sin ia' = sin £ a cos I 

or, with sufficient precision, 

tan \a! ~ tan £ a cos I 

a reduction which was unnecessaiy where both A and a were 
measuied by the theodolite, since the factoi cos /-would entei 
into both numerator and denominator of (4) But the i eduction 
maj also be neglected heie, if by D is undei stood, not the direct 
distance fiom the ocular to the obseived points, but the piojec- 
tion of this distance on the honzontal plane, and then the foimula 

becomes G = ^ with sufficient piecision, since a is always 

very small 

For accuiacy, the angulai distance of the points observed 
should be as great as can be embiaced within the held of the 
telescope* 

Example 1 The angles A and a were directly measured with 
a theodolite, m the case of an equatonal telescope with a certain 
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. a no in' qo" a — S' 10" We have, 

eje piece, and were A = 5 10 au , « 

tlieiefore, for this eye piece, 


G = 


tan 2° 35' 15 gg ^2 

tan 0° 1' 85" _ 


Example 2— For veufication of the preceding measure, the 
„„de A was also obtained without the theodolite fo. which pm- 
* there was measured the distance of the ohseived points 
trom the ocular, D = BOB 2 feet, and the distance between t le 
. j Qg qq f ee t The inclination of the telescope ot the 

theodolite was here observed to be 1= =10° 40', and a. before by 

direct measured = 8' 10" We have first, 


and hence 


tan J A = 


26 98 


26 98 
6064 


= 98 30 


606 4 tan 1' 35" cos 10° 40' 

The hor i rental distance D was here 298 feet, with which, by the 
last foimula above given, we have 


G = 


26 98 _ = 98 29 


298 Bin 8' 10' 


The magnifying power of this eye piece may theiefoie be take 

^rfaYSSVioposed by I! B Vats, in the Ast, onommhe 

Vo, V Tins veiy convenient -‘hod — s “ 

the telescope towards any object o & , 

dl, meter and measuring the angle fo.med by .ays horn he 

1 ties ot a diameter after these rays have omeiged fiom t 
cxt.cmit.es ot a man ^ 4]ametel of which is always 

K 1. especially adapted fo. the purpose The 

«rrro that^e rr S 

D fiom the middle ot the eye piece to the screen Then, 
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the tiue angular diametei of the sun, A the angulai diameter of 
the unage on the screen, subtended at the eye piece, we have 

tan l A = — 

D 

and the magnifying power G, as before, is 
g, tan IA. _ d 

tan la 2D tan la ^ 

Fourth Method — For small instruments, and where great accu- 
racy is not required, the following piocess will answer Let a 
staff, which is very boldly divided into equal parts by heavy lines, 
be placed veitieally at any convenient distance from the telescope, 
for example, fifty yaids While one eye is directed towaids the 
staff through the telescope, the othei eye may obseive the staff by 
looking along the outside of the tube One division of the staff 
will be seen by the eye at the eye piece to be magnified, so as to 
covei a number of divisions of the staff, and this numbei, which 
is the magnifying power requited, may be observed by the other 
eye looking along the tube The staff here not being veiy distant, 
the focal adjustment of the telescope is not the same as foi stais, 
the focal length is, m fact, somewhat greater than the “puncipal” 
focal length (Art 3), and the magnifying power obtained is pio- 
poitionally greater than that which applies to veiy distant or 
celestial objects, the rays from which aie sensibly parallel If we 
call the magnifying powei obtained from the terrestnal object G', 
that for a celestial object G, F> the focal length employed, Fthe 
principal focal length, we have 

F f iF = G':G 

±!or example, a telescope whose principal ^ocal length was 
24 inches, being duected towards a giaduated staff, it was found 
that for distinct vision of the staff it was necessary to diaw 
out the eye piece 0 75 inch Then, one division of the staff 
seen by the eye at the eye piece was obseived by means of 
the other eye to covei 40 divisions Here we have F= 24 
F f = 24 75, G f = 40, and hence 

e “ e '^= 40x 
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Instead of using the divisions of a staff, which may not he suffi- 
ciently distinct, a disc of white paper may be placed against a 
black ground, and the size of the magnified image may be marked 
on the same giound by an assistant from signals made by the 
observer at the telescope 

14 It was shown in Art 7 that the magnifying power is equal 
to F being the focal length of the objective, and/ that of the 

ocular To apply this rule when the eye piece is composed of 
two lenses, it is necessaiy to find the focal length, /, of a singe 
lens which is equivalent to the two lenses This is effected by 
the formula of optics 

ff" 






m which f f" aie the focal lengths of the component lenses, 
and d the distance between them This foimula howevei is but 
appioximative (it gives / somewhat too gieat) it is bettei to 
measuie the magnifying powei dnectly by one of the methocs 

above given 

15 Reflecting telescopes -. As these aie raiely used foi the pur- 
poses of measurement, we shall content ourselves with meiely 
stating the forms of the two kinds which have been m most 
common use The simplest, and now most commonly used, is 
the Herschehan telescope, introduced by Su William Herschel 
A polished concave speculum, ab, Fig 9, is placed at the bottom 

Fig 9 


Af g tll p e A BCD It IS ground to the form of a paraboloid, the 
“ neaa & - of the 

dined so that the focus falls near one side of the tube, as &tL>, 
where the reflected rays fiom the speculum form an image which 
is viewed through an eye piece, E, of the usual form The head 
of the observer may intercept a small portion of the rays fiom 
a celestial object to the speculum, but this is of little cons - 
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quence, as the speculum is usually very large In Lord Rosse’s 
Herschelian, the diameter of the speculum is six feet 
The reflecting telescope next m most common use is the New- 
tonian, which differs fiom the Herschelian only in receiving the 
lefleeted rays from the speculum upon a small plane mirioi, c, 
Fig 10, placed m the middle of the tube neai its mouth, which 
reflects these rays at right angles to the axis of the tube to an 

Fig 10 

B 


o 

E 

e ye piece at F. In this form, the small plane mirror intercepts 
a portion of the light from the object , moreoyei, light is lost m 
the double leflection , but a slight advantage is gained m having 
the axis of the speculum coincide in direction with the axis of 
the tube The reflected rays reach the mirioi c before they are 
brought to a focus they conveige aftei reflection to the point/, 
wheie is pioduced the image which is examined thiough an eye 
piece by the eye at E 

16 Finding telescopes — A telescope of great focal length and 
high magnifying power has a veiy small field, m consequence 
of which it becomes very difficult to find a small object m the 
sky This inconvenience is obviated by attaching to the outside 
of the tube a smaller telescope, called & finder, of low magnifying 
power and large field, with its axis adjusted parallel to that of 
the larger telescope The search for the object is made with 
the finder (both telescopes having a common motion), and, 
when found, it is brought to the middle of the field of the 
finder , it is then somewhere m the field of the larger telescope 
The middle of the field of the finder is indicated by the inter- 
section of two coarse threads m the focus , or, still 1 etter, by 
four threads forming a small square, the middle point o£ which 
is the centre of the field. 
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CHAPTER II. 

OF THE MEASUREMENT OF ANGLES OR ARCS IN GENERAL— 
CIRCLES — MICROMETERS — LEVEL 

17 Graduated Chides —The most obvious mode m which an 
angle may be measmed is that m which we employ a ciicle, or 
poftiou ot a circle (constructed of metal or othei durable matenal 
the limb of which is mechanically divided into equal 1>« its, as 
degrees, minutes, &c The centie of the cncle being placed at 
the vertex of the angle to be measuied, the aic of the ciicum- 
feience intercepted between the two ladn which coincide in 
direction with the sides of the angle is the required measure 
To give this mode precision when the angle is found bj lines 
drawn to two distant points, the aid of the telescope is im oked 
This is connected with the cncle in various ways, according to 

the nature of the instru- Flg n 

ment of which it foims 

a part, but, m general, 

we may conceive it to he 

essentially as follows 

To the tube of the tele- / H 

scope, AB, Fig 11, Hi 

attached a pivot, C, at wj M 

i lght angles to the op- 2^^ V 

tical axis, which turns 

m a circular hole m the 

centre of the graduated - , r . +ho 

cncle MN An aim aCb, extending fiom the centre C to the 
graduations on the limb, is permanently attached to the e escope, 
and revolves with it To measure an angle subtended b> tuo 
distant objects at the point C, the circle is to be brougi in 
plane of the objects and fi rmly fixed Then the telescope n s 

* In the sextant and other mstruments of “double refle^7^«e, of A. 
angle to be measured » not m the centre of the arc used to measure rt See amcle 

“ Sextant ” 
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directed successively upon the two objects, and m each case 
the number of degiees indicated by a mark on either extremity 
of the aim ab is to be 1 ead oft , the difteience of the two leadings, 
which is the number of degrees passed ovei by the arm, and, 
consequently, also by the telescope, will be the required measure 
of the angle. The same result is reached by permanently con- 
necting the circle and telescope, which then revolve together, 
while a fixed maik neai the limb of the circle serves to indicate 
the number of degrees through which the telescope revolves 

In order to point the telescope with ease and accuracy upon 
an object, a clamp and tangent screw are commonly employed 
This contrivance, which may be seen upon almost every astro- 
nomical instrument, takes a great variety of foims, but in all cases 
the operation of it is as follows when the telescope is approxi- 
mately pointed upon the object by hand, it is clamped m its posi- 
tion by a slight motion of the clamp screw, after which the 
telescope admits of no motion except that which is common to 
it and the clamp hence, by a fine sciew which moves the clamp 
a slow delicate motion can be given to the telescope, whereby the 
sight-line marked by a thiead m the focus is brought accurately 
upon the object 

The great increase of accuracy m pointing a telescope which is 
obtained by the lntioduction of the spider threads m its focus 
brings with it the necessity of a conesponding increase of accu- 
racy in 7 eadmg off the number of degrees and fiactions of a degi ee 
on the divided limb of the circle A single leference mark upon 
the extremity of an arm, as in Pig 11, enables us to determine 
only the numboi of entae divisions of the limb passed ovei , but, 
as this mark will geneially be found between two divisions, 
some additional means are required for measunng the fraction 
of a division Two methods are now exclusively employed 
The first of these, m the oidei of invention, is 

THE VERNIER * 

18 Let MN, Pig 12, be a portion of the divided limb of a 
cncle, CD the arm which revolves with the telescope about 
the centre of the circle The extiemity of this arm is expanded 

* So called after its inventor, Peter Vernier, of France, who lived about 1630 
By some it is called a nonius , alter the Portuguese Nunez or Nonius , but the in- 
vention of the latter (who died m 1577) was quite different 
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into an aic ah, winch is con- 
centric with the circle and is 
graduated into a number of 
divisions n which occupy the 
space of n — 1 divisions of 
the limb Thus giaduated, 
this small arc receives the 
name of a vernier The fust 
stroke a is the zero of the 
vernier, and the reading is al- 
ways to be determined by the 
position of this zero on the 
limb Let us put 


Elg 12 



d, = the value of a division of the limb, 
d' — the value of a division of the vernier, 


then we have 
whence 


(n — 1) d = nd' 



and 


d — d' = -d 
n 


( 7 ) 


The difference d — d' is called the least count of the vernier, which 
is, therefore, -til of a circle division If now the zeio a falls 

between the two cncle giaduations P and P + 1, the > 

‘ leading is Pd pins the fiaction fiom Pto a To mcasuie this 
fraction, we observe that if the mfh division of the vernier is n 
coincidence with a dmsion of the limb, the fraction is m X (d d) 
or - d For example, if, as in our figure, the vernier is divided 

into 10 equal parts, occupying the space of 9 divisions of the 
limb, and if the 4th division is m coincidence, the whole reading 
is Pd + — d, and* if d = 10' and P conesponds to 20° 20' 
(P being 'the 122d division from the zeio of the limb), then the 
whole reading is 20° 20' + ^ X 10' = 20° 24' In this case the 
least count is 1' In practice, no calculation is necessary to 
obtain the fraction, for this is indicated by proper numbe 
against the graduations of the verniei itself 
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If the least count is given, to find n , we have 


n 


d 


d — d' 


d and d — d ; being, of comse, expiessed m the same unit Foi 
example, if the limb is divided to 10', and the least count is to 
be 10", we have 


whence 


d = 600" 
d — d' = 10" 


n— 60 


and we must make 60 divisions of the vernier equal to 59 divi 
sions of the limb 

When a large number of divisions are made on the vemiei , 
and the least count is veiy small, the graduations must be 
exceedingly delicate , otheiwise, several consecutive divisions 
of the vernier may appear to be m coincidence with divisions of 
the limb The reading is then to be assisted by a nncioscope, or 
reading glass , placed ovei the vernier and having a lateral motion, 
whereby its optical axis can be brought immediately over that 
division of the vermei which is m coincidence 

To increase the accuracy of a reading still more, two or moie 
aims, each carrying a vernier, aie employed, and the mean of 
the indications of all is taken The effect of reading off a circle 
at vanous points, in eliminating enois of the circle, will be 
tieated of hereafter 

The arm carrying a vernier, oi the fiame bearing several 
verniers, is often called the alidade Sometimes the seveial 
"sermers aie attached to a cucle, which then receives the name 
of the alidade circle 


19 We have assumed above that the divisions on the vernier 
are smaller than those on the limb This is the most common 
anangement, but we may also have them greater by making u 
divisions of the vernier occupy the space of n -} ] divisions of 
the limb so that we have 

(ft -|- 1) d = nd r 

whence the least count is, as before, 

d' — d = -d 

n 
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The only diffeience will be, that when the graduations of the 
limb pioceed from right to left, those of the vernier must pro- 
ceed from left to right , that is, the zero of the vernier must be 
the extreme left-hand stroke 


20 In case a veiniei has been used which is found to be too 
long or too short, the reading may be con ected as follows Let 
the enor in its length be denoted by x, then (m the verniers of 
the ordinary form) we have (Art 18) 


whence 


(n — 1) d = ncl' + x 


( 8 ) 


Hence a reading m which the fraction was m(d d') becomes 

'1 d + to - The correction of the reading is, therefore, + m - 
n n 

•when the verniei is too short by x, and — m when it is too 
long by a; Foi example, if the limb is divided to 10' and the 
verniei gives 10" (in which case n = 60), and we find that the 
vernier is too short bj x = + 5", then we must add to eveiy 

reading the correction + m or, since eveiy 6th graduation 
of the vernier gives one minute, we must add 0" 5 for eveij 


minute read on the vernier 

The actual length of the verniei is found by bunging its zeio 
into coincidence with a division of the limb and observing where 
the next coincidence occuis If this second coincidence occurs 
at the last division of the vernier, its length is conect , but it the 
coincidence occurs at ± V divisions from the last, it is too slioi 
oi too long by p times the least count This should be done 
at vanous points of the limb, and the mean of all the resets 
taken, in order to eliminate the effect of accidental errors m the 

gi actuations of the limb , , 

The vernier is now used chiefly on small circles and portable 
instruments , but when the highest degree of accuracy is sought 
for m reading off a cncle, we have recouise to 


THE READING MICROSCOPE 

21 Let us conceive the arm which carried the vernier, instead 
of lvmg close to the plane of the circle, to be raised at some 
district from it, and m place of the vernier let the extremity of 
1 oi IT -3 
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the arm carry a microscope A C (Plate II Fig 1), the optical axis 
of which is perpendiculai to the plane of the circle JfJVand 
intersects the divisions on the limb The telescope and circle 
are to be supposed to revolve together, while the microscope 
remains fixed An image of the divisions is foimed at the focus 
D of the object lens C Two lenses, B and A, constitute a posi- 
tive eye piece through which this image is viewed HG is a 
micrometer, the interior of which is shown, enlarged, in Plate II 
Fig 2 A fine sciew, cc, with a laige graduated head, EF, 
carries the sliding frame aa, across which aie stretched two mtei- 
secting spidei threads These threads lie exactly m the focus 
of the microscope, and are consequently \isible at the same time 
with the image of the divisions of the limb On one side of the 
field is a notched scale of teeth (which does not move with the 
cioss-threads), the distance between the teeth being the same as 
that between the thieads of the sciew The middle notch is 
distinguished by a hole opposite to it, and eveiy fifth notch is 
cut deeper than the rest At i (Fig 1) is an index to which the 
divisions of the micrometer head aie refened Since one com- 
plete revolution of the micrometer head must carry the cross- 
thieads a distance equal to the thickness of the thiead of the 
sciew, if the head is giaduated into 100 parts we have the means 

of measuring a space equal to -j^th of the thickness of the thread 

of the screw Either by making the screw very fine, oi increasing 
the number of graduations on the head, oi by both, and at the 
same time increasing the optical power of the micioseope, we 
can carry this subdivision of space to almost an unlim ited extent 
In order to understand the mode of leading the cncle by this 
apparatus, let us conceive the intersection of the cioss-threads to 
stand against the central notch, the zero of the micrometei being 
also exactly opposite the index The point of the field then occu- 
pied by the intersection of the cross-threads is to be regarded as a fixed 
point of reference, and, as the telescope revolves from one position to 
mother, the number of divisions of the limb which pass by this point 
unU be the measure of the angulai motion of the telescope Suppose, 
then, the revolution has brought this point, not upon a graduation 
of the limb, but at a fraction of a division beyond a certain 
graduation P, then, to measure this fraction, we have only to 
move the cross-thread from the point of refeience into coincidence 
with tiie graduation P, and lead the number of divisions of the 
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mid ometer head If more tlio.ii on© revolution of tlie scicw is 
required, the whole number of revolutions will he shown by the 
number of notches in the field passed over by the cross-threads, 
and the fraction of a revolution by the micrometer head Then, 
knowing the relation between a division of the micrometer head 
and one of the circle, the value of the required fi action is at 
once found Tor example, suppose a division of the circle is 
equal to 5', and that five revolutions of the micrometei screw 
just carry the cross-threads from one circle graduation to the 
next, and, further, that the micrometer head is divided into 60 
equal parts , then each revolution of the screw represents 1 / , and 
each division of the micrometer head represents 1" If then we 
have made three whole revolutions, and the liuciometei head 
reads 25 3, the required fiaction is 3' 25" 3 If the graduation 
P was 289° 35', the whole reading is 289° 38' 25" 3 

The coincidence of the point of intersection of the thieads 
with a giaduation of the limb is made m the mannei shown m 
Fig 2 In many of the German mstiuments, instead of a cross- 
thiead, two very close parallel threads are used, the middle 
point between which is the point of reference, and a coincidence 
is made by bringing the circle division to bisect the space 
between them This bisection is, of course, estimated , but it 
may be effected with very great accuracy where the thieads aie 
veiy close Their distance should be very little greater than 
the breadth of the giaduations of the limb Bessel preferred 
the parallel threads, but it is, perhaps, doubtful whethei they 
afford any advantage in the hands of most obseiveis 

The spiral springs bb serve to make the screw bear always on 
the same side of the thread, so that m reverse motions of the 
screw there is no lost or dead motion, that is, revolution of the 
screw without a corresponding movement of the cioss-thieads. 
But, to guard against the possible existence of lost motion, the 
coincidence of the cross-threads with a circle division should 
always be produced by a motion of the micrometer head m one 
and the same direction 

22 Error of Runs . — When a reading microscope is in perfect 
adjustment, a whole number of the revolutions of the screw is 
equal to the distance of two consecutive graduations of the circle 
To effect this, provision is made for lengthening oi shortening 
the microscope tube, and also for moving the whole micioseope 
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fartlioi fxom 01 neaiei to tlie circle In tins ivaj, the magnitude 
ot the image of a division as seen in the held" can be changed 
until it corresponds exactly to a whole numbei of revolutions of 
the sci e w For example, it a whole numbei of i evolutions is 
greater than the image of a circle division, the objective lens 
must be biought nearei to the ocular, and at the same time the 
whole nncioscope brought neaier to the circle. 

But, as changes ot temperature and othei causes are found to 
pi educe changes in the value of a division of the nncioscope, and 
it is not expedient to be always changing the adjustment, it is 
usual, aftei making one veiy exact adjustment, to let it stand, and 
then determine fiom time to tune the connection of a leading foi 
any change of value which mav appeal The excess of a cnclo 
division above a whole numbei of 1 evolutions is called the error 
of i uns, and a proportional pait of tins excess must be allowed 
on all leadings This erioi is to be found by measunng several 
divisions m difteient parts of the circle and taking the mean of 
all the results, in oidei to eliminate the effect of errois m the 
aide graduations themselves Foi example, if a division exceeds 
five revolutions ot the sciew by -f 2". 2, then foi each minute in 
the fraction of a division obtain ed by the ^micrometer we must 

a PPty t0 the reading the collection — - — 0 i — 0" 44 The 

error of runs will take the negative sign, and the collection for 
it the positive sign, when a circle division falls shoit of a whole 
number of revolutions of the screw 


„ fjj T th * ae f raCy ° f a readin S> several microscopes 

wLh tbe h ftl m tf 3 f P° sltlon relatively to each other, by 
which the fraction of a division in the reading is measmed at 

Xn °v he c,rcie and mean ° f *>* 

Ures 18 taken Two microscopes are placed so as to read at 
opposite points of the circle, that is, the angulai distance of the 
microscopes is 180°, or differs but little fiom 180° , three micro! 

e ver^li^nimfber of f ° Ul ^ 9 °°’ 5 or ’ m S enera1 ’ what- 

the circle hw! f microscope, they are placed so as to divide 

are read onlv p ° rtlons The whole degrees and minutes 

where the field JthJ* ^ mierosco P es Iu lar ge instruments, 
the i fth microscope takes m but a part of a degree 

y s of an index outside the microscope, or. 
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indeed, wholly separate fiom it, tlie mieioseope being used 
exclusively tQ measure the fraction of a division 

24 The probable eiror of a leading of one nneio&cope being s, 
that of the mean of m nncioseopes e 0 , we have (Appendix 
Method of Least Squares) 


that is, the probable error of the mean varies mveisely as the 
square loot of the numbei of nncioseopes For example, if the 
probable enoi of reading of one micioseope^is 1 7/ , that ot the 

meanoftwo willbe-y- = 0" 71, that of foui, = 0" 5, that of 

blx , — = 0 ;/ .41, &c , and the eiroi will deeiease but slowh a^ 

the number of nncioseopes increases It would lequne sixteen 
nucioscopes to reduce the enoi to O' 7 25 On thn> account, the 
advantages of mci easing the numbei of microscopes beyond 
four, except an instruments of the laigest class, aie usually 
legarded as outweighed bj the gieatei liability of the apparatus 
to derangement 

The use of a numbei of nncioseopes oi venneis is, howevei, 
not solely to increase the accuiacy of leading, but also to elimi- 
nate the errors of the circle itself, as will be seen m the following 

articles 

ECCENTRICITY OF GRADUATED CIRCLES 

25 The centre of the alidade is seldom, if ever, even in the 
best nistiuments, exactly coincident with the 
t outre of the graduated aie To investigate 
the effect of such eceentucity, let C(Fig 13) 
be tlie centre of the alidade, O' that of tlie 
ancle , CA a stiaight line joining C and the 
centre of one of tlie leading nncioseopes, 

C'A' a pai all el to CA "When the micro- 
scope reading is at A, the tine reading is at 
A' Let the diametei diavn tluougli C and C intellect the 
graduation at E, and let 0 be the zero of the graduation, which 
we will suppose is numbei ed fiom 0 towaids A rut 
z = the micioscope leading, 
z' — the tiue leading, 

E = EO, 

e = the eccentncity CC', 


Fig IS 
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is to be assumed that such care has been bestowed upon the 
centring ° f the instrument that e is very small, and, therefore, 

J**® &T< Li A,== , Z '~ Z ma ^ be regarded as equal to the per- 
pendicular CP. so that we have, since the angle PC' A' = z' + E, 

& — z = e sin (y -f- E) ( 9 ) 

in which e must be expressed m arc In the factor sm (z f + E) 
we may substitute 2 for 2 ' without sensible eiror 

en " E ± 90°) we have z'~ z = ± e so that e is the 
mum error of a reading, and this maximum occurs when 
the reading is 90° from E 

tion 6 of ° W ’ let " 4C ' and ^ / ^ / he produced to meet the gradua- 
carrv fr a ° PP ° Slte pomts B and *'> a *d let the alidade 

T r T 0pe at B The de S iees and “mutes “ay 

used onlv tn t0 b ® obtamed from tb e microscope A, while B is 
used only to give the seconds Put 

z = the division of the circle under A, 

A and £ = the readings of the microscopes, 

z f = true reading corresponding to A 

Then the whole reading given by A ie 2 + A, and by (9) we have 

— z + A -f e sm (z -f E) 
and the microscope B gives 

or 180 + ^ = 180 ° + z + -B + e sin (180° -f z -f E) 

s' = z -f B — e sin (z E) 

The mean of the two microscopes is then 

^ = « + l(l + K) 

ap« 7 ?r e ? 7 “ kmg the me “ <> f 

microscopes are emnlovS^vh V. g e ”'’ “ OT “ “mher of 
the mean Of eaoh n^r and ^ “ re f ran « ed m P»™, so that 
free from fte e«enS% ’ ° f *• whole, will be 

4e.^Te“° V** *“* 

5 wnose mutual distance is 120° if z + A 


ECCENTRICITY OF GRADUATED CIRCLES «* 

12 o° 240° + z + C aie the readings of the three 

microscopes, the true leading corresponding to A will be 

2 ' = z 4 A — e sin (z + -®) 

4 — g +B—e sin (120° + 5 + -®) 
z' = z + C—e sin (240° 4 * + -®) 

and since, by PI Trig , we have 

sin (120° 4 z + E) + sin (240° 4 z 4 -E) = — sm (z + -®) 

the mean of these three equations is 

z' = z-\-l(A-) r B+C') 

Indeed, it will leadily be inferred from the discussion in Aits 
31 and 32 that the eccentricity will be eliminated by taking the 
mean of any number whatever of equidistant microscopes 


28 To find the eccentricity —The two opposite microscopes may 
not be perfectly adjusted at the distance of 180°, and hence we 

shall ftere put 

180° 4 a = the angular distance of the microscope B from A, 

and then, if we put, as befoie, 

2 = the division under the microscope A, 

A and B = the leadings of the two microscopes, 


the true readings will be 

2 ' = 2 + A + «sin(2 + ^) 

180° 4 a, 4 z' = 180° 4 2 4 B 4 e sin (180° 4 z + -E) 
for the second of which we take 

2 ' = 2 4 -B — a — e sin (z + -E) 



If, therefore, we put 

B—A = n 

the difference of the two equations gives the equation of condition 

n = a 4 2 e sin (z 4 -® ) UU 

m which a, e, and E are unknown Let the values of n be 
obtained from the readings of both microscopes at foui equidistant 
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points of the circle, namely, z„ + 90°, z 0 + 180,° and *„+ 270°, 
and denote these values by n 0 , n u n 2 , n & , respectively then, by 
putting 

= z o + 


we have 


whence 


«o = <* + 2esinP = « + 2<?sinP 

n, = a + 2e sin(P-f 90°) = * + 2e eosP 
+ = a + 2e sin (P + 180°) = a — 2e sinP 
n s — » + 2e sin(P + 270°) == a — 2e cosP 


} ( 12 ) 


4 e sin P = h 0 — n a 
4ecos P = Wj — w s 

which determine both e and P, after which we have J?= P — 
The value of a is evidently the mean of the values of n 


Example 

The leadings of a pair of opposite microscopes of the Repsold 
Meridian Circle of the IT S Naval Academy weie as follows 


z 

A 

B 

Values of n = B — A 

0° 

+ 4" 0 

— 6" 7 

«„ = — 10" 7 

90 

+ 69 

— 13 6 

lO 

o 

1 

II 

180 

+ 53 

— 16 5 

+ = — 21 8 

270 

— 1 2 

— 1 2 

o 

o 

II 

ce 

£ 


log 


1 0453 
log //I 8118 
log tan P w9 7335 
log 4e 1 3676 


Prom these we obtain 

4e 8inP = | 11 " i 
4e cos P = — 20" 5 
P == 151° 34' 
e = 5" 83 

Hence, since + = 0°, we have P= 151° 34', and any single 

reading of the microscope A lequnes the collection for eccen- 
tncity 

+ 5" 83 sin ( z + 151° 34') 

The mean of the values of n gives a = — 13" 25, an * the angular 
distance of the microscope B horn A is 179° 59' 46" 75 

,Jnt- „?T/, 10 T“ "?., be ““ ed tm m,} ' 0the ‘ foul ‘ 

Ukea h :UU lne ““ of tlle ™ 110us results may be 
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29 With three nearly equidistant microscopes the eccentricity 
can be found from two complete readings at points 180° apart 
Let the angular distances of the micioscopes B and C from ^ be 
denoted by ,3 and r> and, z being the division under A, put 
p z tlien we have, for the tiue leading at 

2 ' — z 4- B — P + e sin (P + 120°) 

z ' — 2 c — r + e sm (P + ^40°) 

Subtracting the fiist equation fiom the mean of the othei two, 
and putting 

$(.B + C) -A=n 

we find v „ -o 

n = i(r + fi + i e SU1 P 

and subtracting the second fiom the third, and putting 

(c — B) = d 

we find 0 

d^^tj-fi+h/ZecoaP 

If we lead a second time with the micioscope A over the division 
1 + 180°, and obtain the readings A', B>, &, we shall have 

i /£' + O') — A' = »' 

l s (C'—B') = d' 

and since we shall have 180 + P instead of P, we shall obtain 

»' = J 0- + /5) - i* 8111 p 

i3)-ii/3ecosi> 

(IenCe X) 1 A> »'T 

e sin P = J (n — n j 
e cosP = 1 (<Z — <P) 

which determine e and P We find also 

1=: i(P — A + B' — A') 
y = 1 (0 — h + C" — A') 

30 In order to detei mine the eccentncity with greater accu- 
racy and to eliminate, as fai as possible, eirois in reading anu 
accidental enow of graduation, the cncle maj bo rend at a gl oat 
number of equidistant points Each reading of a pan ot oppo- 
“ZveXs or microscopes furnishes an equation of condition 
ot the form (11), and fiom all these equations the most probable 
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value of the eccentricity will be deduced by the method of least 
squaies The computation according to this method is rendered 
extremely simple by the application of some theorems relating 
to periodic functions, which, on account of their utility m this 
and similar investigations, will be here demonstrated 


31 Periodic Functions , — The circumference of a circle being 
denoted by 2jt, any commensurable fractional poition of it maybe 

expressed by 2* X | = ^ p and q being whole numbers, and 

the successive multiples of this fractional portion by m ^ by 

supposing m to take successively the values 0, 1, 2, 3, &c If 
now we consider only the multiples from m = 0, to m = q — 1, 
we shall have the following theorems 

Theorem I — When p is not a multiple of q , 


2 sm m = 0 

9 

I cos m = 0 

but, when p is a multiple of q , ? 

I sm m = 0 

9 

v 2 2)7 r 

z cos m ~±— = n 
9 * 

where the summation sign 2 is used to denote the sum of all 
the quantities of the given form between the given limits, namely, 
from m=0 to m = q~ 1 
To prove this, put 


(13) 

(14) 

(15) 

(16) 


2 pn 


cos ^ + V22i Bm 2 JH ==T 
a q 

then, by Moivre’s formula [PI Trig (440)], 

cos m — |- y/ — 1 sin m = T m 

2 q 

Taking the sum of all the expressions of this form fiom m == 0 
to m = q — 1 , we have ’ 

^cos m 2 i! + /r i ^ 8m!n = 

? q T— 1 

But we have again, by Moivre’s formula, 

T = COS 2p- 4- -| ' — 1 g m = 1 


( 17 ) 
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and, consequently, 2*-l = 0 The second member of the 
above formula, therefore, becomes zero, unless the denominator 
T- 1 is zero, that is, unless T = 1 Now, we can have T = 1 only 

when sin — = 0 and cos^ = 1, that is, only when p is a mul- 
tiple of q q In all other cases we have, therefore, 

2 cos m ^ 2 Sin m ^ = 0 

q 9 

and, since the real and the imaginary teims must here he sepa- 
rately equal to zero, the first part of our theorem is established 

When T= 1, the second member of (17) becomes but is not 

leally indeterminate , for, going hack to the geometric progres- 
sion of which this is the sum, we have 

T * — 1 __ yo i T l + T 1 + + T 1-1 = q 

T — 1 

and hence, when pis a multiple of q, we have 

2 cos to + V — 1 - sin m -2- = q 
q 9 

which establishes the second part of the theorem 
Theorem IX — When 2 \p is not cl multiple of q, 


I^sm m ~~ j 

(18) 

X^cos m j = iq 

(19) 

but, when 2 p is a multiple of q, 


z( sinm 2 -^)=0 

(20) 

/ 2pn\‘ 

Zl cos m | = 2 

(21) 

Nor we have, for any angle x, 


sin^ x = ^ ^ 008 ^ x 


and, therefore, . 

i'/smm zU — l cos m 

\ 9 f \ 


4 23 7T 

= — 4-cosm 



and, therefore, 
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tfluch, by Theorem I , gives eitliei (18) or (20) Again 
~'| cos m j = 2 j^l — | sin m ~1 j'J 

= <1 — 2^ fcin m j 
which gives eithei (19) or (21) 

Theorem HI —Foi all mtegial talues of p and q ice have, from 
m = 0 tom = q — l } J 

2 sin m cos m ^ = 0 (22) 

foi this is the same as the quantity 

\ 2 sin in = o 
( 1 

S2. Now, let the cncle be read oft' by a pan of opposite micio- 
ecopes, A and B, at any number ot equidistant points The cncle 
is hus divided into a numbei of equal paits, each of uhich maj 

be denoted bj — If the th&t reading eonespouds to the divi- 
sion ^the subsequent leadings will couespond to z 0 + ~, 

* 0+ 2 Y‘ * 0+3 Y’ & ° t° *»+(</ ~ !)-— Each leading tm- 
nishes an equation of condition of the form (11), giving, theietoie, 
the following system, wheie P = B 

\ = « + 2 e sm P 


M,= a + 2e sin|p + 

n a=“ + 2esin|p-)-irj 


C < u 

(( (C 


n t~i = a + 2esin^P-j- 111! j 

which are all included in the geneial form 

»„,= “ + 2esin(p + £^?j 

m being taken from 0 to q — 1 

Developing the sine m the second member, we have 

+ 2 c sm P cos ~ + 2 , tos P Sln 2 JC f 
1 ( l 
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In this foim, the tlnee unknown quantities are a, c si a P, and 
ecosP. The final equation in each unknown quantity, according 
to the method of least squaics, is to be found by multiply mg 
each equation of condition by the coefficient of the unknown 
quantity m that equation, and adding togethei the products 
This process gi\es, by the aid of the them em& of the preceding 
aiticle (obseiving that hcie p = 1), 


qa = - H ni 


V / 

1 2 hut \ 

1 

qe sin P = - ( 

n cos 

* * sl 

> (23) 


I 2 1117C \ 

\ 

qc cos P = - 1 

)1 Sill 

\ 1,1 ( 1 1 

/ 


The&e foimulse embrace, as a particular case, tbe solution ahead , 
onen m Ait 28 foi q = 4 

o 

Example 


The following values of n = B — .1 weie obtained from the 
leadings of two opposite micioseopes ot the mendian circle of 
the TJ Naval Academy 


z 

J} 

z | 

n 

Z 

n 

2 

— 

n 

0° 

— 10" 7 

90° 

— 20" 5 

180° 

— 21" 8 

270° 

_ 0"0 

10 

11 6 

100 

20 7 

190 

18 3 

280 

1 3 

20 

12 8 

110 

21 0 

200 

16 4 

290 

2 4 

80 

14 7 

120 

21 2 

210 

11 8 

800 

4 5 

40 

16 3 

130 

22 8 

220 

7 8 

310 

5 1 

50 

17 8 

140 

24 7 

230 

4 8 

i 

320 

7 4 

60 

18 5 

150 

23 4 

240 

1 9 

330 

9 4 

70 

18 1 

1G0 

22 5 

250 

— 20 

340 

11 7 

80 

10 7 

170 

I 22 8 

260 

+ 03 

,850 

11 6 


We hai e here q = 36, and y = 10° so that y 1 is successively 
0°, 10°, 20°, &c We find, fiist, by taking tbe sum of all tbe 
values of n, 

36 a = - 476" 2 a = — 18" 28 


and lienee tbe distance of tbe micioscope B fiom A was 

179° 59' 46" 77 „ , . 

To find qe sin P, we multiply each n by tlie cosine of the angle 

to which it belongs, and add the pioducts In like mannei, 



46 


MEASUREMENT OP ANGLES 


qe cos P is found by multiplying each n by tbe sme of the angle 
to which it belongs, and adding the products * Ve thus form 
the following table, in which, foi brevity, we put jigosz 
and nsin^r foi the quantities denoted in our formula (281 "by 
os— and ^ u sm — 


z 

n cos z 

n sin z 

z 

n cos z 

71 sin 

0° 

— 10" 

70 

— 

0" 00 

180° 

+ 21" 80 

+ 

0".00 

10 

— u 

42 

— 

2 

01 

190 

+ 18 

02 

+ 

3 .18 

20 

— 12 

03 

— 

4 

38 

200 

+ 15 

41 

+ 

5 61 

30 

— 12 

73 

— 

7 

35 

210 

+ 10 

22 

+ 

5 90 

40 

— 12 

49 

— 

10 

48 

220 

+ 5 

98 


5 -01 

50 

— 11 

12 

— 

13 

25 

230 

+ 2 

76 

+ 

3 29 

60 

— 9 

25 

— 

16 

02 

240 

+ o 

95 

+ 

1 65 

70 

— 6 

19 

— 

17 

01 

250 

+ 0 

68 

+ 

1 .88 

80 

— 3 

42 

— 

19 

40 

260 

— 0 

05 


O .30 

90 

0 

00 

— 

20 

50 

270 

0 

00 


0 .00 

100 

+ 3 

59 

— 

20 

39 

280 

— 0 

23 

+ 

1 .28 

110 

+ 7 

18 

— 

19 

73 

290 

— 0 

82 

+ 

2 26 

120 

+ 10 

60 

— 

18 

36 

300 

— 2 

25 

+ 

3 .90 

130 

+ 14 

66 

— 

17 

47 

310 

— 3 

28 

+ 

3 .91 

140 

+ 18 

92 

— 

15 

88 

320 

— 5 

67 

+ 

4 .76 

150 

+ 20 

26 

— 

11 

70 

330 

— 8 

14 

+ 

4 .70 

160 

+ 21 

14 

— 

7 

70 

340 

— 10 

99 

+ 

4 .00 

170 

+ 21 

96 

— 

3 

87 

350 

— 11 

42 

+ 

2 .01 

Sums 

+ 28 

96 

— 

225 

50 


+ 32 

97 

+ 53 .04 

36e sin P = 

+ 28" 96 + 32" 97 = + 61" 93 


lOff 

1,7919 

36/> cosP = 

— 225 

50 + 53 

04 = — 172 46 


log n2 2367 




p 

= 160° 

15' 

log tan P n9.5552 




e 

= 

5" 09 

log 86 e 

2.2630 


Then, since z 0 — 0°, we have E T =P, and each reading of the 
microscope A. requires the correction, for eccentricity, 


+ 5" 09 sin (z + 160° 15') (24) 


* The several products may be taken by inspection from a traverse table, by enter- 
ing the table with the angle z as a “ bearing” and with n as a “distance,” and taking 
out the corresponding “difference of latitude” and “departure,” which will be. 
respectively, the products required m forming g* pm P and geoosJ 3 
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ELLIPTICITY OF THE PIVOT OF THE ALIDADE. 

33 If the pivot of the alidade is the hoiuontal axis of a 
vertical cucle, as m the ease of some mendian circles, 01 if, as 
in other eases, .the alidade is fixed to a pier while the pivot of 
the honzontal axis of the circle revolves in a Y, then aiij defect 
m the pivot, which lenders a section at right angles to its axis 
other than a circle, will cause the centie of the alidade to vaiy 
its distance from the centre of the graduated circle dining a 
revolution of the instrument If the section of the pivot is any 
reqular figure, the variations in +he readings of a single micro- 
scope may be regarded as a function of the division (z) which is 
under the microscope, and the correction of this reading may he 
denoted hy ? (z) The correction of the reading of the oppos t 
microscope must be - <p (z) In order to investigate the foim of 
the pivot without involving the errors of eccentricity 01 of ^adna- 
tion, let us denote the correction of the division * foi both these 
errors hy ^(z), and that of the division 180° + z, which is nnd 
the opposite microscope, by 4 (180° + *) Then, A and 5 being 
the readings of the microscopes, and 180° 4- a then constan 
distance from each other, we have 


whence 


s' — z + A- + 9 00 “t™ 4 (p) 

~r __ z B — a — <? (?) +■ 4 (1B0° + z ) 

0 = 5 — A — a — — 4 (~) + 4 ( 180 ° +* z ) 


Now let the division 180°+ zbe biought under the microscope 
A, and let A' and B' be the microscope readings , then we have 
the true reading z" by the equations 


= 180° 4- ; -f A' + v(I80° + 2 )+ 4(180° -f z) 
— 180 -(- z -f JB' — a — ^(180° + s)+ 4 00 


whence 

0_J3' A' — o — 2 (0(180° + z) -+- 4 00— K 180 ° + *0 


therefore, if we put 

} ( j? — A B' — A') — n! 

we have 

W '=a + Kz)+K 180° +z) ( 25 ) 

the errors of eccentricity and of graduation being wholly elimi- 
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nated. The form of the function <p is jet to be deteimmed , 
since, however, it necessarily returns to the same value after one 
complete revolution, we may assume foi it a geneial periodic 
sol les, namely 

<P (z) =y bin (s + F ') + f" sin (23 + F ") + f" sm (8 s + F"’) + <SLc 
m which/', F', /", F", F 1 ", &c are constants Hence also 

f (180° 4 2 ) = -/' sm Qs+F^+f” sm (2 3 yF")—f" sin (8 »-4-F"')4 &c 
and 


<? (z) -t- v (180° 4 z) = 2/" sm (2 2 +F") + 2 f w sm (42-1- F u ) 4 &c (26 1 

The combination of two readings 180° apart gives, theiefore, 
the equation of condition 


»'=<* + 2/" sin (2s 4 - F") 4 2/ lT sin ( 424 - F w ) + &c (27) 


If we have lead the circle at 2 q equidistant points, so that the 
number of such equations is q, then the values of z are success- 


ively 0, - . — 
<11 

of condition is 


2 7T ( q 1) 5T 


<1 


and the general form of the equation 


«'„=»4 2/"sin(m j + F"^+2f'’mi[m j + F^ + &c (28) 

m being taken from 0 to q — 1 If we treat these equations by 
the method of least squares, we shall readily find, by the aid of 
the theorems of Art 31, 


q<u = Erf 


qj" sm F" — 2^ra' m cos n 

q f" cos F” = n' m sin m 

q / iT sin F' v = rf m cos m 

q / lr cos F" = 2^n' m sm ni 
&e &e 


2jt 
¥ 
2 tt \ 

H 1 

-) 

<2 / 

4 it 
1 





( 29 ) 


Bijiiimom of pivot 
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Example. 

To investigate the iorm of the alidade pivot of the meridian 
Ionise g i j. 09 j.'i.p leadings there given are 

circle, 111 tlie example of Art 82, tlie leadings * 

conibiiied as follows 


t 1 

B — A 1 

B f — A.' I 

n' 

— 1 ■ 

2 

B—A 

0° ■ 

-10" 

7 

— 21" 

8 

— 16" 

25 

90° 

-20" 

5 

10 

11 

6 

18 

3 

14 

95 

100 

20 

7 

20 

12 

8 

16 

4 

14 

60 

110 

21 

0 

30 

14 

7! 

11 

81 

13 

25 

120 

21 

2 

40 

16 

3 

7 

8 

12 

05 

130 

22 

8 

50 

17 

3 

4 

3 

10 

80 

140 

24 

7 

60 

18 

5 

1 

9 

10 

20 

150 

23 

4 

70 

18 

1 

_ 2 

0 

10 

05 

160 

22 

5 

, 80 

19 

7 

+ 0 

3 

i 9 

70 

170 

, 22 

3 


n' 


0"0 

1 

2 

4 

5 
7 
9 

11 

11 


10 " 

11 

11 

12 

13 

16 

16 

17 

16 


25 

00 

70 

85 

95 

05 

40 

10 

95 


Smee heie g = 18, the sum of the values of n' gives 

18 a = — 238" 10 0. = — 13" 23 

Then, with the aid of a traverse table, we find the value 
n' cos 2z and n' sin. 2z, as below 


I 0° 
j 10 

! 30 

I 40 
50 
60 
70 
80 

j Sums 


ri cos 2 2 

n' sin 22? 

2 

— 16" 25 

_ 0"00 

90° 

-14 05 

_ 5 12 

100 

— 11 18 

_ 9 38 

110 

— 6 63 

— 11 48 

120 

— 2 09 

-11 87 

130 

+ 1 88 

— 10 64 

140 

+ 5 10 

— 8 83 

| 150 

+ 7 70 

— 6 46 

160 

+ 9 12 

_ 3 32 

170 

1—26 40 

— 67 10 

1 


cos 2 z 

n' sin. 2 z 

+ 10" 25 

4- 0"00 

4-10 34 

4- 3 76 

4- 8 96 

4- 7 52 1 

j 4- 6 43 

+ 11 13 

4- 2 42 

+ 13 74 

_ 2 79 

+ 15 81 

_ 8 20 

+ 14 20 1 

— 13 10 

+ 10 99 ! 

— 15 93 

+ 5 SO 1 

— 1 62 

+ 82 95 1 


18 /" sin F" = — 28" 02 
18/" cos J 1 " = + 1 & 85 
F" = 299° 30' 

f" = 1" 79 


log nl 447 5 
log 1 2000 
log tan F"nO 2475 
log 18/" 1 6078 


Vol II— 4 
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In the same manner, we find, fiom the sums of the products 
%' cos 4 z and n' sm is, 


18/ ,T sm F ,v = 4 0" 15 
18 cos F" = 4 2" 00 
F w — 4° 17' 

/* = 0"11 

Hence we have 

? (2)4*5 (180°42)=3" 58 sin (2 2 4299° 30')40" 22 sm (4244° 17') (30) 

The term m 42 is so small that we may suppose that it pi’oeeeds 
from the accidental errors of reading, and irregularities of the 
pivot, and we may, therefore, disregard it, as well as the subse- 
quent terms m 62, &e 

Bessel has shown* that if the section of a pivot which rests in 
aV is an ellipse, the centre of this ellipse will, as the instalment 
revolves, move 111 the arc of a circle the centre of wlucli is tlio 
angular point of theV f , tint during a complete revolution the 
centre of the ellipse describes this aicfoui times, — twice forwards 
and twice backwards , and that the effect of this motion upon 
the reading of a single microscope is expressed by a term de- 
pending upon 2 z 

Hence, the last term of (30) being neglected, the remaining 
term may be regarded as the effect of ellipticity of the pivot, and, 
since we must then have ip (2) = <p (180° -j-z ), it follows that 

<p (2) = 1" 79 sin (2z4 299° 30') (81) 

Upon the hypothesis that the pivot is elliptical, the observed 
values of n' should satisfy the equation (27), which in the 
present ease becomes 

n' = — 13".2S 4 3" 58 am (2 2 4 299° 30') 

at least within the enors of reading To show that this 
hypothesis explains the observations m the present ease suffi- 
ciently well, the following comparison is made, in which the 
valne of n' computed by the preceding formula is denoted by 
C, the observed value by 0, the residual error, or O — C, by 0 


* Aatrorumxsthe Beobadtiwngcri auf der Stem writ m Korngaberg, Vol I p xii 
f- Provided the angle of tlie V is ninety degrees 
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Ut) 1 

X 

0 

c 

V 

tJt) 

0 0100 

90° 

_ 10" 25 

— 10" 11 

— 0" 14 

0 0196 

3600 

100 

11 00 

10 91 

l_0 09 

0081 

0144 

110 

11 70 

11 98 

4-0 28 

0784 

0001 

120 

12 86 

18 20 

-(-0 35 

| 1226 

0004 

130 

13 95 

14 43 

-|-0 48 

2304 

» 0225 

140 

16 06 

16 51 

_0 54 

2916 

, 0025 

150 

16 40 

16 81 —0 09 

0081 

t 1156 

160 

17 10 

16 75—0 35 

i 1225 

) oooo 

]170 

| 16 9E 

i 16 76—0 IS 

) 036l| 


I ov I 1 p f 

number of observations, 

e _ | | ^( w ) — 0" 29 

and this jeTfXs ™tame“ Tta mean error 

tC- -» *>-* * r“;:s 

,e lTs6 f tthTLE^tcf a* “ b0T « computed and 
ELTE°es“ ' is ein closer 4an rs 

would but slightly reduce the mean error o n 
ly takmg *e mean »f the refuge of. 

i^==SSS 

ronEfthTchf of 

em^to"^ tS of — n, 
& are finally corrected acco.du,* to rte mdrcatrons 

ERRORS OR G-RADtJATION 

35 Errors of graduation of a divided circle may he either 
regular or accidental . 
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The r egular 01 yet iodic eirors are those which lecur at legular 
in erva s according to Rome law. and v Inch may, theieforo, 
e expressed as functioiiR of the reading itself Even the enor 
o eccentricity, above consideied, may be tieated as such <1 
peno ic enoi of graduation, since its effect upon the leading 
(?) is t e same as if the giaduation everywhere required the 
correction e sm (z 4 E) The sum of all the corrections for such 
peno ic errors, regarded as a function of the reading (s), and 
denoted by ^ (*), must have the general form 

* ® ~ u> 8in + u ') + “"sm (2^+T")+ u"’ si n (3 z + V") + &c (32) 

m "Inch u , U', u", JJ'\ &c are constants The shorter tho 
peno of any enor, the higher is the multiple of z m the teim 
icpiesentmg it 

Now, let the cnele be lead by q microscopes at a equidistant 
pom s, namely, at all the points expiessed by 


x ~z 4 m 


2tc 

1 


w being taken successively 0, 1, 2, 3 (q - 1), and z being 
the reading of the fiist nncioscope, then we shall have, foi the 
conec ion o any one of these micioscopes, the geneial expression 

Sln (* + C T '+»i ^ + ,,",,,1(2^4. CT"+ ot 


The discussion of this senes will be 
under the following geneial foim 


abndged if we express it 


+ <-»)= bm 4 m 

m which p is successively 1, 2, 3, &c , and 2, denotes the sum 
of ah the terms thus found Developing the sine, this gives 

* =-, u tr) sin (_p c 4 £*'*>) cos m ^+S r u<*«»(p S +CU)mxim & 

The mean of the q microscopes will, therefoie, require the coi- 
rection 



? 

0 




w (J>) sm (ps- 1- TJW) 


+ \-> [ w<Jrt cos (p* 4 r<j») 


m= y -1 

2 cos m 

m— 0 


m = q _ 1 

2 sin m 

m =0 
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Cut we have (Ait 31), from m=-0 to m-q 1,2 bin wt q - 0 

ii v _ _ „ X1 j — A PXCBljt W llCll /) lb cl mill- 

111 all cases , and also - cos m ^ ? 1 

tnjlc ot <i 01 p = iq, m which ease tins lottei bum is. equal to 7. 

IleiKO all thetmm* ot the above expression which do notAamsh 

are expressed by the formula 

(33 j 


1 y a ~ \ ('J = u (r »' sm {iqs+ C r( ’"’) 

([ w =0 


> h P1 no- successively the integers 1, 2, 3 , whence the tol- 

lowm “important theorem The terms of the period ce smcyio 
S-rf S* th ,»«»»/ J equidistant mu, escapes ere 0,css 

only which mvolu the multiples of q<. +1011 of 

Thus, the mean of two microscopes requires a collection 

the foim . 

sm (2 z -4- 17") + » 1 ' 8111 C 4 ~ ) + u > 

the mean of thiee microscopes, the coirection 

it'" sm (3 2 + U" r ) + « u bill (6 -t IT' 1 ) + &c , 

the mean of foui microscopes, the collection 

u' r sin (4 +IT lr )+ w' ,tt sm (82 + ^ + &c 
&c 

o fi The values of the terms ot the penodic senes which are 
—dly meaas of 
bom the i eadmgs ot’ these 

two micioscopes, the leadings of which at tne 
g + 180° are A and B, and whose angular distance is + » 

, ' el< ‘ Ve / = .- + A + ♦(«> + *« 

a_,_)_ 23 _a 4 -- 4'(“ + 180 °1 ~ 9 & 

■n eriuch f (-') .* the con ect.on lor ft* to. m of the l»™t (A. t M> 
Hence, putting B — A = n, we have 

n = o + ,(~’)-4(^ + 180°)+2u~ y ) 


But we have 

+ (g) = «' sm (~ + TT) + «" sin (2a + U") + 81 “ 

and hence, substituting £ + 180 ° tor *, 
^,(^q.l 80 o )=— u'wn(«’ sin (--+ ^ ) u 


(3^ + U'")+ & ° 
sxn(Bs-f- ^0 +^ c 
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^or 9 0) We have already found the form/" sin (2 z + F"), and 
therefore the value of n becomes 

n=a-f2tt'sm(*+ C7 7 )-f-2/"sm (2z+F")+2u"' Bin(8z+U'")+&c (84) 

The readings being made for successive values of z expressed 
generally by 



we have q equations of condition of the form 

n » = a + 2u'sm (m y 4- XT) + 2f" sin (m ^ -f F") -f &c (35) 

m being taken equal to 0, 1, 2, 3 q — 1, successively The 
so ution of these equations by the method of least squares gives 

qa = 2n m 

qu’ sm V = 2^n m cosm j j = 2 (». cos zj 

qu' cos U' = 2^n m sm m 2 (n m sin zj 

qf" sm F" = 2’|n m cos m y j = 2 (n n cos 2 zj 

qf" cos F" = 2^ n m sm m j j = 2 (n m sm 2zJ 

qu '" sm U"’=2^n m eosm = r(».C0B 3 zj 

qu'" cos U"' = 2l n m sm m Q -l\ = 2 (n m sm 3 zj 
&c ? & 


JCjXAMPLE 

The values of n given on page 45 for thirty-sn readings of the 

“<.=-13^8 sr 1 * tie « 


U' — 160° 15', 
u’= 5" 09, 


F" == 299° 30', 
f"= 1" 79, 


U'" = 68° 19' 
o" 69 


u" 


The difference of the leadings of the two microscopes A and B 
o this circle is therefore represented by the formula 

b = - 13" 23 + 10" 18 sm (z + 160° 15') + 3" 58 sm (2z.+ *ooo a „n 
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l, ‘lf al ^we compute the values of * by this formula for every 

less than 1" From this agreement are may presume that 
tins circle is very accurately graduated throughout. 

ST In a similar manner, the terns of the periodic 
. 61 , a. mu itir>les of 4z can be found fiom the lead- 

do not mvol A C B D are these readings at 

mg, of four mr.ro.cy BA5 , e , and 

r +“ 2 iu“iee 52 horoscope i from A, while 
180 ° + J is that of D from C, then the mean of the leadings o 

A and B gives 

* = . + Kd + 3)- j. + iG« + 4^ + 18JM 

= z ±l(A + B)— la. + u"sm(2z + U ) + « sm^s-fu ;t 

and, consequently (exchanging « for z + 90"), the mean of the 
leadings of C and D gives 

y = 2 + 1(0 + C) - *1 “>”' 22 +£r) + (4 " + ^ 

Taking the difference of these equations, and puttmg 

n = HC+D)-i(.A + B) 

t 3 = Hr — a ) 

we have the equation of condition 

„ = (i + 2 w" sin (2 2 + 17*) + 2»"sm(6r4 17") + *= (86) 

and from the q equations of this form we derive ft a", V", &o 

*£ K^^Xfonnd from e*er parrof micro- 
scopes as in the preceding article. 

38 The accidental errors of graduation aie ^ se 
no learilar law, and may with equal probability occui at any 
coven division with either the positive 01 the negative sign An 
8 . rrf fhia kind in any division is to be regarded as peculiar to 
thit division and, therefore, as baring no analytical connection 
it X emus’ of the same kind The use of a number ol 
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micioscopes tends to 1 educe the effect of such enois, "with out 
e ntii el j eliminating them , for (as in Ait 24) it s 1 . the probable 
accidental eiroi of a division, the probable accidental cnoi m 

the mean of rn microscopes will be — — 

lhe geneial cliaiacter of tlie graduation, as to its freedom 
fiom accidental eirois, may lie judged of by coiiipaiing the 
values of the n of the preceding ai tides, computed fiom the 
teims of the periodic senes, with their obscived values The 
differences will be composed of both eirois of reading and acci- 
dental errors, which may be separated by employing an inde- 
pendent determination of the piobable erior of reading Thus, 
if we have n = B — A, ancl have found the piobable enor of an 
observed value of n to be e, and then, if we put 

£ i = the probable erioi of a single leading, 

£ 2 = u Ci “ 1 division, 

the probable error of either A or B will be } 7 (e* -f- e 2 2 ), and that 
of B — A will be y 2 (e x 2 -f- e 2 2 ), w hence 

^=2(^+e/) 

winch will determine e 2 when e and £ 1 have heen found 

39 The accidental error of any division of the circle may be 
dnectly found by means of an additional microscope which can 
be set and securely clamped at any given distance from the 
regular or fixed microscopes. Let us denote this movable 
microscope by M y and let it be proposed to determine the cnoi 
of the division z Bung the division 0° under the nucioscope 
A, and clamp the movable nucioscope M over the division z 
Let the true angular distance of M fiom A (which is as yet 
unknown) be denoted by z + and let the readings of the two 
microscopes, referred to the divisions 0 ancl z respectively, be 
called A and My then, z denoting the nominal value and z r the 
true value of the aic fiom 0 to Zy we shall have 

0 + (jl = sI + M — A 

and the correction of the graduation z will be 
z' — z =/i — {M—A') 

oi ratliei, since eveiy division (and, therefoie, 0° included) may 
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be legarded as, m enoi, tins, will 1)0 tlie difference of tlie collec- 
tions of the giaduations 0 and z , and ive may ivnte 

v (~) — v (°) — i l ~ < '" >n 

in ii Inch a (z) denotes the total correction of a division for both 
penodie and accidental errois The periodic errors being known 
fiom mevious in\ estigation, the accidental enoi maybe separated 
Noil to find the constant distance ft, via resort to the well 
known* method of , epebtton Fast, hung any arbitrarily selected 

division Z under the microscope A, then Z + z will be unc ei 
M let the leadings of the two micioscopes he A and M re- 
spectively Then bung tlie division Z+ z under A, and, con- 
sequently, the division Z + 2: under M, and let the readings be 
A" and JZ" In this lot vi lopetitions be made, tlie nrnno- 
.con. 4 being successively pUced ui»« tlie cWons Z, Z+ 

Z ' 2z . z + (»» - l ) z > » ncl M successively upon ^ 

Z + '2z Z - 1-3*) Z -k >nz> then v e liar e, as m (3 <), 

<p (Z + MIS) — <p(% + ( m — t) Z) = !*• — (^I ( ^ ^ 

Tlie mean of all these equations is 
m 

If the number m rs large, the mth part of the difference of the 
accidental enors of the extreme divisions Z and Z+ me may be 
reeaided as evanescent, and then, if we xegaid the first nicnihei 
as^composed only of the periodic enois alieady found, we shall 

have i 

„ = - S(M — A) + -l*(Z + me)— 4(^)3 C 38 ) 

1 m 


7)1 


where the function + denotes a peiiodic erior, as m Ait 35 If 

tins pi ocess he repeated a numbei of times, each tune commencing 

at a 1 different division, tlie mean of all the values of jt may he 

regarded as entirely free from the effect of 

of the first and last divisions Thus, // being found, 

turn of the division (z) becomes known by (37) ^ 

If z is an aliquot part of the circumfei ence = ^ e shall have 
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<p(Z+mz) = <p (Z), since we have returned to the same division ; 
and the value of fi is then rigorously 

Thus, the fixed microscopes themselves, whose distance is 

may be at once employed in this manner (without an additional 
microscope) to determine the errors of the divisions whose 

2 7T 

mutual distance is — If then we have four fixed microscopes 

and oue movable one 3f placed at the distance z from A y we shall 
be able to find 1st, the errors of the four cardinal divisions 0°, 
90°, 180°, and 270°, by the fixed microscopes , 2d, the errors of 
the divisions 2 , 90° + 2 , 180° + 2 , 270° + 2 , by placing the micro- 
scope A successively upon 0°, 90°, 180°, and 270°, and reading M, 
3d, the errors of the divisions 90° — 2 , 180° — 2 , 270° — 2 , and 
360° — 2 , by placing M successively upon 90°, 180°, 270°, and 
360°, and leading A Thus, after the errors of the four cardinal 
divisions are known, the operation just described gives the errors 
of eight divisions. A second operation with the microscope M 
at the distance z Y from A gives 111 like mannei the errors of eight 
more divisions, ± z v 90° ± z v 180° zb z v 270° zb z l9 and, more- 
over, the errors of the divisions ± 2 dz z v 90° =L 2 ± 2 15 180° zb 2 
± z l9 270° zb 2 dz z v by placing the microscope A over zb 2 , 
90° ± 2 , &c successively while M is ovei dz 2 + z 19 90° =+= z + z l9 
&c , or placing M over dz 2 , 90° zb 2 , &c successively while A is 
over ± 2 — z v 90° ± 2 — z v &c By judiciously combining all 
the observations of this kind, the corrections of each degree of 
the circle may he found 

In order to eliminate the effect of changes in the angular 
distance of the fixed and movable microscopes occurring during 
the observations and produced chiefly by changes of temperature, 
it is proper to repeat each senes of observations at a given dis- 
tance 2 backwards , commencing this repetition by placing the 
movable microscope M over the last division Z + mz and the 
fixed one A over Z + (m — 1) 2 , and so returning to the first 
assumed division Z Also the readings 011 the eight divisions to 
be determined should be made several times, say, once before 
the first or forward repetition series, again, between the two 
repetition series, and finally, after the second or backward repe- 
tition senes Thus, the whole opeiation will embrace 
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1st Observations on the eight divisions, 

2d Repetition senes forwards, 

Sd Observations on the eight divisions, 

4th Repetition series backwards, 

5th Observations on the eight divisions 

By this symmetrical arrangement, the mean of the three ^ter- 
minations of the errors of the eight divisions corresponds to the 
mean state of the apparatus as found from the mean ot the two 
repetition senes.* 

THE ET1AR MICROMETER 

40 For the measurement of small angles, not greatei than 
the angular breadth of the field of the telescope, graduated eli- 
des may he wholly dispensed with, and a micrometer attache 
to the eye end of the telescope maybe substituted with gieat 
advantage both m respect of accuracy and facility of manipula- 
tion Indeed, for many purposes to which the micrometer is 
adapted, divided circles are entnely out of the question, for 
example, the measurement of the angular distance between the 

two components of a double star. 

Micrometers, howevei, are very fiequently used in combina- 
tion with graduated circles , as m the meridian circle. 

41 The filar micrometer is the same in principle as the nncio- 
meter employed in the readiug microscope (Art 21), only more 
elaborate and complete when intended to be used at the focus 
of a laige telescope It is vaiiously constiucted, according to 
the instrument with which it is to be connected A very com- 
mon form which involves the essential features of all the otheis 
is sketched in Plate II Fig 3, where the outside p ate and the 
eye piece are removed and the field of view exhibited The 
plate aa is permanently attached to the eye end of the telescope 
tube at light angles to the optical axis The plate cany mg 

the thread mm, slides upon aa, and is moved by the screw if 
The plate cc, carrying the thread nn, slides upon bb and is 
moved hy the screw C The threads aie at light angles to the 

* This process, which is due to Bessel, will be found more fully disoussed m the 
XomgtbJg Observations, Vol VII , and in the Aetron Vach , Nos 481 and 482 See 
also CAN Petebs, Untermehung dtr Theilungsfehler ins Ertehchen Verticalkreim 
der Pulkowaer Sternvrarte (St Petersburg, 1848) , and Havsen in the Astro,, Nack , 
No 838 
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duection of the motion pioduced by the sci ows Their dis- 
tance apait is changed only by the sciew C\ which rallies a ku^e 
graduated head, by means of which this distance is measui Jd 
The hciew B merely shifts the whole apparatus bb, so that tho 
threads may be earned to any pait of the held of Mew A. 
notched scale m the held of view, the notches of which are at 
the same distance apart as the tli leads ot the smew C, is at- 
tached either to the plate bb, 01 to the plate u (in the figme, to 
the latter), m either case the numbei ot notches between tho 
threads indicates the whole numbei of i evolutions of the screw' 
hj which the threads aie sepaiated, while the graduated head 
of C indicates the fiaction of a 1 evolution Finally, at lea->t; 
one thread is stretched acioss the middle of the field at light 
angles to the micrometei tlneads sometimes thiee 01 more 
equidistant and parallel threads, these aie usually attacdiecl to 
the plate bb In miciometei measuios the tin end mm usuallv 
remains fixed while mi moves the foimei is theiefore usual I v 
called the fixed thread, and the latter the moiable thread The 
threads at right angles to these are called tiansieise tlneads ; 
sometimes tian&it thieads 

That portion of the telescope to which the micrometer is mi- 
mediately attached is a tube wlneli both slides and 1 evolves 
withm the mam tube of the telescope, so that (b\ sliding) the 
plane of the thieads may be accurately placed m the focus of 
the object glass, and (by leiolvuig) the threads may be made to 
take any lequued duection 

To measure directly the angulai distance between two objects 
w ose images aie seen m the field, w T e have first to levolve the 
whole micrometer until the middle transverse thiead passes 
through the two objects , then, bunging the fixed thread upon 
one of the objects and the movable thiead upon the other, the 
distance is at once obtained in revolutions and parts of a i evolu- 
tion of the miciometer screw This measuie is then to be re- 
duced to seconds of arc, for which puipose the angulai value 
ot a revolution of tlie sciew must be known 

42 To find the angulai xalae of a leioluhon of the micrometer- 

^“T 118 J aUl ! mdentl - v depends not only upon the distance 
ot tne threads of the sciew, but also upon the local length of 

e e escope, since the greatei the focal length, the largei will- 
be the image of any gn en object 
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A first method of finding the value of the screw is, theie- 
foic, to raeasuie the focal length, F, of the object glass, and the 
distance, hi, between the threads of the sc lew (which is done bv 
counting the numbei of tlneads to an inch) , then, if It denotes 
the angular value of a i evolution, we lmc 


tan ^72 = 


\ m 
~F 


oi 


jft = m -- Tf 
F sinl 


(39) 


as is evident from Fig 2, p 13, where we may suppose dl at 
the focus of the lens AB, to be the space tluough which the 
micrometer thread is moved by a involution of the sciew, and 
the angular breadth oi the object DL, of which dl is the image, 
to be DCL = ICd, and Cm = F, dl = m 


43 Second Method —Measure with the micromotei any pie 
viously known angle A, and let if be the number of revolution, 
of the sciew in the measure, then, assuming that the middle 
point of A is obseived in the middle of the field, 

tan R= - oi, newly, B = ~ ( 40 ) 

The sun’s apparent horizontal diametei (see Vol I Art 134) 
may be used foi the angle A, if the field is sufficiently laige to 
embrace the whole image of the sun, which, bower er, is the 
case only with small instruments, or with low magnifying powers. 

The constellation of the Pleiades furnishes pans of stais at 
various distances, suited to instruments of raiious capacities 
and Bessel detei mined their distances with very gieat actmacy 
with a view to this as well as other applications 

The angle A m (40) is the apparent anguhu distance measured, 
so that, when two stars are employed, their appai ent distance 
must he computed by subtracting the correction for refraction, 

foi which see Cliaptei X 

44 Third Method — Point the telescope at a star, and let the 
micrometer be revolved so that the tiansveise tlnead will coin- 
cide with the apparent path of the star m its dimnal movement, 
and the fixed micrometer thread will represent a decimation 
circle Place the movable thread at anj numbe i of i ev olutions 

* Bessel’s Aitrojumnche Unterwchwigen, Vol I p 209 
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from the fixed thread, and note the times of transit of the star 
over those threads by the sidereal clock, the telescope remaining 
fixed during the whole observation Denote the sidereal in- 
terval between these times by i, the declination of the star by 
S, the true angular interval of the threads by %, then (as will be 
proved in the theory of the transit instrument) we shall find i by 
the formula 

sin i = sm7 cos $ (41) 

or, when the star is not within 10° of the pole, 

i = T cos $ (41*) 

after which the value of a revolution of the screw in seconds of 
arc is found by the formula 


15 x 15 J cos d 

W ~ M 


(42) 


For extreme precision, the correction for retraction should be 
applied to i; hut if the observations are made near the meridian 
the correction will rarely be appieciable. 

We may in this process dispense with the use of the fixed 
thread by setting the movable thread successively at different 
points m the field, and noting the times of transit of the star 
ovei it together with the number of i evolutions of the screw 
between the successive positions In this way the regularity of 
the screw may be tested throughout its whole length If the 
star is very near the pole, each observation should be compaied 
with that made near the middle of the field, and the true inter- 
vals computed by the formula sin i = sin I cosd 

This method is applicable m all cases where the micrometer 
can "be revolved so as to place the fixed and movable thieads in 
the direction of a declination circle If the telescope is equa- 
tonally mounted, this can be done m all positions of the instru- 
ment, and the star may be in anj part of the heavens , but a 
slow moving star near the meridian is to be preferred, if we 
wish to avoid the correction for refi action 
The times of transit are supposed to be observed by a sidereal 
clock, the rate of which if it is large should be allowed for. If 
the time is noted by a mean time clock, the mean intervals are 
to be converted into sidereal intervals (Vol. I Art 49) 
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46 If the mierometei is attached to an instiument designed 
only for the measurement of zenith distances, or differences of 
zenith distance (as m the case of the Zenith Telescope), the 
movable threads being always peipendicular to a vertical circle, 
we can still employ this method of transits, by obseivmg the 
pole star, 01 any stai neai the pole, at the time of its greatest 
elongation At tins time the vertical cncle of the star is tangent 
to its diurnal cncle, and, consequently, the mierometei tlnead 
will coincide in duection with this declination cncle, as requited 
m the preceding method If the mstiument is not moved in 
azimuth during the star’s transit through the field, the foimula 
for computing the intei val i from the sidereal interval I is still, 
as in the transit mstrument, sini = sin I cos o , but it must be 
observed that this formula here applies strictly only to the case 
where the thread is at one time at the point of greatest elonga- 
tion, and theiefore each observation should be compaied with 
that’ taken nearest the computed time of elongation To find 
this time, we first find the hour angle t of the stai by the for- 
mula (Vol I Art 18) 

cos t = cot <5 tan <p 

m which <p is the latitude of the place of observation, and 
then, a being the star’s right ascension, we have 

Sid T of gr elongation = a ± t 

the lower sign for the eastern elongation 
If the mstiument is slowly moved in azimuth as the star 
crosses the field, so as to make each observation of a transit m 
the middle of the field, the vertical distances between the differ- 
ent positions of the movable thread are, rigorously, difteiences 
of zenith distance, and the formula for the tiansit instiument is 
no longer strictly applicable I shall show, however, that it is 
practically sufficiently exact Let the zenith distance, hour 
angle, and azimuth of the star at the elongation be denoted by 
z 0 , t 0 , and A 0 respectively , those for any observation by z, t, A; 
and let A 0 and A he reckoned from the elevated pole At the 
time of the ohseivation, the star, the zenith, and the pole form 
an oblique spherical triangle, and we have the general relations 

cos S cos t = cos p cos z — sin <f sin z cos .A 
cos 5 sin t = sm z sin A 
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At the elongation the triangle becomes light angler! at the star, 
and we hare 

cost 0 = cos~ 0 sin 1 0 

bill ~<> __ cos cos A a 
sin cos f ““ sill <p 


From these we deduce 


cos <5 sin f D cos t = sin z 0 cos 5 — cos z 0 sin 2 ? cos A 0 cos A 
cos <1 cos ^ sm £ — cos z 0 sin* sin 4 0 smi 

the difference of which gives 

cos d sm (t — t 0 )= — sin z 0 cos z + cos z (] sin z cos (A 0 — A') 

= sin (0 — z 0 ) — 2 cos sm 21 sm 2 i(A 0 — A ) 

where, if we neglect the last term and denote t — / 0 by /, and 
z — z 0 hy 2 , we have the formula foi the transit instillment To 
obtain an expression for this last term, we take the relations 

sm z cos A = cos <p sm <5 — sm <p cos 5 cos t 
sm 2 sm A = cos S sin t 


and combine them with 


whence 


cos A 0 = sm <5 sin t 0 


sm A 0 = 


cos 8 

COS (p 


sm d cos t 0 
sm <p 


sm z sm (. A 0 — A) = sm d cos 8 — sin <$ cos 8 cos (t — £ 0 ) 

= sm 2 <5 sm 2 1 (f — t c ) 

Thus sm(A 0 — A) is very nearly proportional to the square of 
sm J (t — £ fl ), and is, consequently, so small that we may put 
sm J (A 0 — A)=\ sm ( A 0 — A) 111 the las , erm of the above foi- 
mnla 1\ T e may also m so small a term put ? 0 foi z Making these 
substitutions, and writing/ and 1 for t — t Q and z — £ 0 , we find 

sm 1 = sm I cos <5+1 cot z 0 sin 2 2 <5 sin 4 i I (43) 

Since not only sm 4 I is a small quantity, but also sin 25, it lr, 
evident that the last term will be inappreciable in all practical 
cases Thus, foi the pole star, 5 = 88° 30' a^d I = 30 w = 7° 30', 
this term is onlv 0" 0052 cote 0 . 
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lor either method of observation, therefore, we can regard 
the formula sin i = sin I cos $ as entirely rigorous. 

But m either method we must correct the computed interval < 
for refraction This computed interval is the difference of the 
true zenith distances at the two instants of transit, and the 
miciometer interval M represents the difference of the apparent 
zenith distances at these instants, hence, if r and i 0 are the ie- 
fractions for the zenith distances z and z 0 , we shall have 

„ i — (r — O _ * — * — (r — r o) 

B - M M 

If we put 

= the difference of refraction for 1' of zenith distance, 
we shall have 

r - r 0 =(2 - z„) 

or, very nearly, 

’ J r — r 0 = MB ar 

and, consequently, 

jt = 4- R Ar C 44 ) 

M 

The value of at may he taken from the refraction table for the 
zenith distance at the elongation, which will be found by the 
formula 

sin <p 

An example of this method will be given in the chaptei on 
the Zenith Telescope. 

46 Fourth Method — The angular distance of two threads m 
the focus of a telescope may be directly measured with a theodo- 
lite ¥e have seen (Art. 4) that the lays which diverge from 
the focus and fall upon the object glass emerge from this glass 
in parallel lines If then these emeigm g rays be received by 
the lens of another telescope, they will he couveiged by the 
latter lens to its principal focus, where they will form an image 
of the point from which they diverged Hence, if two telescopes 
are placed with their optical axes m the same straight line and 
with their objectives turned towards each other, we may in 
either telescope see the images of threads at the principal focus 
of the other If our second telescope is connected with a 
Vol II — & 
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vertical or horizontal cucle, as in the theodolite, the cucle mar 
be used to measure the angulai distance of the thieads m the 
first 

I\rst —If the micrometei threads aie honzontal, that is, per- 
pendicular to the vertical plane (as m the meudian cucle when 
the micrometer is arranged to measuic diffeiences of zenith 
distance or of declination), the telescopes ma\ have any inclina- 
tion to the horizon, and the angular distance of two thieads will 
be directly measured by moving the theodolite telescope m the 
vertical plane and bunging ith cross-thiead successively into 
coincidence with the images of the two miciometei threads 
Denoting the difference of readings of the \eitical circle in the 
two positions by A, and the numbei of revolutions of the micro- 

o tan 1 1 

meter screw between the threads bj M, we have tan H = - — — < 
or, very nearly, JR = ~ 

Secondly — If the miciometer threads aie parallel to a veitical 
plane (as m the meridian circle when the ' ** uometei is ananged 
to measure differences of right ascension), the theodolite is placed 
as before, and the angular distance of the threads is measured 
with the horizontal circle But, in this case, if the telescopes 
are inclined to the horizon by the angle y (which is obtained 
from the veitical circle of the theodolite), the angular distance A , 
read on the honzontal circle, will exceed that of the threads in 
the ratio 1 cos^ (see the theory of the altitude and azimuth 

instrument) so that we shall then have R = Ac0Sr 
. -W 

This ingenious method was suggested by Gauss * 

47 Fifth Method — When the telescope is connected with a 
graduated vertical circle and its miciometer is ananged to mea- 
sure differences of zenith distance, the value of the screw may 
be found by means of this vertical ciicle as follows Lot the tele- 
scope he directed towards the nadir and looking into a basin of 
mercury immediately under it The rays which diverge fiom a 
thread m the focus of a telescope emeige from the objective in 
parallel lines, they are therefore reflected by the mercury m 

* In 1823, Astron Nach , Vol II p 371 Rittfnhottse had previously (in 1785) 
pointed out the practicability of observing the threads of one telescope^through 
another directed towards the objective of the first, in the Transactions of the American 

Philosophical Society , Vol II n 181 



PILAll MIC ROM LIEU 


67 


parallel lines, so that they must be converged by the objective 
again to the focus, where they form an image of the thread. It 
is evident that the distance of the reflected images of ^ 

two micrometer threads will be the same as that of e 
the threads themselves Let then EO, Fig 14, be a 

i ertieal line drawn through the centre 0 of the ob- » *■ 

jective, and suppose the fixed and movable threads n \ / 

and m to be at the same angular distance from EO, \ 

on opposite sides of it, or EOn = EOm Then the \ / 

rays from n, after passing through the objective, form \ / 

a system of rays parallel to nO, and, after reflection \ 
from the mercury (the surface of which is perpen- \ / 
dicular to EO), foim a system of rays parallel to Om, » 
and therefore the leflected image of n is seen at m 
For the sam e leason, the reflected image of m is seen at n Now 
let the telescope be revolved through an angle equal to EOn, so 
as to make the line nO a vertical line , then the image of n will 
be found in the vertical line, and will, consequently, be seen m 
coincidence with n itself. And if the telescope is revolved m the 
opposite direction thiough an angle equal to EOm, the image of m 
will be brought into coincidence with itself Hence the whole 
angulai motion (A) of the telescope, as measured by the vertical 
circle, between the two positions in which n and m are seen in 
coincidence with their own reflected images, respectively, is the 
required angular distance of the threads , and, the number of 
revolutions of the micrometer screw between them being M, we 

A 

have, as m other cases, si — jj 


We may, however, dispense with the use of the fixed thiead 
in this process Let the movable thiead be placed m any pait 
of the field, bring it into coincidence with its i effected image by 
i evolving the telescope, and read the circle Then place it m 
any othei part of the field, bring it into coincidence with its 
leflected image, and read the circle The thiead having been 
moved through M revolutions, aud the difleience of the circle 
leadings being A, we find H as before 

In ordei that the reflected images of the threads may be 
visible, it is found necessary to throw light down the tube, that 
is, from the ocular For this puipose, one of the eye pieces 
(called a collimating or nadir eye piece) is furnished with a reflector, 
placed at an angle of 45° with the optical axis, which receives 
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light from a lamp held on one side and reflects it down the tube 
This reflector is sometimes placed within the eye piece, between 
the two lenses, the light is then leceived tlnough an apeiture 
m the side of the eye tube, and the reflector, if made of metal, 
is perfoiated m the centre in order that the field may be visible. 
A better plan is to place a small piece of very thin mica outside 
the eye piece, between the outer lens and the eye, and at an 
angle of 45° with the axis. The mica, being tiansparent, does 
not interfere with the view of the field, and is at the same time 
a very perfect reflector. This plan has the advantage that the 
mica leflector may be temporarily applied to any of the eye pieces 
m actual use 

A mercury reflector used, as m this case, to give leflected 
images of the threads, we shall hereaftei designate as a mercury 
collimator * 

48 JEffect of temperature upon the value of a revolution of the 
micrometer screw — Changes of temperatuie affect the angular 
value of a revolution of the screw m two ways first, by changing 
the absolute length of the screw itself, secondly , by changing the 
figure of the objective, and thereby also the focal length Per- 
haps we should add, also, the almost evanescent change m the 
focal length resulting from a change m the lefractive power of 
the glass The whole effect, however, is veiy small, and may be 
assumed to be proportional to the change of temperatuie so 
that, if JR 0 is the value of a i evolution of the screw for an 
assumed temperature t 0 , JR the value for any given temperature 
t, we have 

JR 0 = B + JR (T - a = R [1 + (r - r 0 ) xf] (45) 

in which x is to be determined so as to satisfy the observed values 
of JR at different temperatures as nearly as possible, which is 
done by the method of least squaies 

Example. — Suppose the following values of It have been 
observed 

-R = 26". 557, 26" 582, 26" 529, 26" 500, 26" 498, 

for t = 10° 30° 40° 62° 75° (Fabr) 


* The use of the mercury collimator m connection, with the nadir eye piece was 
introduced "by Boh^enberger in 1825 y Astron JTach , Vol IV p 327 
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and it is proposed to deteimine J? 0 for r 0 — 50° 


the equations 


JB 0 = 26" 557 (1 — 40®) 
J2 0 =:26 532 (1 — 20 ®) 
R 0 = 26 529(1 — 10®) 
R 0 = 26 500(1 + 12®) 
R 0 = 26 498(1 + 25®) 


We shall have 


Let us assume R 0 = 26 5 + y , these equations become 


1062 x + y — 0" 057 = 0 
581® + t/ — 0 032 = 0 
265® + y — 0 029 = 0 

— 318® + ?/ + 0 000 = 0 

— 662® + y + 0 002 = 0 


Hence, by the usual process in the method of least squares, we 
find the normal equations 


whence 


2019398 x + 878 y — 86" 535 = 0 
878 x + 5 y — 0 116 = 0 

® = + 0 0000355 y = + 0" 017 


and, consequently, i? 0 = 26" 517, and 

26" 517 

R — i +0 0000355 (r — 50°) 

As the coeflieient of r — 50° is so small, we may take 


R = 26" 517 [1 — 0 0000355 (r — 50°)] 

= 26" 517 + 0" 000941 (50° — r) 

This gives for the values of R at the observed temperatures, 

R = 26" 555, 26" 536, 26" 526, 26" 504, 26" 493 

for r = 10° 30° 40° 62° 75° 

which agree with the observed values within the probable errors 
of such determinations 


49 The position filar micrometer — When a filar micrometer is 
attached to an equatonally mounted telescope, theie is usually 
combined with it a small graduated circle, the plane of which is 
paiallel to that of the micioinetei threads, by means of which 
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the angle which these threads, or the transverse threads, make 
with a decimation circle may be ascertained The micrometer 
then serves to measme not only the distance between two stais, 
but also their angle of position , that is, the angle which the arc 
joining the two stais makes with a declination cncle 

The index error of the cncle, 01 its leading foi the position 
angle zero, is best obtained with the telescope in the mendian 
Let the miciometer be revolved until the movable thread is pei- 
pendicular to the meridian, which will be the case when a star 
of small decimation remains upon the thiead throughout its 
passage across the field The transveise thread will then repre- 
sent the meridian, and m all othei positions of the telescope, if 
the equatorial adjustment is gdod, will represent a decimation 
circle * If the reading of the position circle is then P 0 , and 
the micrometer is afterwards 1 evolved so that its transverse 
thread passes through two stars m the field, and the reading 
becomes P, the apparent position angle of the stais is 

P = P-P, ( 46 ) 

All position angles should be read from 0 to 360° m the same 
direction I shall always suppose them to be leckoned from the 
north through the east 

50 I shall briefly notice some othei micrometers hereafter 
(Chaptei X ) What has been given m l elation to the filai micio- 
meter was necessary m this place on account of the connection 
of this instrument with nearly every form of telescope 


THE LEVEL* 

51 The spirit level may here be classed among the mstru 
ments for measuring small angles, inasmuch as its use in p^tro- 
nomy is not so much to make a given line absolutely level as to 
measure the small inclination of the line to the horizon. It 
consists of a glass tube, ground on the interim to a curve of 
laige radius, and neaily filled with alcohol oi sulpliuiic etliei 
(Water would fieeze and buist the tube) The bubble of air 
occupying the space left by the fluid will always stand at the 

See, liovever, Chapter X in case the adjustment of the equatorial telescope h 
not quite exact * 
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highest point of the curve of the tube, and theiefore any 
change of the relative elevation of the two ends of the tube 
must be followed by a coi responding change m the position ot 
the bubble This position of the bubble, therefoie, v Inch is 
read ofl by means of a scale, or by giaduations marked on the 
tube itself, selves to measure all changes of inclination within 
the extreme ranges of the arc of the curve employed The 
larger the radius of the curve, the more sensitive will the level 
be There is, however, obviously a piaetieal limit to the radius, 
which is determined by the kind of instrument to which the 
level is to be applied and the degree of accuracy aimed at 

In order to apply the level to the konzontal axis of an instru- 
ment, it is either mounted upon two legs, the distance apart of 
which is nearly equal to the length of the axis, and these legs 
teiminate in Ys, so that the lei el beais only at two points of the 
cylindrical pivots of the axis, m which case it is called a striding 
level 01 it hangs fiom the axis by aims, which are recurved 
and terminate in inverted Vs, and it is then called a hanging 

IovgI 

Plate II Pig 4, represents a common form of the striding 
level, and Pig 5 is an end view of the legs The tubee/ is m 
tins level coveied by a larger glass tube abed , to protect the Am 
from sudden changes of temperature These are secured to a 
bai AJB, usually a hollow brass cylinder, which is connected 
with the legs by screws « and t, which serve to adjust the rela- 
tion of the level tube to the line of hearing of the Ys of the 
teet, as will be explained hereafter 


52 In ordei to investigate the method of using the level, let 
us first suppose JEW. ] Fig to be 

a truly hoiizontal line on which 
the level AJB rests- let 0 be the 
zero of the graduations , e and w 
the ends of the bubble let the 
length of the bubble be 21 It 
the legs AE and BW weie per- 
fectly equal, and 0 were m the 
middle of J.5, the leadings of w and e from 0 would be exactly 
the same, and each equal to l But, if BW is the longer leg, 
the bubble will stand neaiei to B b\ a number r of divisions, 
and if at the same time the zero 0 stands nearer to A than to B, 


Fig 15 
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at a distance of y divisions from the middle, then the readings 
will he 

at w, l + x + y, 

at e, l — x — y 

If now Wia raised so that EW becomes inclined to the horizon 
by the angle 6, the bubble will stand nearer to the end B by a 
number z of divisions, so that the whole readings at w and e 
will be 


w = 1 x -\- y z 

e = l — x — y — z 

} (47) 

To eliminate the errors x and y, let the level now be reversed, 
tso that the end A stands over W and B over E The errors x 
and y will both change sign , but, the line EW being inclined 
as before, the readmgs of the ends of the bubble towards W and 
M respectively, will be 

vf =1 — x — y z 
e’=l -f x -f y — z 

} (48) 

From the equations (47) and (48) we deduce 


i(w — e) = x + y + z 
l (uf — e') = — (x + y) + s 

whence 

} (49) 

* = Hi(» — «) + !(»' — e ')] 

or 

„_(» + «/) — O + O 

j (50) 


whence the practical rule • Place the level on the line whose inclina- 
tion is to be measured , and read the divisions at the ends of the bubble ; 
reverse the level , and read again Add together the two readings lying 
towards one end of the line , and also the two readings lying towards the 
other end of the line One fourth the difference of these sums is the 
measure of the inclination The line is elevated at that end which 
gives the greatest sum of readings . 

This gives the inclination expressed m divisions of the level , 
the value of the angle b corresponding to z divisions is known 
when the angular value d of a division is known, so that 

b = dz (51) 

53« The errors x and y are inseparable , we can only find their 
sum, which is 


LEVEL 


T3 


x + y = 


(w 


■ «) — C w ' — e ') 

4 


(52) 


Tf the errors of the level could be regarded as constant the 
value of x + y thus found would enable us to dispense with the 
reversal of the level, since either of the equations (49) would 
then determine 2, but such constancy is never to be assumed 

54 For greater accuracy, the level may be read a number of 
times in each position, taking care to lift it up after each rea - 
mg, so that each observation may be independent of the othei • 
T& sums of all to readings a. each end oft to bubble ^e to bo 
formed and the difference of these sums divided by the whole 
number of readings. The number of readings m the two posi- 
tions must be equal 

Example 1 

A lei 
follows 


1st Position 
2d “ 


on the axis 

of a 

transit instrn: 

w 

E 

w — e 

291 

312 

— 21 

85 4 

24 9 

+ 10 5 

64 5 

56.1 

4)— 12 6 

561 

4) 8 4 

3= 21 

X 

+ y = — 815 


g 15 = error of the level 


The value of a division was d= 1" 25 ; and hence 

b = dz = 2" 63 

phich is the elevation of the west end of the axis 


Example 2 

The following readings were obtained with the same instru- 


ment: 


1st Position 

w 

29 0 

2d “ 

85 4 

2d “ 

35 6 

1st “ 

29 2 

ft 

129 2 
1118 
8) 17 4 
= 218 


E 

313 

249 

246 

310 

1118 


b = 2" 72 
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By taking the first and last obseivations in the same position 
of the level, as m this example, any small change in the level 
itself, occunng during the observations, is eliminated 


55 The zero of the level is, however, not always placed near 
the middle of the tube , it may be at one end and the divisions 
numbered consecutively thiougli the whole length of the tube 
In this case, we have onlj to find the leading coi responding to 
the middle of the bubble in each position of the level the half 
difference of these leadings will evidently be the lequired inch 
nation It will be necessary, in the lecoid of the obseivation, 
to note the position of the ends of the level, or to indicate in 
some mannei the dnection m which the divisions mciease, which 
is usually effected most leadily by a conventional use of tlie 
algebraic sign, as m the following 


Example 

A level which is graduated from the end A towards the end B 
re s as follows when placed on the axis of a transit instrument' 


w 

E 

Reading of 
middle of 
bubble 

oi thus 

+ 640 

+ 13 5 

+ 38 75 

+ 77 5 

— 101 

— 60 7 

— 35 40 

— 70 8 



2) + 3 35 

4) +6 7 


z 

= + 1 675 

z = + 1 675 


Since in the case of a transit instrument we wish to find the 
eUvatum of the west end (a negative elevation being interpreted as 
a depression), we here mark the level readings with the positive 
sign when they increase towards the west, and with the negative 
sign when they increase towards the east The value of z will 

“ * °S^ ned ’ lts P r °P<* sign, by simply taking the 
mean of all the readings, as in the last column above 


^^P 169 ’ Ae diameters of the two pivots of 
&e tms on which the level rests are assumed to he the same 

3n he^n 18 T Ca8 ®’ a correctlon becomes necessaiy, which 
Chapter V “ itS place under “Transit Instrument,’ 
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57 To find the value of a division of the level —This is most readily 
done by means of a simple instrument called a level-trie) 
horizontal bar is supported by two feet at one end and by a 
Bmgle foot-screw at the other The level is placed on the bar, 
and the number of turns of the foot-screw necessary to cany the 
bubble over any given number of divisions is observed. The 
angular value of a turn of the foot-screw is known from the 
distance of its threads and the length of the bai. The head 
the screw is graduated so that a fraction of a turn may be noted 
We can also determine the value of a division by attaching 
the level tube to a vertical circle and noting the number o 
seconds on the circle corresponding to a motion (of the cucle 
and level together) which carries the bubble over a given numbei 
of divisions Thus, suppose we read the ends A and -B °f a leve 
thus attached to a circle, and also read the circle itself, as follov s. 



B 

Circle 

50 

40 2 

0° 0' 40" 

413 

38 

0 1 25 3 

36 3 

364 

45 3 


(mean) 36 35 i = 45" 3 

d= 1" 246 


When the level is applied to a telescope which is provided 
with a micrometer, the value of the divisions of the level may 
be found from those of the miciometer An example of this 
method will be given in connection with the Zenith Telescope, 
Chapter VIEL 


58. To find, the radius of curvatw e of a level— Let n he the length 
of a division in linear units, d the value of a division m arc, 
found as above, then the radius will he 


n 

r ism 1" 

Suppose that in the level of the preceding article we have 
n = 0 103 inch, then we find, for this level, r = 17051 inches, or 

1421 feet 

59 The value of a division of a level may be affected by changes of 
temperature .- This will be discovered by taking observations for 
determining this value at two temperatures as different as pos- 



76 


MEASUREMENT OF ANGLES. 


sible The proper value to be used for any intermediate tem- 
peratuie will then be found by interpolation 

60 It is also possible that the radius of cm vatm e of different por- 
tions of the tube may be different — This, of course, is a radical defect 
in the construction of the instrument its effect is to give dif- 
ferent angular values to divisions of equal absolute length m 
different portions of the tube The existence of such a defect 
will be discovered by determining the value of a division inde- 
pendently at vanous points, and it is piopei to examine all our 
levels m this manner A level thus defective should be rejected 
as unfit for any refined observation , but, if no other can be had, 
a caieful investigation might determine a system of corrections 
to be applied to the different readings 

61 It remains to be shown howto effect the mechanical adjust- 
ment of the level 1st The bubble should stand nearly m the 
middle of the tube when the level stands upon any horizontal 
line This is quickly brought about by finding the error of the 
level = x + y, (as in Example 1, Art 54) and then turning the 
screws t , t\ Plate IT Fig. 5, until the bubble has moved thiough 
this quantity m the pioper direction 2d The axis of the tube 
should be parallel to the line joining the angle of the Vs of the 
feet, and, consequently, parallel to the axis of an mstiument on 
w ich it rests This is tested by slightly revolving or rocking 
t e level on the axis of the mstiument, so that the legs are 
thrown out of a perpendicular on either side If the axis of the 
level tube is not parallel to the line joiumg the feet, but lies 
w oss-wise with respect to that line, this revolution will cause the 

ubble to change its position, and it will be easy to see m what 
direction the correction must be made. The adjustment is made 
by the screws $, s / . 
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CHAPTER HI 

INSTRUMENTS TOR MEASURING TIME 

62 Chronometers — The chronometer is merely a ^ P e ^ 
i ^ au valance wheel is so constructed that changes 

I— r toy be well 

«b»g-of temperatme t do 
practically ®— t) , .t » «*£«* rf f *. anJ ’ 

S™ 1 it metodl . » 

Tol I , Chapter V 

fiS Wmdino -Most chronometers are now made to run either 
68 Y r?r Jo days The former are wound every seventh 

:1 Zacfct, and an nregnlanty m the rate tea, rerf 
Chronometer are wound wtthagtven “ 

the key Itia well to knowtonumher • 

liometer shonld always he wound 

"ofto S^bufhy a catch provided to act at to proper 
time and thus protect the chain 
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When a chronometer has stopped, it does not again start 
immediately after being wound up It is necessary to give the 
w ole instrument a quick rotatory movement, by which the 
a ance wheel is set m motion This must be done with care, 
lowevei, and with little more foiee than is necessary to produce 
the result, afterwards the chronometer must be guarded from all 
sudden motions 

The hands of a chronometer can be moved without injury to 
e instrument, so that it may he set proximately to the true 
time It is, however, not advisable to do this often 


64 Transporting — Chronometers transported on board ship 
8 n° U P^ ace< ^- as near the centre of motion as possible, and 
allowed to swing freely m their gimbals, so that they may pre- 
serve a ouzontal position They should also be kept as nearlv 
as possible in a uniform tempeiature 
When transpoited by land, the ehronometei should no longer 
be allowed to swing m its gimbals, but is to be fastened by a 
c amp provided for the purpose, for the sudden motions which 
it is then liable to receive would set it m violent oscillation 

m the gimbals, and produce moie effect than if allowed to act 
directly 


Pocket chronometers should be kept at all times m the same 
posi ion. consequently, if actually earned in the pocket during 
the day, they should be suspended vertically at night 

t has been found that the rates of chronometers have been 
a eete y masses of iron in tbeir vicinity, indicating a magnetic 
polarity of their balances Such polarity may exist in the balance 
when it first comes from the hands of the maker, or it may be 
acquire y t e chronometer standing a long time m the same 
position with respect to the magnetic meridian In order to 
avoid any error that might result from this polarity (whether 
kjiown or unknown), it will be well to keep the chronometers 
Vi 6 B f n ^ e P 081 ^ 1011 * Hence, they should not be removed 

thev ^ *? 1P a he l ated; but their ^tes should be found after 
they are placed in the position they are to occupy 

Ihe rate of a chronometer when transpoited is seldom the 
r r r Tt The travelhu ^ iate - W by comparing 

trtv r S k 6Q at the 8ame P lace before ^ thf 

1 J a ° T - fr °”V observations at two places whose difference of 
longitude is perfectly well knovn A list of well determined 
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“differences of longitude” is given in Paper's Pmdice of Navi- 
gation, for the use of navigators in finding tlie sea antes of their 
cbronometeis (See "V ol I Ait 258) 

65 Conation for temperature — An absolutely perfect compensa- 
tion for temperature in chronometers is haidly to he expected 
It has been found 5 *- that tlie aveiage temperature compensation 
of chronometers is of such a natuie as to cause the instrument to 
lose on its dailv rate when exposed to a temperature either above 
or below a certain point for which the compensation is most 
perfect Professor Bond found foi a large number of chronome- 
ters that if t? 0 be the tempeiatnre of best compensation,*? that ch 
actual exposure, the late may be expressed for a range ot 20 
above and below t? 0 by the formula 

m = m 0 + A(*-*o ) 2 (53) 

in which k is a constant, and has, with mre exceptions, a positive 
sign, and w, and m are the sates at the temperatures and 9, 
respectively , losing lates being positive 

M Lxeusson, fiom a veiy extended examination of the per- 
formance of chronometers on trial at the Observatories of Green- 
wcli and Pans, finds that the late vanes both with the tempe- 
rature and with the age of the oil with which the pivots are 
lubricated The thickening of tlie oil tends to dimmish t e 
amplitude of the vibration of the balance, and thus produces an 
acceleration of the chronometei This acceleration is almost 
exactly proportional to the time, so that for any time 1 1 e ra e 
may he found hy the complete formula 

m = *,+ A0»--V> 2 - Kt (54) 

m which V is the daily change of i ate resulting from the gradual 
thickening of the oil. The constants k and A' will he different 
ioi every chronometei, and aie detei mined hy expenment for 
each instrument 

66 Comparison of Chronometers .— When one or more chro- 
nometeis are to be regulated by means of astiononncal observa- 


* Lieusson, lUcheiches sui les variations lie la maiche des pendules et des chro- 
nometres, Pons, 1854 G P Bond, in Ins report on the longitude in the Report of 
the Superintendent E S Coast Survey for 1854, App p 141 
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tions, these observations are made with but one of them, and the 
corrections of all the others are found by compaung them with 
this On board ship the chronometers aie nevei brought on 
deck, but the observations aie made with a watch (often called a 
“hack-watch”), which is compared with the ehronometei either 
before 01 aftei, or both befoie and after, the obseivations The 
double comparison is necessary where extreme piecision is re- 
quired, in order to eliminate any difference of the rates of the 
watch and chronometer 


Example 

An observation is lecorded by a hack- watch at the time 
10* 12*" 18* 3, and the following comparisons are made with the 
chronometer Required the time of the obseivation by the 
chronometer 

Chron 8* VJ m 0* 8* 27"* 0* 

Watch 10 8 9 5 10 18 8 0 

Reduction — 1 51 9 5 -1 51 80 

Here the watch loses 1* 5 m 10* hence, in 4™, the time from the 
first comparison to the observation, it loses 1* 5 X or 0* 6, so 
that the diffeienee at the time of the obseivation is 1* 51 m 8* 9 s 
therefore we have 

Watch time of obs == 10* 12" 18* 3 - 

Reduction to chi on = — 1 51 8 9 
Chron time of obs = 8 21 4 4 

Comparison by coincident beats — When two chronometers are 
compared which keep the same kind of time, and both of which 
beat half seconds, it will mostly happen that the beats of the two 
instruments are not synchronous, but one will fall aftei the other 
by a certain fraction of a beat, which will be pretty nearly con- 
stant, and must be estimated by the eai This estimate may be 
made within half a beat, or a quarter of a second, without diffi- 
culty* but it requires much practice to estimate the fraction 
within 0* 1 with certainty But if a mean time or solar chro- 
nometer is compared with a sidereal chionometer, their dif- 
ference may be obtained with ease within one-twentieth of a 
second. Since 1* sideieal time is less than 1* mean time, the beats 
of the sidereal chronometer will not remain at a constant fraction 
behind those of the solaT chronometer, but will gradually gam 



CHRONOMETERS 


81 


on them, so that at certain times they 'will he coincident. Now, 
it the comparison is made at the time this coincidence occurs, 
there will be no fraction for the ear to estimate, and the differ- 
ence of the two instruments at this time will he obtained exactly 
The only error will he that which arises from judging the heats 
■to he in coincidence when they are leally sepaiated by a small 
fraction , and it is found that the ear will easily distinguish the 
heats as not synchronous so long as they differ by as much as 
0* 05, consequently the comparison is accurately obtained within 
that quantity Indeed, with practice it is obtained within 0* 03, 
or even 0* 02 Now, since 1* sidereal time = 0* 99727 mean time, 
the sidereal chronometer gains 0 s 00273 on the solar chronometer 
m V, and therefore it gains 0' 5 in 183 s , or very nearly in 3“ 
Hence, once every three minutes the two chronometers will heat 
together * When this is about to occur, the observer begins to 
count the seconds of one chronometer, while he directs his eye to 
the other, when he no longer peiceives any difference in the 
beats, he notes the corresponding half seconds of the two instru- 
ments. 


Example 

A solar and a sidereal chronometer were compared by coinci- 
dent beats, as follows: 

Solar chron 4* 16" 0* 4‘ 19“ 10*. 

Sidereal “ 1 8 11 5 I ^ ^ 

Difference 3 12 48 5 0 12 48 

Here the interval between the two comparisons being about 3 m , 
the sidereal chronometer has gained a heat In order to judge 
of the accuracy of the comparisons, let us reduce the second to 
the time of the first. The solar interval is, by the sdar chro- 
nometer, 3” 10* , the corresponding sidereal interval is, by the 
tables, 3 m 10*52, the second comparison reduced to the time of 
the first stands as follows 

Solar chron 4* 16 m 0* 

Sid “ 1 8 1148 

Difference 3 12 48 52 

* They will either beat together, ot at least their heats will both fall within a 
space of time ecLual to one-half of O 00273 
Yol XI -6 
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'that is, it agiees with the first comparison within 0*.02 Suppose 
that at the second comparison the time when the beats were 
coincident was mistaken, and the observer made his comparison 
10* later, he would have had 10 s more on each chronometer, and 
consequently would have put down the comparison thus 

Solar chron 4* 19 m 20* 

Sid “ 1 6 32 

The mean interval between the comparisons would have been 
3 m 20*, and the equivalent sideieal interval is 3" 1 20* 55, so that 
this second comparison reduced to the time of the first would 
have stood thus 

Solar chron 4* 16 m 0* 

Sid “ 1 3 11 45 

Difference 1 12 48 55 

that is, the two comparisons would still have agieed withm 0* 05 
The observer can m this way satisfy himself by a few trials that 
the two chronometers can really be compared within 0" 05 with 
certainty 

When two solar chronometers are to be compared together, it 
will be most accurately done by comparing each with a sidereal 
chronometer by coincident beats, and reducing the comparisons 
as follows 


Example 

Two solar chronometers A and B are compared with a sidereal 
chronometer C 7 as below 

C 6 s 13 m 20* A 4* 40 m 10* 5 

G 6 15 15 B 5 21 13 

Sid interval 1 55 = 1 54 69 solar 

B reduced to time of A = 5 19 18 31 

Difference of A and B = 0 39 7 81 

The intermediate chronometer used for comparison is not 
necessarily a sidereal one It may be a mean time chronometer 
which does not beat half seconds , for example, a pocket chro- 
nometer which beats 13 times m 6 seconds In this case each 
beat of the pocket chronometer is worth and therefore differs 
from thafof a chronometer beating half seconds by ^ of a second. 
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The inaccuracy of a coincidence cannot exceed tins quantity, and 
the compansonjmay, therefore, also be made within 2 c of a second 

67 Probable, error of an interpolated value of a chronometer cor- 
rection —When the corrections a T and a T' for the times Tsm&V 
are given, the correction for any other time T + t — T t is 
found by interpolation Denoting the late by 8T, and the 
required correction by x, we have 

either a; = a T + t iT or x = a T' -1 ST 

Now, granting that the given quantities a T and a T' aie peifectly 

correct, the interpolated values of x will also be correct if theie 

are no accidental uregulanties in the going of the chronometer. 

But such accidental irregularities certainly exist, and tend to 

dimmish the weight to be assigned to any interpolated value of 

the correction If the mean (accidental) error m a unit of time 

is e, the mean error m the interval t is, by the theoiy of least 

squares, ey t, and the weight is inversely proportional to the 

square of this error, that is, inversely pioport lonal to t. We shall 

have then , 

k 

X = + t dT with the weight - 

£ 

x _ 1 dT “ “ “ j? 

m which k is an. undetermined constant 

Multiplying each value by its weight, and dividing the sum by 
the sum of the weights (accoidiug to the usual process m the 
method of least squares), we have 

X = - J A — , With the weight = ) 

r~tf 

or with the mean error = e y f+ti 

This error is zero either for t = 0 or t! = 0, and is a maximum 
for t = i', that is, when the correction is found for the middle 
time between the two given times T and T' 

68 If, however, the chronometer has accelerated or retarded 
uniformly, the error will obtain a different expression Let the 
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rate at the time T be 8T and at the time T' be b'T The 
acceleration m a unit of time is 


5"T = 


S'T—ST 
t + f 


(56) 


The rate at the middle instant between T and T 4~ ^ 13 8T 
-(- 8" T, and at the middle instant between T' and T' t' 

it is 8'T — \t' 8" T, hence we have 

x = *T + t(?T + }* S"T)=6.T + t dT+lt * 8" T 
r=&.T—t(8'T— if 8"T)= if'-t »'T+ if 2 8" T 


Multiplying the first by t r , the second by i, and dividing the sum 
of the pioducts by t -f- t', we have 


x = t *T + , S , T 

t -(- X I Tfr 

or 

x = i±T±t^r_ w y , T (67) 

t T 

whence it appears that the error of the value obtained by simple 
interpolation, or upon the supposition of a uniform rate, is 
\tt f d"T, and this error is also a maximum foi the middle instant 
between T and T', when t = and vanishes for t = 0 or V = 0 


69. Every chronometer has, moreovei, its own peculianties 
which render the application of any formula for weight more or 
less uncertain Struve found that, for the greater number of 
the chronometers which he tried, the mean error of an interpo- 
lated value of their corrections could he expressed by the empiri- 

cal formula e -p differing from the above theoretical formula 

t — 1~ if 

by the omission of the radical sign ( Expidition Chronomdtngue , 

p 101) 

70 Clocks . — The astronomical clock is provided with a com- 
pensation pendulum, by which the effect of temperatuio is even 
more completely eliminated than in chronometers. The only 
forms in UBe are the Harmon (the gridiron) and the mercurial 
pendulum 

In the gridiron pendulum the rod is composed (m part) of a 
number of parallel bars of steel and brass, so connected together 
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that the expansion of the steel have produced by an increase of 
temperature tends to depress the “boh" of the pendulum the 
greater expansion of the brass bars tends to raise it, so that when 
the total lengths of the steel and brass bais have been propeilv 
adiueted a peifect compensation oecuis, and the centre of osci - 
lation remains at a constant distance from the point of ^pen- 
sion. The rate of the clock, so far as it depends upon the length 

of the pendulum, -will therefore he constant , 

In the mercurial pendulum, the weight which forms the bo 
m other cases is replaced by a cylindrical glass vessel nearly 
filled with mercury With an increase of temperature the rod 
lengthens, hut the meicuiy expanding must rise in the cylint ei, 

B0 that when the quantity of mercury is properly proportioned 
to the length of the lod the centre of oscillation lemams at the 
same distance fiom the point of suspension If a clock is to he 
exposed to sudden changes of temperature, the gridiron pendulum 
will lie preferable to the mercurial, as the laige body of mercury 
will obtain the temperatme of the air more slowly than the 

thin metal lods , 

In setting up the clock the chief point to he observed is that 

ltfl alternate beats are exactly equal The pendulum usually 
carries a. pointer at its lower extremity which indicates upon an 
arc below the pendulum the extent of a vibration. Let ® 
pendulum he diawn towards one side gently, until a tooth of the 
escapement wheel is just freed, and mark the point of the are at 
which this occuis, then let the pendulum be drawn towards the 
other side, and mark the point of the arc at which a tooth escapes 
Find the middle point A of the included arc Then let tire 
pendulum come to rest m a vertical position: if the pointer is on 
A the adjustment is correct, and the vibiations on each side will 
be isochronous, if not, the clock case must be moved until the 
veitical pendulum is directed exactly towaids A The equali y 
of the Mhiahons may also be tested by the electio-chronograph, 
hereafter described 

What has been said above respecting the comparison of chi o- 
uometeis will apply, with scaicely any modification, to that of 
blocks, or of a clock with a chronometer 

la the observatory, a clock legulated to sidereal time is the 
indispensable companion of the transit instrument The standard 
or normal clock of an ohsenatoiyis cai efully mounted upon a 
Btone piei which is disconnected from the walls or floors of the 
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building, ana also protected as much as possible from changes 
of temperature For the latter purpose it is sometimes imbedded 
m a stone pier, in an air-tight compartment below the surface 
of the ground Struve found that the changes of barometric 
pressure, by varying the resistance which the air opposes to the 
motions of the pendulum, caused a variation in the rate of the 
normal clock of the Pulkowa Obseivatory of 0 a 32 for a variation 
of one English inch of the barometer * 

71. The dectro-chronograph — This contrivance may he regarded 
as an appendage of the astionomical clock, and bearing the same 
relation to it that the reading microscope beam to a divided 
circle ; for its chief use is to subdivide the seconds of the clock, 
and thus to measure miciometrically the smallest fractions of 
time In order to effect tins nnerometnc subdivision, the clock 
beats are converted from audible into visible signals, which are 
recorded on paper by means of an electio-magnet The instant 
of the occurrence of any phenomenon is also registered by a 
visible signal on the same papei, and thus referred to the pre- 
ceding clock beat with great precision This general statement 
covers a great variety of special conti ivances leading to the same 
end Wq shall here treat onlj of those which, thus far, have 
been most used. 

72 The simplest form of register is that known on our tele- 
giaphic lines as Morse’s, in which a fillet of papei is reeled oft 
at a uniform velocity by means of a tiain of wheels moved by a 
weight. The fillet passes over a small cyhndei and just under 
a hard steel point, or pen (as it is called, for brevity), which is so 
connected with the armature of an electio-magnet that whenever 
the electric circuit of the galvanic battery is established, the pen 
is pressed upon the paper and leaves a visible mark The wiie 
from one pole of the battery which passes aiound the electro- 
magnet does not return directly to the other pole, but first passes 
through the clock, where, by a conti ivance presently to be 
described, the circuit is broken and restored at every second 
The Morse fillet in runmngoft, theiefore, leceives an impression 
every second, and thus becomes graduated into spaces represent- 
ing seconds. These spaces are greater or less according to the 


* D&criptwn de Pcbaervutoue outrun or nique cent/al de Poulkova , p 220 
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velocity with, which the paper runs off, an inch per second w 
even more than sufficient, as it is easy to divide an inch into fi } 

ZZ hv n scale even without the aid of a magnifier 
1 xJ of importance that the papei should run off ^th a uni- 
form velocity, at least, no sudden changes of veiocity shou l 

instruments theie is substituted for the fillet a sheet or P V 

'tTho" . prfWbh * £ 

Morse fillet for moat chronogiaplnc proposes, on i »' ^ 
convenience with which the sheets may he read oS aad filed 

aW l?sT™nZdnc?re C ^te. the movement . regulated l b, 
a ”fiol ot the crank motion w,th the vrb.atron of two 

1 Professor Miwhbl employed a erierrUi disc "P“" 

successive minutes occupied 0O *“ 1 *™ ; b oonneotion 

was giaduated into secouds with great precision oy 

with the clock 

78 The connection of the clock with the registe. is made m 
onlof two ways, eithe. so as to tat the on on, t every second, 

01 SO ftS "to TtUlhd it i ±. _ flio 

The method most used of causing the e v guneN 

7S&X TfsS andtry 

made’ of platinum wue, mounted upon a pnot C, so tlutt ^ e e * 
d shall slightly pieponderate and mat "pen J e P ““7from oim 
The end B is bent into an obtuse angle in , + 1+ 

pole 35b. galvanic hatloi, is 

hammer through the metallic support D 
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Fl * w connected with the plate E \ and goes 

first to the electro-magnet of the register 
and thence to the other pole of the bat- 
teiy This apparatus is placed m the 
clock case m front of the pendulum PM, 
with the vertex of the angle B m a vei- 
tical line below the point of suspension. 
P A small pm N projecting from the 
pendulum rod passes over the angle B 
at each vibration of the pendulum, and, 
by thus depressing the end B of the tilt- 
hammer, raises the end A from the plate 
Pand breaks the circuit, which other- 
wise is complete through the connection 
of the portion AC oi the tilt-hammer 
with both the wires F and G The in- 
terval of time dui mg which the circuit 
is broken will be longer or shorter accord- 
ing as the pm N strikes the sides of the angle B farther from or 
nearer to its vertex -It may be adjusted so that the break shall 
last but one-twentieth of a second, or foi a shorter time if 
required 

Now, if the pen of the register is kept pressed upon the paper 
by the attraction of the electro-magnet, it is clear that the breaks 
produced by the clock will produce corresponding breaks in the 
contmuous line made by the pen, and the paper will be gradu- 
ated into seconds, thus 


But if the pen is pressed upon the paper by a spring acting 
against the attraction of the magnet, then each break produced 
y e clock will give a corresponding short mark on the paper 
with an intervening blank, so that the paper will be graduated 
into seconds, thus: 



The first of these methods is commonly preferred 
In Oie cylindrical registers a pen canyrng ink is used, and the 
rea ng of the circuit by the clock does not cause the pen to 
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rise from the paper, but moves it laterally; in this case the paper 
is graduated into seconds, thus 


Dr Locks also employed a tilt-hammei for breaking the cli- 
ent, but the hammer was woiked by the teeth of a wheelplaced 
on the axis of the escapement wheel of the clock 

At the "Washington Observatory, the record on the paper ot 
the cylindrical registers has also been made by fine punctures 
produced by a needle point The needle has a little which 
prevents its resisting the motion of the cylinder dunng the time 
required for the needle to enter and leave the paper. 

74 The most simple method by which the pendulum makes 
the circuit at each beat is also the suggestion of Mi Saxton 
A small globule of mercury is placed just below the pendulu , 
as at A, Fig 17, upon a metallic suppoit which by ir 

the wire F is in connection with one pole of the 
battery Another wire Gr is connected with the 
metallic support of the pendulum rod at P, and is 
connected with the other pole of the batteiy thiough 
the electro-magnet A fine point m upon the ex- 
tremity of the pendulum passes thiough the globule 
at each vibration and establishes the electric cir- 
cuit, for a small fraction of a second, through the 
pendulum itself The effect will be to graduate 
the paper in one of the above mentioned ways 
according to the arrangement of the register. 

75. Having thus obtained a graduated visible 
time-scale, its application to the exact recording of 
an astronomical observation is veiy simple we 
have only to let one of the wires m connection with ^ 

the magnet pass, on its way to the batteiy, though □ 
the hand of the observer, where the circuit may he y 
broken and restored at pleasure A small piece 
of apparatus called a signal-key is used for this purpose It con- 
sists of a piece of wood, five or six inches m length, Fig 18, on 
which is fastened a metallic spring AB, which by a very slight 
pressure of the finger can be bi ought into contact with a metallic 
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Conceive the wire m its circuit fiom the magnet to 


Fig 18 



plate at C 

the batteiy to be seveied at the key, let 
one end F be connected with the spring 
| AB, the othei end G with the plate C 
The continuity of the wne may be re- 
garded as lestoied whenever the spring 
is pi eased into contact with the plate C 
This constitutes a make-nrcu.it key It is easy to see how r the 
arrangement may be reveised, so that by pressing the spung the 
continuity of the wire is lnteirupted, constituting a h eak-circuit 
key Now, whenevei the observei taps on Ins key he will pro- 
duce upon his giaduated time scale a mark similar to that of the 
clock, but mostly distinguishable fiom it Foi example, on a 
Morse-fillet, and with a break-circuit key, we have 


25 * 


26 * 


27 * 


28 * 


29 * 


30 * 


31 * 


32 * 


Heie, at A , is a recoid of an astronomical observation occuiinig 
between the 30th and 31st second By a scale of equal parts, we 
find the distance of A from 30 s is 0 61 of the distance from 30 # 
to 31 , and hence the instant of the obseivation is 30* 61 
In oidei to identify the seconds on the register, a peculiar 
mechameal contrivance (which need not be descnbed here) is 
employed, by means of which one of the breaks is omitted at 
the beginning of each minute of the clock, thus, foi example 


58 * 


( 5 * 18 *) 

0* 


The observer has only to identify the minute and write it on the 
e , as in this example Foi gi eater security, sometimes, even 

minute is also distinguished by the omission of two consecu- 
tive breaks, thus 


67 * 


58 * 


(11* 25m) 
o&* 0* 


A record on a cylindrical register stands thus 


40 * 


41 * 


42 * 


43 * 


-ru. 

A 


46 * 


46 * 


47 * 


48 * 


where the observation A occuis at 44“ 71 The observer’s signal 

,he d °° k 
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In all the forma of recording it must be observed that the 
beginning of the break, or dot, marks the point of time recorded. 

In order to read off the record with the greatest convenience, a 
glass scale is used, on which are etched el even equidistant parallel 
lines, dividing the second of the chronogiaph into tenths; the 
hundredths are obtained by estimation (Plate I Pig 3 ) 

When the length of a second on the register is greatei than 
the perpendiculai distance of the extreme lines of the scale, we 
have only to place the scale obliquely on the line of seconds, 
always causing then extreme lines to pass thi ough two consecu- 
tive second dots Sometimes the lines on the scale are made 
divergent, it is then always applied so that the line of seconds 
shall be perpendicular to the middle line of the scale, and at the 
point where the distance of the extreme lines is equal to the 
length of the second (Plate I Pig 2 ) 

76 When the pen of the chronograph is made to press upon the 
papei by the atti action of the electro-magnet upon its armatuie, 
a certain small fraction of time elapses alter the closing of the 
circuit (by the clock oi by the observer) befoie the signal is 
actually impiessed upon the papei Tins time is called the 
in mature time If it were oeitamh constant, and the same for the 
clock signals and foi those of the obsenei, it would have no 
effect upon the diffeience of time between any two lecoided 
phenomena But the aimatuie time probably varies both with 
the strength of the battery and the length of the wire tlnough 
which the eleetnc current passes The variable eiror which 
would thus be introduced into oui results is avoided, oi at least 
very much i educed m magnitude, by employing breed -cv mit 
signals exclusively, foi the interval of time between the beakmg 
of the circuit and the cessation of the action of the magnet is pro- 
bably smaller and moie constant than that, between the making 
of the circuit and the commencement of the action of the magnet 

77 To give the readei a just appreciation of the degiee ot 
accuiacy attained in the recording of time by the chronogiaph, 
full size specimens of the records on three different kinds of 
registers are given in Plate I Pigs 4 and 5 aie specimens of 
clock signals as recorded on a Morse-Fillet and Saxton’s Cylin- 
drical Register used on the United States Coast Snivel Pig 
6 is a specimen of clock signals and a. uumbei of actual 
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observations of stars’ transits recorded on Bond’s Spring-Gover- 

^ as ^ een obligingly furnished by Professor 
** Bond Pigs 2 and 3 exhibit in full size the manner in 
which the glass scales for reading these records aie luled. Pig 
1 exhibits the reticule of a transit instrument, provided with 
twenty-five transit threads, for determining the longitude by the 
electric telegraph. (Vol. I, p 844). 


CHAPTER IV, 


THE SEXTANT, AND OTHER REFLECTING INSTRU MEN TS 

78 The sextant, of all astronomical instruments, is the most 
especially adapted to the purposes of the navigator and the 
scientific explorer, as it is at once portable and extremely simple 
o manipulation, requires no fixed support, and furnishes its data 
with the least expenditure of the time of the observer Being 
e m the hand, and having small dimensions, the extreme 
accuracy of fixed instruments is not to be expected from it, but 
m the hands of a practised observei the precision of the results 
obtained with, it is often surprising * 


I 9 J rhe . optlcal Purple upon which the sextant and other 
reflecting instruments are founded is the following “If a ray of 
light suffers two successive reflections in the same plane by two 
plane mirrors, the angle between the first and last directions 
ot the ray is twice the angle of the mirrors ” 

Let M and m, Pig. 19, be the two mirrors Since the direct 
and reflected rays are always found in a plane perpendicular 

SLt sur * ace 5 called the plane of reflection, —it follows 

that, after two successive reflections from two surfaces, the last 

onlv whe °*h & i ^ ^ 0Un< ^ m sanie plane as the first 

In 5?T Pl t ne °? reflectlon » perpendicular to both mnrors 
In tire diagram, let the plane of reflection be that of the paper, 

after iu re-invention by Thqv.s 6„ nFRr v er h ' s death > not * however, until 

by Hadllt, m 1781 Philadelphia, m 1780, and, perhaps, 
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the lines M and m being the intersections of this plane with the 
surfaces of the mirrois Let AM 
be the direct ray falling upon the 
mirror M, which we shall first sup- 
pose to lie m the dn ection MC, 
lot Mm he the direction of the ray 
after the first leflection, and mE b— 
its direction after the second re- 
flection Draw MB parallel to b 
Em, MB peipendicular to MC, 
and Mp perpendicular to the mn- 
lor m The angle AMB is the 
difference of the first and last di- 
1 ections of the ray The angle 
PMp is the same as the angle 
contained hy the mirrors, being obviously equal to MCm "We 
have, tlieiefoie, to prove that AMB = 2PMp. 

If we conceive a peipendicular drawn at m, parallel to Mp, we 
easily see that pMm is equal to the angle of incidence of the ray 
Mm falling upon m, and pMB is equal to the angle of reflection 
of the same ray, and since these angles, by a principle of Optics, 
are equal, we have 

pMm = pMB = PMp + PMB 

But, on the same principle, we have 

PMm = PM A = AMB + PMB 



The diff erence of these two equations gives 


whence 


PMp = AMB — PMp 
AMB = 2,PMp 


80 In order to apply this principle, let the mirror M he at- 
tached to an index aim MCI, which revolves upon a pivot at 
Jf m the centre, of a graduated arc OIN, and let m he perma- 
nently secured m a fixed position at right angles to the plane ot 
this arc. Let MO he the direction of the central mmoi and of 
the index arm when it is paiallel to the fixed muroi m, and let 
the graduation of the arc commence at 0 In this position, an 
incident ray BM from a distant object B will he reflected first to 
m and then in the direction mE. which will be parallel to the 
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first duection BM If then the object is so custant that two rays 
from it, BM and bm, falling upon the two mirrors, mil be sensibly 
parallel, an observer’s eye at E will receive both the direct ray 
bm and the leflected lay mE at the same time Hence the ob- 
seivei will see two images of the same object— a diiect and a 
leflected image — in coincidence 

In the next place, let the mirror be revolved into the posi— 
tion MCI, in which a lay AM ftom a second objects is reflected 
finally into the line mE The observei now sees the direct image 
of the object B in apparent coincidence with the reflected image 
of the object A The angular distance A MB of the two objects 
is then equal to twice the angle of the mirrois, that is, to twice 
MCm or to twice OM1 The aic 01, which mcasuies this angle, 
is then the measure of one-half the angulai distance of tbe 
objects If the arm MI canies a vernier at I, the exact value 
of the arc will be obtained In ordei to avoid the necessity of 
doubling this value after leading, a half degree of the am is 
numbered as a whole degiee thus, an are of 60° is divided into 
120 equal parts, each of which is reckoned as a degree As tbe 
index arm MI cannot pass beyond the position MmJV, where it 
comes against the fixed mnroi, it is not found piacticable, in this 
form of the instrument, to extend the arc OD much beyond 60°, 

and it is from this circumstance that the instrument derives its 
name 


81 Plate III Fig 1 represents the most common form of tbe 
sextant constructed upon these principles 
The frame is of biass, constructed so as to combine strength, 
with lightness , the graduated arc, inlaid m the brass, is usually 
of silver, sometimes of gold, or platinum The divisions of the 
^!, are r^ SUally ^ eac k’ wll ieh are subdivided by the vernier to 

10 i mi han<lle wluch 1S held- in the hand, is of 

wood The mirrors M and m aie of plate glass, silvered The 

iqiper a of the glass m is left without silveung, in older that 
the direct rays from a distant object may not be intercepted. To 
give greater distinctness to the images, a small telescope JE is 
placed m the line of sight mE It is supported m a ring KK, 
which can be moved by means of a screw m a direction at right 
angles to the plane of the sextant, wheieby the axis of the tele- 
scope can be directed either towards the silvered or the trans- 
parent part of the mirroi This motion changes the plane of 
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reflection, which, however, remains always parallel to the plane 
of the sextant . the use of the motion being merely to regulate 
the relative brightness of the direct and reflected images 

The vernier is read with the aid of a glass JR attached to an 
arm which turns upon a pivot $, and is carried upon the index 
oar 

The index glass M. , or central mirror, is secured m a brass 
frame, which is firmly attached to the head of the index bai by 
sciews a, a, a This glass is generally set perpendiculai to the 
plane of the sextant by the maker, and there are no adjusting 
screws connected with it. 

The fix ed mirror m is usually called the horizon glass, being 
that through which the horizon is observed m taking altitudes. 
It is usually provided with screws by which its position with 
lespect to the plane of the sextant may be lectified 

At JP and Q are colored glasses of different shades, which may 
he used sepaiately or m combination, to defend the eye from 
the intense light of the sun 

I shall first treat of those common adjustments of the sextant 
which the observer is obliged to attend to in the ordinary use 
of the instrument, and shall afterwards treat fully of its mathe- 
matical theory 

82 Adjustment of the index glass — The reflecting surface of the 
glass must be peipendiculai to tlie plane of the sextant. The 
simplest test of its perpendicularity is the following Set the 
index near the middle of the aic, then, placing the eye very 
neaily m the plane of the sextant, and near the index glass, 
observe whether the arc seen directly and its reflected image in 
the glass appear to form one continuous aic, which will be the 
case only when the glass is perpendicular The glass leans for- 
ward or bacfaoaid according as the reflected image appears too 
high or too low It may he conected by putting a piece of paper 
under one edge of the plate by which the glass is secured to the 
index arm, first loosening the screws a, a, a (PI III Fig 1) foi 
that purpose Or we may make the adj ustment, as it is done 
by the instrument makeis, hy removing the glass and filing 
down one of the metallic points against which the glass bears 
when secured m its frame 

83 Adjustment of the horizon glass — This must also be perpen- 
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dicular to the plane of the sextant The index glass having 
been previously adjusted, if by revolving it (by means of the 
index arm) there is found one position m which it is parallel 
to the horizon glass the latter must also be perpendicular to the 
plane of the sextant The test of this paiallelism is the following 
Put in the telescope, and direct it towards a stai Move the 
index until the leflected image of the star appears to pass the 
direct image If one image passes exactly over the other, it 
will be possible to bring both into exact coincidence, so as to 
form but a single image , and it is evident that when this coin- 
cidence takes place the mirrors must be paiallel If one image 
passes on either side of the other, the horizon glass needs ad- 
justment 

The perpendicularity of the honzon glass may also be tested 
as follows. Hold the instrument so that its plane shall be nearly 
vertical, and bring the direct and leflected images of the sea 
onzon into coincidence Then incline the mstiument until its 
plane makes but a small angle with the horizon , if the images 
still coincide, the two glasses are parallel consequently, if the 
index glass is perpendicular to the plane of the sextant, the 
horizon glass is also m adjustment 

Any distant and well defined terrestrial object may be substi- 
tuted for the star or the sea horizon A star, however, is to be 
pre erred, and one of the third magnitude will afford greater 
precision than the brighter ones 


84. Adjustment of the telescope —The sight-line of the telescope 
must e parallel to the plane of the sextant Two parallel wires 
or re s are placed in the telescope, which are to he made 
parallel to the plane of the sextant by revolving the sliding 
n e containing them ; then all contacts or coincidences of 
images are to be made midway between these two wires The 
“ g , 0 ^ 8extaut telescope is, therefore, a line drawn 

hr °*¥ l ^ e op J lcal eentre of the object lens and the middle 
point between these parallel threads 

Select two objects from 100° to 120° apart, as the sun and 

theiwf* bnng fl refleeted image of one into contact with 

t r f ? he ° ther ’ at the thread ne arest the plane of 

the instrument then move the instrument so as to throw the 

images upon the other thrparl if +1, , , 

the lins nf j tnread, it the contact remains perfect, 

the lme of »,ght midway between the thread, „ parallel the 
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plane of the sextant If the limbs of the two objects appear to 
separate on the thread farthest from the instrument, the object 
end of the telescope droops towards the sextant, otherwise it 
rises 

It is to he observed that when the telescope is adjusted and 
two images aie brought into contact at either thread, they will 
not be m contact in the middle of the field, but will theie ovei- 
lap, consequently, the reading of the sextant will be less for a 
contact m the true sight-line in the middle of the field than 
for one on either side If the telescope is out of adjustment, the 
middle of the field is no longer m the tiue sight-lme, and the 
contacts observed theie give angles which are too great The 
correction foi a given inclination of the telescope will be inves- 
tigated m a subsequent aiticle. 

This adjustment may also be examined as follows Place the 
sextant hoiizontally on a table, and place two small metallic 
sights A, A (Fig 20) on the aic At 
a distance of at least 15 or 20 feet, let 
a well defined mark be placed so as 
to be in the same straight line with 
the upper edges of the sights, and ill 
such a position that it may also be seen through the telescope. 
The top edges of the sights should be at the same distance from 
the plane of the sextant as the axis of the telescope The 
threads of the telescope being made parallel to the plane of the 
sextant, the mark should be seen in the middle between them 

The adjustment of the telescope when necessary is effected 
by means of two small opposing screws m the ring which 
carries it 

85 The index correction — Having made the preceding adjust- 
ments, it is necessary to find the point of the graduated arc at 
which the zero of the vernier falls when the two mirrois aie 
parallel, for all angles measured by the instrument are reckoned 
from this point (Art. 80) If this point is to the left of the 
actual zero of the scale by a quantity r. all readings in the ai c 
will be too great by r, if it is to the right of the actual zero, all 
readings will be too small by the same quantity If we wish 
the reading to be zero when the mirrors are parallel, we must 
place the zeio of the vernier on the zero of the aic, and then 
revolve the horizon glass about a vertical line, until the direct 
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and reflected images of the same object coincide Some Instru- 
ments are provided with a pair of opposing screws by which this 
revolution can be effected , but m others no such adjustment is 
possible In fact, the adjustment is unnecessary, as we can 
always determine the correction to be applied to our leadings to 
reduce them to what they would be if the adjustment were 
made This index correction is found as follows . 

1st By a star — Bring the direct and reflected images of a star 
into coincidence, and lead off the arc The index correction is 
numerically equal to this reading, and is positive or negative 
according as the reading is on the right or the left of the zero 
For example, the direct and reflected images of a star being m 
coincidence, we read on the arc 5' 20", then, calling the index 
correction x , , we have 

x = — 5' 20" 

In another sextant the direct and leflected images of a star 
being in coincidence, we read on the extia arc 2' 40" , then 


x = + 2 f 40" 


This method may be used with the sea-horizon instead of a 
star, but not with great precision 

2d By the sun — Measure the apparent diametei of the sun by 
first bringing the upper limb of the reflected image to touch the 
lower limb of the direct image , and again by bringing the low r er 
limb of the reflected image to touch the upper limb of the direct 
image. Denote the readings in the two cases by r and r r , then, 
tf s = the apparent diameter of the sun and R is the reading of 
the sextant when the two images are m coincidence, we have 


r — R -|- $ 

t'=R — S 

whence 

R= i (r -|- r') 

and the index correction is x = — R The practical xule derived 
rom this is as follows If the leading in either case is on the 
arc, mark it with the negative sign, if off the aic ( i e on the extra 
arc), mark it with the positive sign ; then the index correction is 
one-half the algebraic sum of the two readings For example, 
we hbJ 1 e read as follows ■ 
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On the arc — 3V 20" 

Off the arc -)- 33 10 

+ 1 50 
x = + 0' 55" 

t^e have $ = J(r — r f ) hence, if the observations are good, we 
ought to find that half the algebraic difference of the readings is 
equal to the sun’s diameter as given in the Ephemens on the day 
of the observation But, m order that this comparison may be a 
good criterion, we should measure the sun’s horizontal diametei, 
which is not sensibly affected by lefraction (Vol I. Art 134 ) 
In order to obtain the index correction with the greatest pre- 
cision, the mean of a numbei of measures of the sun’s diameter 
should he taken 

Example — March 15, 1858, the following measures of the 
sun’s horizontal diameter were taken 


On the arc 
— 81' 20" 
« 10 
“ 15 
“ 25 
“ 20 
“ 20 

Means — 31 18 3 


Off the are 

+ 33' 10" 

“ 0 
“ 20 
« 15 
“ 10 
“ 10 

4- 33 10 8 
— 31 18 3 
2 = 4 - 56" 3 


Observed sun’s diameter. S = 32' 14" 6 
By the Ephemens, S = 32 13 3 


86 To measure the angular distance of two objects with the sextant — 
Place the threads of the telescope parallel to the plane of the 
instrument Direct the telescope towards the faintei of the two 
objects, and revolve the sextant about the sight-line until its 
plane produced passes through the othei object, observing to 
have the index glass on the side towaids this object Then 
move the index until the reflected image of the second object is 
nearly in contact with the direct image of the first, clamp the 
index, and make an exact contact (at the middle point between 
the threads) by means of the tangent screw The leading of the 
arc will be the instrumental distance applying to this the index 
correction according to its sign, the result will be the observed 
distance. 
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In ouler to make a good observation, it is important that th 
two images whose contact is obseived should bo equally bnghl 
Hence, we direct the telescope towaids the faintei object, so tha 
it may be the bughtei one which sufteis the double leflection 
But in obsemng the distance of the moon from a star it wil 
generally be found that, even aftei the double 1 eflection, the linag 
of the moon is so blight that the star v r ill appeal veiy mdistinc 
unless the telescope is laised (by the sciew for that puipose) s< 
that the sight-hue is directed thiough the tianspaient part of th 
ouzon glass, foi then, a poition of the reflected rajs from th 
moon being lost, the intensity of its light is tendered moi 
neaih equal to that of the Rtai TThen tlie dibtance of the sui 
and moon is obseived, the telescope is usually dnected toward 
tie moon, and the intensity of the sun’s iajs is diminished Ir 
putting one or moie of the coloied shades between the index am 
lonzon glasses It w r ill be found necessan in this case also t< 
legulate the distance of the telescope fiom the plane of th« 
instrument, m oidei to give the image of the moon the sam 
intensity as that of the sun It is a common eiroi of inexpe 
neneed observeis wnth the sextant to have the images too bright 
t is essential to a good observation, 1st, that the images be wel 
+ 1 ? ' carefully adjusting the focus of the telescope, 2d, tha 

ej e so faint as not in the least to fatigue the eye, yet perfectly 

istmct, 3d, that their intensities should be as nearly as possible 
equal 


Iii the case of the moon and a stai , we observe the distance c 
e star rom that point of the 0 moon’s blight limb 'which lies i 
the great circle joining the star and the moon’s centre T 

85 ft fi! n ^ ^ ^ as ac "tually been bi ought into conta< 

with the star the sextant must be slightly levolved or vtbratt 
ou e sig t-line (w T hich is directed towards the stai), thi 

n! S the moon t0 8w « e P by the sta 1} the limb of the moo 
a.. appear to graze the star as it passes, or, rather, the hm 

JS * £* thr ° U /i th6 C6ntre ° f ** 8tai ’ 8 W for m th 
defined pomt^ 8extant star does not appear as a we 

° f th .® f 0011 and a P lanet we bnng the refleete 
T f + , e mo ° n 8 limb to the estimated centie of the planet. 

it o 6 rr and tie san ’ the ** — 

making th* 5 YI J“* tln S the instrument as above stated, 
making the lunbs just touch as they pass each other. 


an 
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It facilitates the observation of lunai distances to set the index 
approximately upon the angular distance before commencing 
the observation The approximate distance for a given time 
maybe found from the Epliemens (see Yol I Ait 65), the dis- 
tance thus found is in the case of the sun and moon to be 
diminished by the sum of the semidiameters of the two bodies 
(say 32'), and m the case of the moon and a star or planet it is 
to be diminished or increased by the moon’s semidiameter (say 
16'), according as the bright limb is nearer to oi farthei from the 
star than the moon’s centre This proceeding is also a check 
against the mistake of employing the wrong stai 

87. To obsei ve the altitude of a, celestial body with the sextant and 
artificial horizon — The aitificial horizon is a small lectangular 
shallow basin of mercury, ovei which is placed a roof, consisting 
of two plates of glass at light angles to each other, to protect the 
mercuiy fiom agitation by the wind The meicury affords a 
perfectly horizontal surface which is at the same time an excel- 
lent mirror.* If MN (Fig 21) is the horizontal 
Surface of the mercuiy, SB a l ay of light from a 
star, incident upon the surface at B, BA the re- 
flected ray, then an observei at A will receive 
the ray BA as if it proceeded from a point S' 
whose angular depiession MBS' below the hori- 
zontal plane is equal to the altitude SBM of the 
stai above that plane If then SA is a direct lay 
from the stai, parallel to SB, an observer at A 
can measure with the sextant the angle SAS’ 

— SBS 1 — 2 SBM, by bringing the image of the 
star reflected by the index glass into coincidence 
with the image S' ledected by the mercuiy and seen through 
the horizon glass The instrumental measure, conected foi 
index enor, will be double the appaient altitude of the star 
The sun’s altitude will bo measuied by bringing the lowei 


Fig 21 
S 



* Observei s aie sometimes annoyed by impuiities in the meicuiy winch float on 
its surface, and imagine that it is impoitant to ha\e veiy puie distilled mercuiy 
I have found it piefeiahle to use meicury amalgamated with tin (a few square 
inches of tin foil added to the mercury of an oidmaiy lionzon will answei) When 
die meicuiy is pouied out, a scum of amalgam will cover its suiface this scum can 
be diawn to one side of the basin with a card 01 the smooth edge of a folded piece 
of paper, leaving a peitectly bright reflecting suiface, eatuely' free e\en from thf 
minutest pai tides of dust, 
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limb of one image to touch the upper limb of the other Half 
the corrected instrumental reading will be the apparent altitude 
of the sun’s lower or upper limb, according as the nearest or 
farthest limbs of the direct and reflected suns weie brought into 
contact For examples, see Vol I Arts 145, 151, &c 

In observations of the sun with the artificial horizon, the eye 
is protected by a single dark glass over the eye piece of the 
telescope, thereby avoiding the errors that might possibly exist 
m the dark glasses attached to the frame of the sextant 

The glasses m the roof placed over the mercury should be 
made of plate glass with perfectly parallel faces If they are at 
all prismatic, the observed altitude will be erroneous The error 
may be removed by observing a second altitude with the roof in 
reversed position, and, in general, by taking one-half of a set 
of altitudes with the roof m one position and the other half with 
the roof in the reverse position It is easily proved that the 
error m the altitude produced by the glass will have different 
signs for the two positions * so that the mean of all the altitudes 
will be free from this error 

Instead of the mercurial horizon, a glass plate is sometimes 
used, standing upon three screws, by means of which it is levelled, 
a small spirit level being applied to the surface to test its hori- 
zontality ^ The lower surface of the plate is blackened, so that 
the^reflexion of the celestial object takes place only at the upper 


88 In the observation of the altitude of a star with the arti- 
ficial horizon, it requires some practice to find the image of the 
star reflected from the sextant mirrois, and sometimes, when 
t\\o bright stars stand near each other, there is danger of em- 
ploying the reflected image of one of them for that of the other 
A very simple method of avoiding this danger, by which the 
o servation is also facilitated, has been suggested by Professor 
orre, of Russia * From very simple geometrical considera- 
^ ^ 1S rea ^^ T s ^own that at the instant when the two images 
ot the same star— one re fl ec ted from the artificial horizon, the 
other from the sextant mirrors— aie m coincidence, the mclina- 
f* 1 ? ex to the horizon is equal to the inclination 
e S1 ^ ^ me the telescope to the horizon glass, and is, 


* Aaron Kach , Vol VII p 262 
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therefore, a constant angle, which is the same for all stars If, 
therefore, we attach a small spirit level to the index aim, so as to 
make with the index glass an angle equal to this constant angle, 
the bubble of this level will play when the two images of the 
star are in coincidence in the middle of the field of view With 
a sextant thus furnished, we begin by directing the sight line 
towaids the image in the mercury , we then move the index 
until the bubble plays, taking caie not to lose the image in the 
mercuiy ; the reflected image from the sextant mirrors will then 
be found in the field, 01 will be brought theie by a slight 
vibratory motion of the instrument about the sight line 

It is found most convenient to attach the level to the stem 
which carries the reading glass, as it can then be arranged so as 
to revolve about an axis which stands at right angles to the plane 
of the sextant, and thus be easily adjusted This adjustment is 
effected by bringing the two images of a known star, or of the 
sun, into coincidence, then, without changing the position of 
the instrument, revolving the level until the bubble plays 

89 Observations on shore may be rendered moie aceuiate by 
means of a stand to which the sextant can be attached, and 
which is so arranged that the sextant can be placed in any 
required plane and theie fnmly held The manipulation must be 
learned from the examination of the stands themselves, which 
are made m various forms 

90 On account of the feeble power of the sextant telescope 
and consequent imperfect definition of the sun’s limb, the 
apparent diameter of the sun is somewhat increased This erroi, 
however, may be removed by taking the mean of two sets of 
altitudes, one of the lower limb and one of the upper limb 

91 To measure an altitude of a celestial object from the sea horizon. 
— Direct the telescope towards that part of the horizon which i« 
beneath the object Move the index until the image of the 
object reflected m the sextant minors is biought to touch the 
horizon at the point immediately under it. To deteimine this 
point, the observer should move the mstiument round to the 
right and left (by a swinging motion of the body, as if turning 
on his heel), and at the same time vibrate it about the sight line, 
taking euo to keep the object m the middle of the field of \ lew 3 
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the object will appeal to sweep in an arc the lowest point of 

which must be made to touch the horizon, by a suitable motion 
ox the tangent screw 

In general, altitudes foi determining the time should be taken 
when the altitude vanes most rapidly , and this is near the prime 
ve ca . (See Vol. I Arts 143 and 149 ) If the object is the 
sun, the lower limb is usually biought to touch the horizon , if 
the moon, the bright limb 

The apparent altitude of the point obseived is found by cor- 
* if sextant reading for the index error, and subtracting 
the dip of the horizon (Vol I Art 127) To obtain the ap- 
paren a tude of the sun’s oi moon’s centre, we must also add 
or subtract the apparent semidiametei (Vol I Art 135) 


^ As the sea horizon is often enveloped m mist, even whei 
e ce es ia odies are visible, vaiious attempts have been madi 
to obtain an artificial horizon adapted foi use on shipboaid 
, -i , aB a PP aratus heretofore proposed for the purpose i 

1 °*S BECHEB ’ of the En g ]lsh Navy “ Outside the honzoi 
g as ot the sextant is a small pendulum about an inch and i 

;° n 5’ ^ 8peilded in 011 ( m older to check its sudden oscilla 
+ ° 6 P en ^ a ^ um 18 attached a horizontal arm, canyms 

tel ® !H ne * a sll P of metal which is seen m the field of th« 
■> ^+i a 6 U8Ua ^ ocus ’ and whose upper edge when it coin- 

deterTn^A^u ^ 18 the tme honz ™ The error is easily 
Thp imm + “ a U ° W11 a hitude, and is the same for all altitudes 

to ITr/fl !’ WhlCh 18 m a vei T eom P act foim, IS easily attacked 
pleasure T i^ instrument > and 18 shipped and unshipped at 
this aT ™ Iam f 18 attached for obseiving at night "* With 
IttuT k ^ the m0tl ? n of the shl P is not too great, am 
this is often sufficient* 16 ^ Wlthm & ** & piaetl8ed observer > and 


altltudes wUh the «*fatf-Son 
namelv the eou+n t 88 ^?* at pl6asure ’ aud note two instant 
imaeesof th J T f ° f ^ U6aiest and farth est limbs of the tv 
mercurial honJTV (o ne from the sextant, and the otliei from tl 
— mUionzon), both morning and evening, without touchin 


•▼er, how the slip 0 f meUl^Zh md’ the f 1 * 1 ' 011 ’ p 131 11 does not appear, h< 

*M of tho ('Unapt A pl^ tube #0 "“ ** dlStinCtl ? seen m 
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the index in the mean time With a star they obtain hut one 
observation on each side of the meridian This practice is de- 
signed to secure the condition that the altitudes obseived befoie 
and after meridian shall, be absolutely identical, which may not 
he the case of the index if the sextant is moved and brought 
hack again to the same reading The errors to be feared, how- 
ever, from not setting the index correctly on a given reading, 
are, in general, so much less than eirois of observation, that it 
is better to sacrifice this merely theoretical consideration for the 
sake of multiplying the observations The following method 
will be found convenient in practice 

1st Foi the sun —In the morning, bung the lowei limb of the 
sun, reflected from the sextant miirors, and the upper limb of 
that reflected from the mercury, into appioximate contact; 
move the 0 of the vernier forward (say about 10' or 20') and set 
it on a divisioi of the limb ; the images will now appeal ovei - 
lapped, and will be separating; wait foi the instant of contact: 
note it by the chronometer, and immediately set the vernier on 
the next division of the limb,. that is, 10' in advance , note the 
instant of contact again, and proceed in the same manner foi as 
many observations as are thought necessaiy. If the sun nse& 
too rapidly, let the intervals on the limb be 20' 

Now, find (roughly) the time when the sun will be at the same 
altitude in the afternoon, and j ust before that time set the vemiei 
on the last altitude noted in the morning (of course employing 
the same sextant), the images will be separated, but will b & ap- 
proaching, wait for the instant of contact note it by the chio- 
nometei , set the vernier back to the next division of the limb 
(10' or 20', as the case may be) , note the contact again, and so 
proceed until all the A.M. altitudes have been again noted as 
P M altitudes 

If, instead of noting the times directly by the chronometer, a 
watch is employed (compared with the chronometer both before 
and after each observation), it will generally be found necessary 
to allow for its gain or loss on the chronometei, so as to obtain 
the exact difference between the two at the instant of observation 

The mean of all the A M chronometei times and the mean ot 
all the corresponding P M times are regarded as two simple obsei- 
vations of the same altitude, and the computation proceeds from 
these according to the method and example of Vol. I Art. 140 

2d Foi a star,— Set the sextant, and note the coincidences of the 
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two images of tlie star in the same manner as the contacts of the 
sun's limbs are obeived 

In selecting stars for this observation, it is to be observed that 
the nearer the zenith the star passes, the less may the elapsed 
time be , and when the star passes exactly thiough the zenith, 
the two altitudes may be taken within a few minutes of each 
othei But with the ordinary sextants altitudes near 90° cannot 
be taken with the artificial honzon, as the double altitude is then 
nearly 180° The prismatic sextants and circles of Pistor and 
Martinc lapted for measunng angles of all magnitudes up 

o 80 , and are, therefore, especially suitable for these observa- 
tions 


94 To examine the colored glasses — The two faces of any one of 
the colored glasses, or shades, may not be parallel The glasses 
Pnsms with small lefractmg angles, which change 
t e irection of the rays passing through them, and, consequently, 
vitiate the angles measured To examine them, mehsuie the 
sun s diametei with a suitable combination of shades , then m- 
veit one of the shades, turning it about on an axis peipendicular 
to the plane of the sextant, and repeat the measure , the half 

.} T 1 ? 110 , 6 ^ VV0 xneasures will be the eiror produced by 

that shade A number of measures must, of course, be taken m 

o positions of the shade, in ordei to eliminate accidental 
errors of observation 

In order to save the necessity of this examination, the shades 
aie so ananged in Pistor and Martin sextants that they may 
be instantaneously reversed We have then only to take one-half 
°;, a 8 f .°; observations with one position of the shades, and the 
other halt with the reverse position, and take the mean of all the 
measures, in order fully to eliminate the errois of these glasses. 


5 To find the constant angle between the sight line and the per- 
pendicular to the horizon glass— A knowledge of the value of 

1 be USeful m followin g out the theory of the 
ors of the sextant m the subsequent articles It vanes in 

exammi^T?^ mUSt b ® found for each b y a s P ecial 
sutmorf T** + +L tbe ® extant be placed on a firm honzontal 
„ 0 PP ’ duect *be sight line towards a distant object B, Pig. 

The^mn & 1 ^’° ima £ es tb e object into coincidence 

The murors M and m are then parallel , and, if we put 
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p = the angle between the sight line and the perpendicular 
to the horizon glass, 


we have 


BMm = MrnE = 2/9 


We have, therefore, only to find some means of measuring the 



When the object and its leflected image are in coincidence, let 
the reading be B, and let x he the true index correction for an 
infinitely distant object , then we have 

JR 4- X = — p ( 58 ) 

and when the object is leflected to the cross-wire of the theodo- 
lite, let the sextant reading be B', then we have 

jR'+,r = 2 p — p ( 59 ) 


and from these two equations, 

JR'_.R=2j3 ( 60 ) 

By this method I found for one of Troushton’s sextants, at 
the Naval Academy, 2j3 = 83° 6', 
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96. The sextant pataUax for an object at a known distance is 
found with the aid of the angle ft Let 

/ = the distance of the index and horizon glasses, 
a — the distance of the object fiom the index glass 

The perpendicular drawn fiom M upon mJE is equal to /sin 2/9, 
an or e angles at the object, subtended b}' this perpendiculai, 


sin p = 

d 


01 


V = 


r bin 
d sin 1" 


( 61 ) 


From this foimula we may find a rough value of 8 when p has 
een determined foi a near object by means of (58) and/ and d 

are carefully measuied \ j j 

, T ,k? dl ®^ ce of an object foi which the sextant paiallax will 
™ be found b y th e equation d=J sin 2/9 cosec 1" In 
• i ^ eX ? mentioned m the piecedmg article we have/ = 8 
-inches, whence d = 5 88 miles 

th p 8U p Tif houxontal angles between tenestrial objects, 
iminno- C +T.° th f 8extant paiallax may be eliminated bv deter- 
Zeotlv T "ft T ectlon fiom the object which “is seen 
involvl ^ ^n hOUZOn glaSS Thls mdex collection will 
of the «n 6 i^ ai ^ x S ’ an< *’ wbeu a PPhed to the sextant leading 
subtend pif*h st t nee between the objects, will give the angle 

tant rn n Rt rJ & ° jeCtS at tbe ceutie of the sextant The sex- 

iTInlle °aT’ r , emam ln the 8ame Potion in the measure 
of the angle and the determination of the index conection 

97. To determine the e> i o> p, oduied bj a pi ismaticfm m of the index 
~~ gluts Let us fiist consul ei the case of a 

glass with parallel faces Let MM', NJV', 
Fig 23, be the paiallel faces, of which 
i»iv' is silveied An incident ray AB is 
infracted by the glass at B, and takes the 

mi'O/vH/M-k D /~t - M 


ftg 23 
f P 



’ x If we put 


m = the index of left action foi glass, 
9 = the angle of incidence A BP, 

& = the angle of refraction DBG 
= A'B'P', ’ 

V ~ jyB'C, 
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we have, hy Optics, 


Bin (p = m Hin ft 
sm <p' — n\ sin ft* 


But when the faces MM' and NN' ate paiallel, the normals BB 
and B'D' are also paiallel , moreovei, the incident lay BC upon 
NN', and the 1 effected lay OB', make equal angles with A)B' ^ 
hence, also & = ancl, consequently, <p = <f f If AB and A'B' 
aie produced to meet m C, we see that A'B' has the same diiec- 
tion that it would have had if it had been i effected directly from 
the plane smface mC'm' paiallel to MM’ 01 to NN' The le- 
frachon which the ray suffers m passing thiough the glass, there- 
foie, produces no enor v hen the mu faces of the glass are parallel. 
It may here he leinaiked, also, that it is not necessary that the 
reflecting surface of the mirioi should stand exactly over the 


centre of the me of the sextant 

Let us next eonsulei the case of a glass whose faces aie not 

parallel, as M'B, N'JD, Fig 
24, which, pioduced to meet 
111 Jtf, form a pnsm MM r N f . 

Let us assume that these faces 
are peipendieulai to the plane 
of the sextant, and, conse- 
quently, that the refracting 
edge of the pnsm is also pei- 
pendicular to this plane The incident and leflectecl rays will 
be found m a plane parallel to that of the sextant The ray 
being traced through the glass, we shall have, as before, employ- 
ing the same notation, 



sin <p = n sm ft 
sm <p r — m sm ft f 


l (62) 


hut here d and are no longer equal If we put 
M = the angle of the pnsm = M'MN' 


we shall evidently have 

90° — ft z= CBB' = BCD + M 
90° — *'= CB'B= B' CD ' — M 

and, since BOB = B'CB', tlie difference of these equations gives 

# — # = 2 M (®*) 
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From (62) and (63), <p, m, and if being given, we can determine 
<p , or the difference <p' — <p From (62) we deduce 

cos i {<p -f 9 ') sin i (p'~ <p)=m cos i (# + #') sin J (#' — #) 
whence, by (63), 

sin i (jp> — p ) = m sin M --■■* (* + f) 

COS £ (<p -f /) 

As M is always a very small angle, appioximate values may be 

employed in the second member of this equation it will he suffi- 
cient to take 

sin i y — v ) — m sin M 008 * 


or 


COS <p 


¥ — <p = 2 mM sec <p \/l — sm,y 

v m* 

^vhieh may be reduced to the form 

¥>' — y = 2 Jf i/l + (m 1 — 1) secV 
or, hnally, by putting 

to the form 


q 2 = m 2 — 1 


( 64 ) 


¥ — <p — 2 M V\ + ^sec a <f 
sured^If VaneS ^ and consequently with the angle mea- 

r — the angle given by the sextant, 
we have, in Fig 19, PMm = PMp + pMm, or 

v = hy + P ( 65 ) 

“VT f eaSUred angle ^ be tbe Terence of 

atthe readlng and at the zero P«mt Of the 

will be’ tb/fff 116 Zer ° ?° mt We have 9 = fi Hence the error 
wiU be the diffeience of the values of (64) foi <p = + 3 and 

£ av /’ 80 that ’ lf f den ° teS the true value of the We, we shall 

r ~ r ' =2M [t / r+?sec 5 (J7+^ _ i/l + ^sec 2 /?] (66) 

Jir=f lO" 7-Too USUally w = 1 55, and hence q>= 1 4025 If 
10 » e ~ 10 ’ and r = 120°, we shall find r ~¥ = 41". 
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The effect of the erroi in the glass is evidently less loi small 
values of /3 than for large ones. Moreovei, the smaller the angle 
a the larger the angle which can be measured with the sextant, 
far all reflection from the index glass ceases when <p = 90°, and 
this value gives by (65) j - 180°- 2/3 as the limit of possible 
measures with the mstiument 

The preceding mi estigation is confined to the case m which 
both faces of the glass are perpendiculai to the sextant plane , 
but it suffices to show the natiue of the effect produced This 
case is, moreover, that m which the effect is greatest 

The glass reflects from its outer face as well as from its silvered 
face, though m a less degiee If the faces are parallel, the lays 
hom a distant object leflected fiom the two faces will be paiallel 
after leaving the glass; they will, therefore, he converged to the 
same focus m the telescope and produce but a single image of 
the obj ect But if the glass is prismatic theie will he two images, 
a fainter image superposed upon the stiongei one and not quite 
coincident with it The effect will he to give an image with an 
indistinct outline, a star will present a somewhat enlaiged 01 
elongated image We can, theiefoie, very readily deteimme 
whether the glass is pnsmatic by examining the reflected image 
of a star when the index is set upon a leading of about 120° 

The hest makers will reject a glass that does not stand this 
test If, however, an instrument is found to he defective in this 
respect, we may determine the eiror produced by it as follows 
Aftei caiefully adjusting the instrument and finding its index 
conection, measuie a large angle between two well defined ter- 
1 estrial objects Then take out the index glass and invert it 
(so that the edge, which was before uppermost, may now be next 
the plane of the instiument), readjust tlie instrument, deteimme 
the new index collection, and again measme the angle between 
the two objects Half the difference of the two meastues will be 
the eiroi m eithei measuie produced by the glass The same 
piocess repeated foi a number of angles of various magnitudes 
will furnish a table of errors, from which the erior foi any par- 
ticular angle may be obtained by interpolation 

98 A 'prismatic form of the horizon glass affects all angles, the 
index coirection included, by the same quantity, and therefore 
produces no error in the results. 
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99. To determine the error produced by a small inclination of the 
sight line to the plane of the sextant— The directions of h n es in 
space aie most cleaily lepiesented by points on the surface 
of a sphere descnbed about an assumed centre with an arbitrary 
ladius (Vol I Art 1) The radii drawn parallel to any given 
lines m space will intersect each other under the same angles as 
those hnes, and these angles will be measured by the arcs of 
gieat cncles joining the extremities of the radu on the surface 
of the sphere Let us here take the centre of the sextant arc 
as the centie of such a sphere Let 0, fig 25, be that centre, 

OP the direction of the perpendicixlai’ 
to the index glass, Op that of the per- 
pendicular to the honzon glass. The 
points P and p are the poles of the 
gieat circles whose planes are parallel 
to those of the glasses, and may "be 
called, briefly, the poles of the index 
glass and horizon glass, respectively. 
Let OA be the direction of the sight 
line When the instrument is per- 
fectly adjusted, the lines OP, Op, and 
0-A- are m the same plane, which is 
parallel to that of the sextant The course of a ray which 
reaches the eye will be most readily followed by tracing it back- 
wards from the eye Thus, the ray OA coinciding with the sight 

+w 1S D refle 1 ed fr0m tbe bonzon g las s m the direction BO, so 
a, — vP • It 18 then reflected from the index glass in -the 

ree ion , so that PB = PC, and OC is therefore the diree- 
on o an o jeet whose image is reflected to the eye in the same 
irec ion, AO, in which another object is seen direc+ly. Hence 

W angUkr dl8tance 0f the ob J ects - From this 

I! 'fT 6aSlly AC = 2i >’ » the funda- 

mental property of the sextant (Art 79) 

it J «l th l 81g ^ hne is mclined to the plane of the instrument, 
^ inln^ 8P re m a P ° mt ^ not in the great circle I>p. 
j p p w >, lc ^ - Q m ® a ® ure d hy the arc AA' perpendicular to 

UoleO of tl 6 ^ ar ° qA ' A drawn throu ^ * and the 

of the sextanlfnln CUC m" p01nt ^ ma y *>e called the pole 
serve that the rU ^ t Tracing the ray OA' backwards, we ob- 

sented bv the P ! edexiou ^ rom the horizon glass is repre- 

sented by the great circle A'pB', determined by the ray and the 
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normal Op, so that if ire take pB'=pA', the reflected ray takes 
tae direction B'O. The plane of reflexion fiom the index glass 
will be represented bv the great ciicle B'PC, and by taking 
PC' = PB', OC mil be the direction of the reflected ray 
Hence, A' C' will be the true angulai distance of the two objects 
observed in contact , while AC ov 2 Pp will be the angle given 
by the sextant Let 

Y = the angle given by the sextant = AG, 
y' = the true angle = A' G', 

i = the inclination of the sight line = AA' 

It is evident that OC' = BB' — AA! , and therefore QA' C is an 
isosceles triangle ot which the angle Q = y, the side A! C = y', 
and the side QA' or QC 1 = 90 0 - i If then we divide this 
triangle into two rectangular ones by a perpendicular from Q, 
we obtain 

sin \y r = cos ism i y (6~) 

for which, as i is always very small, we may take the approxi- 
mate equation* 

) / — y — — * 2 sin 1" tan 1 y (67*) 

According to the second method of adjustment in Art 84, if 
the maik is placed at a distance of 20 feet, and if the error of its 
position in a vertical direction is not moie than | an inch (which 
is a large error in such a case), the telescope adjusted to it will 
have an inclination which will be found by the equation sm i 

— — — , which gives i = V 10" Taking this value of i, the 

20 X 12 ® w 

formula (67*) gives r ' — r = —0" 897 tan and foi y ='120°, 

r > _ y = _ i" 5. The error may therefore he regarded as evan- 
escent when ordinary care has been bestowed upon the adjust 
ment When the enor exists, the observed angles are always too 
great. 

100 If the contact of the images of two objects is made on 
eithei side of the middle of the fleld of the telescope, the actual 
sight line is inclined, although the axis of the telescope may be 
parallel, to the sextant plane 


* This approximate equation can be deduced from (67) or taken directly from 
Sph Trig (112) 

Yol IX— 8 
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SEXTANT 


fl,J he ^ m ?. n u atl ° n ° f thlS actual sl S ht hne can be estimated by 
ai o the angular distance of the threads To find this 
distance place the threads at right angles to the plane of the 
sextant, bnng the direct image of a distant, well defined line on 
one thread, and the reflected image on the other thiead, and 
read the arc, then move the index until the images have 
Tf 6 ^ aces 011 threads, and again read the arc , the 

+iT ± Jr ff S renC ? ° f the tW0 readln g s is the angulai distance of 
the two threads 

Let this distance of the threads be denoted by <?, and suppose 
an angle r is observed by making the contact at a distance nd 
rom one o the threads (the fraction n being estimated at the 
irue of making the observation) , then the inclination of the 
S1 ^ * 1 . ne true 81 gbt line coi responding to the 

“S?® pomt between the threads will be ? with 

be foundby 6 (67*) ^ C ° rreetl0n of the observe d angle r , will 

■i,-,, ^ ln be ®t sextant telescopes will not exceed 

all ? StrUment 18 beM m the hand, we cannot make 

that w. 6 T % m ^ middle 0f the but, if we assume 

from ^r n + t T, make them at a Stance gieatei than *<? 
wel^r t (WhlCh " httle Practxce ena, ble us to do), 

- n/ 7^ 8 + a ^ e 1 or 1 < and hence the correction 

fore fhia ™ „^ 0r an y to l er ably good observ'd, theie- 

foie this correction will be practically insensible 

the conta S ,r e tlme ’ ll0 ^ er > we see the impoitance of making 
Z erro^lT T ^ middle ° f the field a8 Possdde, once 
are liable to hit ^ Slgn aud ad the measured angles 

S we w /- inf a COntaCt 18 made 0n either thread > 

for r = 120° d ~ 30 ’ hC Grr0r m r m11 be 3 " 93 tan } r , or 6 " 8 


the!L Wlonlrthe^s tWe^ alS ° USed t0 fnd 

siffht Imp vf a ot the telescope, or rather of the true 

• be- 

on one thread and tw .v br fg the images m contact first 

srs tTJir; 

, (he “ ther 
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j / — Y — — — ij sinl"taniy 

■/— r x = — (i + *) sinl " taT1 iri 
whence, taking tan \y = tan in the second members, 


i = — — cot i y 

2 6 sin 1" 


(681 


It is evident that, when i is positive, the greater measure is y v 
taken on the thread nearest the plane of the instrument, and 

'l 1 is the distance from this thread to the point in the field 
2 

which represents a direction parallel to the plane of the sextant 
Hence the first method of adjusting the telescope given in Art 84 


102 To find the error produced by a small inclination of the index 
glass — The horizon glass, being ad- 
justed by means of the index glass 
(Art 83), may be supposed to have the 
same inclination let pP (Pig 26) be 
the great circle of the sextant plane ; 
let the poles of the mirrors be at P' 
and p', and put 



l — the inclination of the index 
horizon glass — pp' 


= PP' = that of the 


If we suppose that the sight line is adjusted by the first method 
ci Art 84, it will be found in a plane peipendieular to both 
mirrors, and its direction will be represented by a point A ' m the 
great circle p'P' The direct rayfiom the eye to an object A' 
will be reflected in the direction B', and thence to O', these points 
all lying m the same great circle , A! C will be the true distance 
f of the objects observed, and p'P' = -J- j' will be the true angle 
of the mirrors, while pP= will be the angle given by the 
sextant reading In the isosceles triangle P'Qp', we* have the 
angle p’ QP' = \y and Qp' = QI* = 90° — l, and, dividing it 
into two right triangles by a perpendicular from Q, we obtain 


sin i / = cos l sin \ y 


(69) 



116 


SEXTANT 


whence, very nearly, 

y T = — 2 1 1 sin L" tan f y 


(69*) 


mav^Pifi 1 !] 6 ^ 0 ^ °f a< ^ ustln S the index glass given in Art 82, it 
l J r, Z ® p aeed Wltlun 5 ' of its tiue position, and for 
t- 5 = 300", and r = 120°, this formula gives y> - y = - 0" 5 

ms^ficlnt ° ldmaiy Cai ' e ’ thlS 6rr0r WlU also be Poetically 

with , ” lcbna ^ 10u °f the sight line, m this solution, is variable 

Tnd bv th? g ! T SUred Denotm ^ * by ' = ^ ™ readily 
9 y ai( ^ a P er P eil( iiculai from Q upon p f P\ 


tan i = tan l 008 (iy—P) 

m which /9 == Ap, or 008 ir 


(70) 


*'= l sec iy cos (\y — p) (70*) 

sunn"L3 bovver, the sight line is not detei mined as above 
J** a C0l,8t “‘ to the plane of the >«- 

will\e ?' 6 y *> J* 8 inclination to tlie plane of reflection p'P' 

■ «on w„; u S ?; (6 “ crror produce4 by 1,118 mclma - 

—O' - 0 2 sin 1" tan i r 

Combining this with (69*), the complete formula is 
r r 2Z* S inl"tani r _ p S ee \ y C08 (j _ *]* sin i" tan i y 
which can be put under the form 

r - r =_2 8 mrtani r [p + 8e c irPoo8(ir _ ft __ |eo8jr]1 Q (71) 
Wlth Enckb ’ s formula in the Berlin Jahrbuch for 
1 = 6 ’’ 1 = ~ 5 '’ 1 = m °' < 5 = 3 °°> 

ttZ th?*f by maU wAv,t,m <!f Aonam 
^n.tMe»t,tofhft, tb 7ftf h f“ “t ,he L t«leacope are in 
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Eig 27 



and thence to C', which is at the distance CC' = BB' from the 
great circle pPC AC — y is the 
angle given by the sextant , and 
AC' — r 1 is the tiue angular dis- 
tance between the two objects whose 
images are obseived in contact 
Putting 

]t = the inclination of the horizon glass = pp > 
m = CC = BB', P = Ap, 

we have from the triangles App f and ABB', very nearly, 

m = 2k cos p 


and, from the triangle AC C, 


whence 


cos y> = cos m cos y 

y y — i hi 3 sm 1" cot y = 2 K 1 sin 1" cos* p cot y 


(72) 


This erroi is sensible only for small valuesof y Boi y = 0 the 
expression becomes infinite , foi in fact it is inapplicable in this 
case, since when the horizon glass is inclined it is impossible to 
make a contact of two images of the same point But in the deter- 
mination of the index coirection bj the sun, the limbs of the 
two images will he brought into contact alternately on each side 
of the true zero point of the aic, and we shall have y = ± 0 32 
For this case, with j9 = 30° and A = 30" (which ought to he 
the maximum error in the adjustment by Art 83), we find 

Y y — ± 0" 7, and even this error is eliminated from the 

index collection itself Bor all angles greater than 0° 32' the 
error is wholly mappieciahle 


105 To find the eccentricity of the sextant — As the aic of the 
sextant is limited, the method of determining whether the centre 
about which the index arm 1 evolves is coincident with the centio 
of the graduations bv means of two verniers 180° apait (Ait -8) 
is not applicable ¥e can find the eccentucity onl j by eompaiing 
various angles measured w ith the sextant with their known values 
found by some otliei means Thus, the angulai distances of a 
number of teirestnal points situated in a horizontal plane may 
be accurately determined with a good theodolite and then also 
measured with the sextant 
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known fixed stars and ^ distanee of wel1 

computed from their right ***** ** the apparent dlstanc ® 
fraction, however mJnTfT** &nd declmatl0M The re, 

done in either of ’two ways lj Th^ti “TT’ Whl ° h mEy be 
will be found as m the case of ft! ^ dl8tance of tbe stars 
Art 255 Then +i, tt f tbe moon md a star, Vol I 

formulae (448) and (449?^p Vol ^ Stance be found b 7 tbe 
case suppose h' H> d! to fc* +>, m . wblch we mus t for this 
L, H., d to be their « be tbe true altit udes and distance, and 

altitudes will be conEf ^7* affe ° ted b ^ refractlon The 
and consequently the h on ^ ^ ^ * ’ tbe l° ca l * nne > 

angles of the stars for the time of +? dl8tances and Parallactic 
15, and then the refraction ^1?® observatlon b J V ol I Art 
Art 120 We shall the t, U ? b * a8eensi °n and declination by 
deelmatronC ST the nght aaceuatoue and 

computed by tie method tf VofTS be 

euppoaedtl be readm & 1 4,18 index correction (here 

” mM ‘ "Wrf !=«■» pomt aa 
meaauredtrie aaete ^ taw «f the 

are double the true a^We^y ^ '^’“S 8 ^ 

r O' + a:)=2esm(} r '-(- B) 

•r, putting n = y> — y f 

X + 2e ° OBl! ^ir'+2e B mI!oo B i/ = n (73) 

we must have tlu'eT^h'e qUEnbties x ’ 2ce °s-E r , and 2csm^, 
Mmg m differ* *"»*, ftom three angled 
120° If we have measured It ’~" f °f m P le ’ near °°> 60°, and 
magnitudes, we can treat the g6 number of angles, of various 
squares *""* tbe b 7 the method of least 

tion to another^ wHanlet rr?^ 16 ^ ohm S e from one observa- 
the index error found at each oW^V 116 readmg corre cted for 

R " Woa ° B “ f *>“ zer ® pomt for e^tSp ** Urtb ” **“> 
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THE SIMPLE REFLECTING CIRCLE 

106 If the aic of the sextant is extended to a whole circum- 
ference, the index am may ho produced and cairy a vernier 
upon each extremity The mean of the readings of the two 
vermeis may then he taken at every ohseivation, and will be 
wholly free from the error of eccentricity This constitutes a 
simple reflecting circle, the manipulation of which is in every 
respect the same as that of the sextant It has not only the 
advantage of eliminating the eccentricity, hut at the same time 
of diminishing the effect of errors of reading and accidental 
enois of graduation, since every result is derived from the 
mean of two readings at two different divisions of the aic Ike 
only objection to the instrument is found m the slight mciease 

The simple reflecting circles of Troughton are read by tlnee 
verniers at distances of 120° , but, as the eccentneity is already 
fully eliminated by two verniers, the third can increase the 
accuiacy of a lesult only by diminishing the effect of errors of 
reading and of graduation If e 2 is the probable error of the 
mean of two readings, that of the mean of three leadings will be 


£ a VI = 0 81 e 2 

so that if two verniers reduce the eiroi to 5" the third will only 
further reduce it to 4", an increase of accuracy which for a 
single observation is not woith the additional complication and 
weieht and the trouble of reading As was to be expected, 
these instruments, though of very refined and perfect construe- 

tion, have been but little used , 

The prismatic reflecting circles of Pistor and Martins noticed 
below have but two verniers, and combine many practical ad- 
vantages 

THE REPEATING REFLECTING CIRCLE 

107 In the repeating reflecting cncle the small mmoi, or 
horizon glass, is not permanently attached to the frame of the 
instrument, hut is attached to an arm which revolves about the 
centre of the instrument As the telescope must always he 
directed thiough this glass, it is also attached to the same arm 
and revolves with it This aim also carries a vernier at ita 
extremity 




REPEATING CIRCLE. 

Le+ ETH (Fig 28) be the revolving aim to which are attached 
Ilg 28 the small mmoi m, the 

telescope T, and the ver- 
nier, 01 index H, if the 
central mirror which is 
revolved by the arm MI, 
carrying the vermei, 01 
index I In accordance 
with the nomenclature m 
nautical works, we shall 
call H the horizon index, 
and /the central index 
The arc is graduated 
from 0° to 720° in the di- 
T recti on HIE 

-Let A and B be the objects whose angulai distance is to be 
easure irst let the central index I be clamped at any 

nq SU1 +E arc ®!ing the plane of the instrument to 

pass through the two objects. Direct the telescope towards the 

, 0 p ec * and ’ An thout touching the central index, 

keemn^wT 11 ( ° r rather revolye the instrument, 

h 51i f- COP ! beanng 011 ^ uutl1 the ima ge Of the left 
lZL J i 18 r ^ eCted from tlie central muror M to the 

Wrth tL g T m ! o d thenCe t0 the e ^ e ’ and thas coincidence 
h the object E seen directly. This completes the first part 

of tlie observation Now, 
leaving the horizon index 
S clamped m this posi- 
tion, unclamp the cential 
index I 9 dnect the tele- 
scope to the left hand 
object A, Fig. 29, and 
move the index I for- 
ward (m the direction of 
the graduations) until the 
reflected image of the 
right hand object B is 
brought to coincide with 
the direct image of A. 
This completes the second 
pait of tire observation. 
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Then, the difference between the readings of the central index m its two 
positions is twice the angular distance of the objects For let It, Fig 
29, be the point of reading of the cential index before the first 
contact, and R' that after the second contact At each contact 
the angle of the minors is equal to one-half the angle measured 
(Art 80) , and it is evident that the points R and R' are at equal 
distances on each side of that point of the arc at which the cen- 
tral index would have stood had we stopped its motion when the 
mirrors were parallel Hence the angle RMR ' is twice the 
angle of the mirrors at either contact Denoting the angle 
measured by y, and the readings by R and R', we have, there- 
fore, 

The half diffeience of the two readings is then the mean of 
two measures of the requned angle , while with the sextant two 
observations are necessary to furnish one measure of an angle, 
since one observation must he made to determine the index cor- 
rection, which' is here dispensed with 

If we now recommence the observations, starting fiom the 
last position of the cential index, this index will be found aftei 
the fourth contact at a reading R", which differs from R by 
twice the angle y . so that we have 

2 r = E"—E' 

and, consequently, 

4 r =R"-R 

Continuing this process as long as we please, we shall have, after 
any even number n of contacts, a reading R n of the centia 

index, and 

n r = R n -R 

or _ ti 

= Rgrz -_B (74) 

n 

Hence it is necessary to read off the aic only before the first and 
after the last obseived contact, which is one of the greatest 
advantages of this instrument for use on boaid ship in nigh 
observations 

108 If the distance of the objects is changing, as in the case 
of a luuai distance oi an altitude, the diffeience between the 
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first and last readings will be the sum of all the individual 
measures, and the value of y found by dividing this sum by the 
number of observations will be the mean of all these measures. 
The time of each observation having been noted, this value of y 
will be the value of the observed angle at the mean of these 
times, provided the angular distance is changing uniformly 


109. We have thus far supposed the telescope to be directed 
alternately towards each object, but (as in the measurement of 
a lunar distance, for example) it is expedient to look directly at 
the fainter obj eet and 1 effect the brighter one. This can be done 
by reversing the face of the instrument after each contact , for 
the relative position of the mirrors will thus be inverted without 

requiring the line of sight to be shifted from one object to the 
other 

It is convenient m practice to distinguish the two kinds of 
observation by the relative positions of the mirrors For this 
purpose, let a plane be conceived to be passed thiough the avia 
of the telescope at right angles to the plane of the circle; the 
instrument is thus divided into two portions, of which that which 
is on the same side of the perpendicular plane as the central 
mirror will be called the right, and that which is on the opposite 
side, the left; these designations, however, having no reference 
to the right and left of the observer when the instrument is held 
in various positions 

An observation, to the right is one m which the object reflected 
from the central mirror is on the right of the instrument 

An observation to the left is one in which the object reflected 
from the central mirror is on the left of the instrument 

A cross observation is one consisting of two observations, on* to 
the right and one to the left 

The observation to the right is precisely like that with the 
sextant. ¥e may, in fact, use the instrument as a sextant 
Clamp the horizon index at any point of the arc; bring the direct 
and reflected images of the same object into coincidence by 
moving the central mdex, and read off this index Call this 

J ^ er \ makmg an ^' observation to the right, let the 
reading be R the angle measured is JR> -JR, and —JR may be 
regarded as the index correction, as in the sextant 

110. In observing altitude, uitli the repeating circle, the tele- 
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scope is duected to the image in the artificial horizon The 
central index is, for convenience, set upon zero, and we com- 
mence with an observation to the left, as m Fig 28, holding the 
instrument in the left hand The next observation^ to the 
right as in Fig 29, and the instrument is held m the light hand. 


m order to facilitate the repetition of the observations, 
the horizon glass and telescope carry with them anmnei circulai 
arc which is called the finder This finder moveB under the 
central index arm alternately backwards and forwards in the suc- 
cessive obseivations , and, consequently, when the two places of 
the index arm have "been once noted on the finder, it can be 
brought approximately to these places for the succeeding obser- 
vations, whereby the images will be already approximately in 
contact. Two sliding stops are usually placed on the fandei, and 
when once set, serve to indicate the two positions of the central 
index. The finder is also roughly graduated for the same pur- 
pose 


112 The adjustment and verification of the glasses and tele- 
scope are in eveiy respect the same as for the sextant T e 
theory of the errors is also similai, only we have a compensa- 
tion of some of them which is worthy of notice and will be 

considered "below , , 

Dark glasses or shades are placed, as in the sextant, behind 

the horizon glass and between the honzon glass and centra 
mirror, for observations of the sun In cioss observations, the 
errors of these glasses are eliminated, since their positions with 
respect to the incident rays are reveised at each alternate contact 
In observations to the left, however, Fig 28, it is evident that 
when the angulai distance between the objects A and -Sis small, 
colored glasses midway between M and m would intercept a 
portion of the direct lays from A on then way to M. In this 
case, therefore, it becomes necessaiy to substitute foi them a 
large shade immediately m tiont of the central muror The 
same shade serves for the observation to the right, 11 , as e 
angle of incidence of rays falling upon it is no longer the same 
as in the observation to the left, the error of the shade is 
not wholly eliminated Howevei, as the angle of incidence is 

small m both positions, the eirois produced by a prismatic form 

of the shade will be small, and the partial compensation ot these 
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ciable WlUCh ° C0UrSWl11 leave a iesiduaI erroi mostly mappre- 

113. To determine the error produced by a prismatic form of the 
centred mirror in a cross observation with the circle.— Let us consider 
the two contacts separately 

1st The observation to the right is the same as with the sextant, 
and hence we have, foi this observation, by (66), 

7 ~ fyi -f- f sec 2 (iy -j- /3) — V l _j- f sec 2 ft] (75) 

m i' and ^ ^ Uive r ^ ie sarae signification as in Art 97 

M In the observation to the left, the cential mirroi is reversed 

with respect to the incident ray, and 
therefore the sign of M must be 
changed But the angle of incidence 
o is also changed Let M and m, Fig 
§0, be the positions of the mirrors, 
AM & ray fiom the left-hand object A 
reflected from the cential mirror to w, 
i.T- _ t , A an( ^ lienee to E m coincidence with 

tte direct r,y from the object _B Ptoductng the f.cee of 
the mm-ors, we readily ind, f.om the t. tangle MCm, 

? = lr —P 

m “ 6 \ 8 t0 f ed 111 the e< l uatloa (64) The eiror m the 
, _ angl ® Wl11 he tlie tliffeienee of the values of (64) for 

a form n la A-Jp 1 ^ ~L ^ ’ dn< ^ we theiefoie obtain foi it 
a formnla diffenng from (75) only m having - p instead of + p 

to + EeUCe &e eiTOr m “ observation 

T ~ /= ~ - l /T+ ? » S ec^9] (76; 

mean of^and^ ^ **** ^ "*** W ® haV6) taMn ^ the 

y-r’=M iVTTF^TiTTJ) - VT+ f sec 8 (» r - Jj] (77 ; 

97) ^=14025, Jf= 10- r = 120° 

L “ir LSte ir°'T ,he — * - <*■»- 

and that of , croee „he^i“ to »»"• 
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Borda,* to whom we owe the most important improvements m 
the i effecting circle, gave the numencal values of the formulte 
(jn (76) and (77), m a small table with the argument y, for a 
circle in which /3 = 10° Table XXXTT of Bowditch’s Navi- 
gator is derived from similar formulte 

The error produced by the central minor foi a given angle 
may he found by Art 97, and then by means of Boeda’s table 
we may infer the correction for any other angle, by simple pro- 
portion 

114. The errors of reading, of imperfect graduation, and of 
eccentricity are all nearly eliminated by taking a sufficient num- 
ber of cross obseivations. Tor these enois aflect only the first 
and last readings, and aie divided by the number of obseivations 
If the sum of all the measuies is veiy nearly 720° oi 1440°, &c , 
so that the central index has made one oi more complete revo 
lutions, the eccentricity is wholly eliminated 

The erior lesultmg from an inclination of the sight line of the 
telescope is not reduced by repetition, since it makes every 
measure too great (Art. 99 ) 

In theory, therefore, the repeating circle is very nearly a per- 
fect instrument, capable of eliminating its own enors As, how- 
ever, we cannot pietend to measure “what we cannot see,” the 
refinement of the circle may really be thrown away, so long as 
the optical power of its telescope is so feeble In fact, the results 
obtained with the circle do not appear to have suipassed those 
obtained with the sextant so much as was expected fiom its theo- 
retical perfection This may, howevei, he due, in a degiee, to 
the mechanical imperfections ansing from the centimg of two 
axes one within anothei 

* Description et mage du Cercle dc Reflexion,?™ Ch De Bonn*., 4™ ed Pans, 1816 
f It seems tliat the instrument makers hare supposed that it was necessary that 
both the horizon and the central indices should he perfectly centred In Gambey s 
circles the aria of the central index turns within that of the horizon index, and any 
ehake of the latter is communicated to the former But, if we use the instalment as 
prescribed in the text, reading off only the central index, it is quite unimportant 

whether the horizon index is correctly centied or not It is only neoessaiy a 1 

should revolve in a plane parallel to the plane of the instrument, and should lemain 
firmly clamped throughout each cross observation, and this will be seemed by giving 
it a hioad hearing about the centre The axis of the central index ought then to 
pass dnectly into the solid frame of the instrument, and the houzon index should 
turn upon a fixed collar, which would entirely separate it from the formei Fiom 
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no^Ll^ffreatlr X de8cnbed > 18 ca Pable of measuring 

it I 40 " In th r r y ct > 

by M Dauksy <*» ! ^ A very 8im P le addition proposed 

arm EE T £T* * °“ the honzon ^ dex 

’ Flg 81 > he P laee8 a second small mirror «, which 

IS of only one-half the 
height of the silvered 
part of the horizon glass 
ya The angle at which 
it stands is more or less 
arbitrary, but it is con- 
venient to have it make 
an angle of about 45° 
with the mirror m Let 
-d be any distant object, 
and let the instrument 
be held so that a ray A n , 
falling upon n, shall be 

to m and thence to the eve at F nt re&eat f in the lin ® rm 
until the rav A n f £ at E Now move the central index 

central mirror' WinJet IT '****' " fr ° m the 

n to the horizon Maas a g ^ passm ^ over the 8 mall minor 
the first rav /TlL h Q tbence to tbe e 3" e m coincidence with 

mmS ? 18 ‘ ,ke ‘ he ord '“T »”« »' **»- 

» dirfoted Z J 2 \ i “'Sdantoroii-oU, only the line of sight 

IS ! from fte 0b J“ l > m im>r 

riding of ttoTLTTL" " “ * * ’ 

which mav be poth ™ -i. Jep be a second object 

-feed fJl ““ tT » 

w,h ao lmage of ^ Kflected 1 2 r* utTirz 

th« fact that such a construction u , 

part of the theory of the instrument has noTb eret ° fc>re ado P ted » * ^er that this 
If *. change is made, and 

see anj reason why we should not realize all tb 1 d Up0 “ a s(Mld - 1 canBat 
strument, especially ,f we considerably merease the ad7anta « es of tie »- 

The opinion of Sir John Heesohp l (Outh ✓ ° P a power of tle telescope 

abstract beauty and advantage of this prinomle^ -Astronomy, Art 188 ) that “the 
balanced ,n practice by some uninoL caL ilLl^hT ' 1 *° be counter ' 

mp'rfict clamping," is hardly sustained by nracboaf 04 ^ ““** ^ S °^ ht for m 
ha-nng a single central axis 7 practical experience with instruments 
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reading The angular motion of the mirror MN being always 
equal to one-half the angulai distance of the objects, JR' - It is 
the required angle M Daussy calls this contrivance a dipressio- 
mhre, 01 .dip-measuier, from its application to the measurement 
of the clip of the sea liouzon, by measuring the angulai distance 
between two diametrically opposite points of the horizon, this 
angular distance being 180° plus or minus twice the dip accord- 
ing as we measure thiough the zenith 01 through the nadn. It 
finds, howevei, another important application in observations 
with the artificial horizon when the altitude exceeds 65 oi 70 , 
and the double altitude is consequently too gieat to be measured 
in the usual manner The additional mirror is usually furnished 
with the G-ambe y circles, and is readily applied to any instru- 
ment Since the angle at which it stands is not required to be 
found, the only adjustment necessary is to make it peipendicular 
to the plane of the mstiument, which is done by the aid of the 
same test as that which is used in adjusting the horizon glass, 
we have only to observe that the two images of the same object 
A (which for this puipose may be a bught star) lefleeted from 
MN and n can be brought into coincidence in the middle of the 
field of the telescope , the mirrors MN and m having of course 
been previously adjusted * 

THE PRISMATIC REELECTING' CIRCLE AND SEXTANT 

116. The prismatic reflecting circle, constructed by Pistor and 
Martins of Beilm, differs fiom the simple leflectmg cncle 
(Art 106) by the substitution of a glass prism foi the honzon 
glass, and by the position of this prism with respect to the cen- 
tral mirror 

ABC, Fig 32, represents the circle, M the cential mirror 
upon the index arm uc, which carries a vernier at each end u 
and c, m the prism, which is nearer the telescope T than the 
central minor, and is permanently attached to the flame of the 
instrument. The prism has two of its faces neaily peipendiculai 
to each othei, and the third face acts as the reflector A^ ray 
from the central mirror entering one of the perpendiculai faces 
is totally reflected at the inner face and passes out thiough the 


* Special instruments for measuring the dip of the sea horizon have been contrived 
For on account of Tbodghton’s Dip-Sector, see Simms’s Treatise on Mathematical 
Instruments 
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othei perpendicular face in the dueetion of the sight line of the 
e escope he height of the prism is only one-half the diameter 
of the object lens of the telescope, and theiefoie direct lays 
loin any object passing ovei the prism entei the telescope and 
are brought to the same focus as the leflected ms 'When the 
central mirrox is parallel to the longest side of the prism, as in 
Pig 61 two images of the same object aie m coincidence, and 
in ex coirection is detei mined as in the sextant, except that 

oeLj reac mg is heie the mean of the leadings of the two 
verniers. 

2Tow revolving the index into the position, Fig 33, an object 


Pig 32 



Fig 38 



ow rviv \™ Tecl mt0 coincidence with the direct 
° “f I"/ 18 **™ of * he t "'° otjecte u toven by 

minSw “"'"‘1 fel ti6 mdKt 'Wl»» cental 

mX«», 7“ “ ear l y to the line Mm, the pi.sm 

7 T/?” the ka " d Ti™ occurs 

Bevond tl 1ia gU m 1 ° f the two objects is about 130° 

rays until w/r* + ^ ^ ol)seiver a,so mteieepts the 

rays, until we come to the position of Fig. 34 1 

7? this position two objects 180° apart can be brought into 

aIa r gh tte pri8m do “ 1,ot 

. B<*»nd object, the head of the ob»em» 

aid Lf thfT.1 . by Pl*«in g a email p n!m J ) at Ul e eje 

end of the telescope, to reflect the two images which aie m 
coincidence, to the eye in the direction DE 
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Continuing the motion of the index, we see, by Fig 35, that 
angles greater than 180° can now he obtained until the index 
arm comes against the prism, which occurs when the angle is 
about 280° The angles thus measured may be reckoned either 
as between 280° and 180° or between 80° and 180° Of these, 
the angles falling between 80° and 130° may be observed m two 
reversed positions of the installment, constituting a cioss obser- 
vation, as with the repeating circle, whereby the index conec- 
tion becomes unnecessary, and the errors arising from a prismatic 
form of the cential miiror aie partially eliminated 


Fig 34. 35 




When the index is on zero, Fig. 32, the rays incident upon 
the cential mirror make an angle with it of 20°, and m this posi- 
tion we obtain the feeblest reflected images When the index 
is at 130°, the incident rays make an angle with the minor ot 
85°, and we obtain the brightest reflected images In the com- 
mon sextant, the reverse takes place , the feeblest images occur 
for the angle 130° when the incident rays make an angle of only 
10° with the central mirror, and the brightest images when the 
index is on zero and the rays make an angle of T5 with t e 
mirror The angles of incidence m the prismatic instruments 
are, therefore, more favorable for the production of distinct 
images than m the common sextant, since even the smallest 
angle which the incident rays make with the mirror m t e 
former is double tbe corresponding angle in the latter 
Vol II— 9 
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The Adjustments ot the pi ism and cential minor are similar to 
those of the lionzon and index glasses of the sextant 
The theory of the enois is also smnlai to that above given 
foi the sextant and circle 


117 The advantages of these mstiuments ovei the common 
sextants are 1st. Angles of all magnitudes can be measured ; 
2d, the eccentricity is completely eliminated by always employ- 
ing the mean ot the leadings of the two verniers , 3d, the re- 
eeted images are bnghtei than m otliei lefiectmg instruments, 
both because the angles ot incidence upon the central minoi aie 
11101 e favoiable, and because the inner face of a glass prism is a 
much bettei lefiectoi than a siheied glass, 4tli, the emus 
ansuig fiom a pusmatie torm of the central mmoi are much 
less than in. the sextant The instruments, as made by Pis tor 
and Martins combine also othei imp lovements which might be 
intioduced into the common sextant Thus, the shade glasses 
admit of reversal, by which their eirors aie wholly eliminated, 
a i evolving disc, containing small coloied glasses or shades, is 
adapted to the eje piece of the telescope, foi use m taking alti- 
tuc es of the sun with the artificial horizon , all lost motion is 
avoi ec m the tangent scievv, bv causing it to act against a 
spang , the arc is read off at night by the aid of a lantern which 
is placed over the centre of the instrument and the light of which 
is concentrated upon the arc by a lens 

The prismatic sextant differs from the ciicle only in dispensing 
with the second vernier (the vernier a m the above figures), and 
that portion of the aie upon which it reads. The same angles 
can he measured with this instrument as with the circle, but 
without the advantage of eliminating the eccentricity 
For an extensive series of observations, illustrating the capa- 
- 1 ii 6 in the hands of a good observer, and espe- 

cia } emonstrating the excellence of the prismatic sextants, see 
an^ article of Schumacher, in the Astron Nock, Vol. TTTTT p . 
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CHAPTER V 

THE TRANSIT INSTRUMENT. 

118 The transit instrument is an instrument for determining 
the instant of a star’s passage through any given vertical plane , 
or (which is the same thing) the time of a star’s transit over any 
given vertical circle Foi this purpose, it is necessary that the 
motion of the telescope be confined to the vertical plane , and this 
is effected by attaching the tube to a horizontal axis and perpen- 
dicular to it, so that by revolving the mstiument upon this axis 
the principal sight-line of the telescope describes a plane passing 
through the zenith The common theodolite maytheiefore be 
used as a transit instrument when its telescope admits of a com- 
plete revolution upon its honzontal axis 

The time of transit ovei the assumed vertical circle is deduced 
from the time when a star passes a given thread placed in the 
focus of the objective 

The instrument may be mounted in any vertical plane, but is 
chiefly used either in the meridian or in the prime vertical in 
the first position, foi finding either the tiue local time or the 
right ascensions of stais , m the second, for finding either the 
latitude of the place of observation 01 the decimations of stars. 
■When spoken of simply as “the transit instrument,” howevei, 
it is usually understood to be in the meridian 

It admits of some variety of form In the old and still most 
common form, the telescope and horizontal axis bisect each 
other,* and the two ends of the axis are supported on pillars 
between which the telescope revolves. 

A second form is that m which, starting from the first form, 
one-half the telescope tube is dispensed with, that half which 
contains the object glass being retained, while the horizontal axis 
is made to perform the part of the other half At the intersec- 


* In Halley’s transit instrument (still preserved as arelie in the Greenwich Oh 
servatory) the pivots of the *ixlis are at unequal distances from the telescope 
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tion of the tube with the axis is a glass prism which bends the 
rays from the object glass at right angles, and transmits them 
through the hollow axis to the eye piece which is placed at the 
end of this axis The chief advantage of this construction is 
that the observer does not have to change his position to observe 
all the stars which cross the plane of the telescope It has also 
the advantage, foi a portable instrument, of diminished weight 
and a more compact form. 

In a third form, proposed hy Steinheil* of Munich tho 
telescope tnbe is dispensed with entirely, or rather the horizontal 
axis is converted into a telescope, by starting from the second 
form just described and shortening the tube until the object 
glass is brought next to the prism, so that the rays are bent 
immediately after entering the instrument This is therefore, 
practically, an instrument of the second foim with the telescope 
tube reduced to its minimum length ; but, to gam sufficient focal 
length, the ohj ect glass and prism (which are connected together) 
are placed near one end of the axis. This foim evidently offers 
the greatest advantages for a portable instrument , its want of 
symmetry, and the loss of light incurred by the introduction of 
the prism, seem to prevent its adoption for the laiger instruments 
intended for the moie refined purposes of the observatory 

The principles governing the use of such instruments being 
essentially the same as those which apply to the transit instru- 
ment of the common form, I shall here treat exclusively of the 
latter 

119 Plate IV represents the meridian transit instrument of 
the Washington Observatory, made by Ertei and Sons, Munich 
It has a focal length of 85 inches, with a clear aperture of 5 3 
inches. The dimensions of all the parts may be found fiom the 
drawing. The portions of the telescope tube TT, which are 
made conical to prevent flexure, are screwed to the hollow cube 
M The conical portions of the horizontal or rotation axis JV7V 
are also screwed to this cube , this axis is hollow, and terminates 
in two steel cylindrical pivots which rest inYs at W It is 
highly important that these pivots be perfect cylinders a»d of 
precisely equal diameters. 

If the whole weight of an instrument of this size were per- 


* Attron tfach , Vol. XXIX. v 177. 
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tnitted to rest upon the Vs, the friction would soon destroy the 
perfect form of the pivots, and hence a^orfton of this weight is 
counterpoised hy the weights WW, which, by means of level s, 
act at XX, wheie there are faction rollers upon which the axis 
turns By this anangement, only so much of the weight of the 
mstiument is allowed to rest upon the Vs as is necessary to 
insure a peifect contact of the pivots with the Vs This not only 
saves the pivots, but gives the greatest possible freedom of 
motion to the telescope, the lightest touch of the finger being 
now sufficient to lotate the instrument upon the axis. 

The counterpoises maybe made to pexfoim another important 
service in diminishing the flexure of the horizontal axis, which they 
will evidently do if they are applied nearer to the cube than in this 
instrument With cones, such as NN, of veiy broad base, the 
amount of flexure must be extremely small , still, with counter- 
poises propeily placed, the necessity of making the cones so 
large and heavy would be obviated- (See the anangement of 
the counterpoises m the meridian circle, Plate VII ) 

In the principal focus of the objective, at m , is the reticule , con- 
sisting of seven paiallel transit threads , these are parallel to the 
vertical plane of the telescope and peipendicular to its optical 
axis (Art 5) These threads and the images of stars in their 
plane are observed with the eyepiece E Eye pieces, or oculars, 
of various magnifying powers are usually supplied, to be used 
according to the nature of the object observed and the state of 
the atmosphere, the highest powers being available only in the 
most favorable circumstances- One of these eye pieces (and 
usually one of the lowest powers) is fitted with a mirroi to throw 
light down the tube in observations for collimation, as will be 
fully explained hereafter This constitutes what is called the 
collimating eye piece, hut the plan of placing a small piece of mica 
outside the eye piece (Art. 47) converts any one of the eye pieces 
into a collimating eye piece. 

There is also a micrometer thread winch moves so nearly in 
the plane of the transit threads as to be sensibly in the same 
focus This thread may be eithei parallel or at right angles to 
the transit threads according to the application of it intended , 
but in the simple transit instrument its use will be chiefly to 
determine the collimation with the mercury collimator, and theu 
it will be most convenient to make it parallel to the transit 
threads Poi this purpose, it will he still better to substitute fox 
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the single movable thread a cross-thread, or two veiy close parallel 
threads 

The transit threads are rendered visible at night by light 
thrown into the interior of the telescope thiough the hollow 
rotation axis from a lamp on either side The light is ieflected 
down the telescope tube by a small silvei mirroi in the cube M, 
or by an open metallic ring, which does not interfere with rays 
from the object glass The amount of light can easily be regu- 
lated by a contrivance which it is not necessary to descube The 
color of the light may be varied by passing it thiough glass of 
the desired shade 

The light thus thrown down the tube illuminates the field, and 
the transit threads appear as black lines upon a blight ground 
For very faint stars it may be necessary to reduce this field 
lfiumination to such an extent that the thieads cease to be dis- 
tinctly visible, and then the direct lllummation of the threads is 
to be lesoited to This direct illumination of the threads is 
effected, in the instrument here represented, by two small lamps 
(omitted m the drawing) suspended upon the telescope neai 
the eye piece, which throw their light obliquely upon the threads 
without illuminating the field The lamps aie so suspended that 
their flames occupy the same position relatively to the thieadH 
for all positions of the telescope The thieads are thus made to 
appear as blight lines on a daik ground Two lamps, one on 
each side, are used in order to pioduce symmetiical illumination 
of the threads The threads may also be illuminated hy light 
admitted thiough the axis, hut so brought down the tube (hy the 
aid of a small lens) as not to illuminate the field, this light being 
finally received by small reflectors near the eye piece, and by 
them thrown upon the threads in such a mannei as to piodnce 
the requiied symmetrical illumination 

At F and F are two small finding cn cles, also called finding kiels, 
01 simply Jmdej s, which seive m settingthe telescope at any given 
elevation 01 zenith distance They will be more fully explained 
m connection with the portable transit instrument in the next 
aiticle 

The handles, A and B, which ai e within reach of the obseivei’s 
hand, act upon a clamp and fine motion screw by which the tele 
scope is fixed and accurately set at any zenith distance. 

The inclination of the rotation axis to the honzon is measured 
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ith the striding level L (Art 51), which is applied to the pivots 
T V. The feet of the level have also the foim of Ys 
The piers are so neaily adjusted in. the fiiBt place that the Y s 
re neaily in a true east and west line, hut a small hual correc- 
ion is still possible by means of sci ews which act horizontally 
pon one of the Vs In the same manner, the inclination of the 
iXis to the horizon is made as small as we please by screws 
ntmg vertically upon the other V These screws are not shown 
n the drawing 

In order to eliminate eirors of the mstiument, it is necessary 
X) reverse the rotation axis from time to time, that is, to make 
he east and west ends of the axis change places The reversing 
ipparatus or car foi this puipose is shown at It It mns upon 
grooved wheels which loll upon two rails laid m the observatory 
floor between the pieis PP, and is thus brought dnectly beneath 
the axis By the ciank h acting upon the beveled wheels e and 
f two forked arms aa aie lifted and bi ought into contact with 
the axis at NN, then, continuing the motion, the telescope is 
lifted just sufficiently to clear the Ys, and the friction rollers at 
XX, the cai is then lolled out from between the piers, bearing 
the telescope upon its arms, a semi-i evolution is given to the 
aims, the exact semi-i evolution being determined by a stop d 
the car is idled back between the pieis, and the telescope lowered 
into the Ys It is hardly necessary to obseive that the telescope 
is placed m a horizontal position dm mg this operation. 

An obsci ring couch G runs on the rails between the piers It 
is M > arranged that the observer reclining upon it may give his 
head any requited elevation, and thus be able to observe stars > at 
high altitudes without the discomfoit which would destroy the 
accuracy of Ins observations 

The piers PP are of giamte, and lest upon a foundation of 
atone sunk ten feet below the surface of the ground They are 
wholly insulated fiom the walls and floor of the building 

Between the pieis, a granite slab about a foot broad and en 
feet long is placed on a level with the flooi This rests firm } 
upon the foundation which supports the mstiument and, like 
the pieis, is insulated from the floor On this slab may be 
placed a basin of mercury at various distances fiom the mst 

mont for observing stars by reflexion 

I do not piopose to enter into the details of constiuctmg the 
observatory^ itself, as many of these details will vary according to 



136 


TRANSIT INSTRUMENT. 


the taste and means of the builder, hut it is essential to remark 
that the opening in the roof and sides of the building through 
which the observations are to be made should he much widei 
than the mere aperture of the telescope, for theie are always 
currents of air of various temperatures near. the edges of the 
openings, which produce unsteadiness m the images of stars. A 
width of two feet at least should be allowed 

It is also well to observe that the observing room should he 
large and high, that the radiation from the walls may not have 
too much effect upon the instrument Ho artificial heat should 
be permitted in it or near it Its temperature at the time of an 
observation, and that of the whole instrument, should he as 
neaily as possible the same as the temperature of the atmosphere 
outside the observatory 

The indispensable companion of the tiansit mstiument in the 
observatory is the sidereal clock, which is to be seemed to a 
stone pier, resting upon a foundation which is insulated fi om the 
floor, and so placed that its dial may he seen by the observer 
from any position he may occupy at the telescope If, however, 
the transits are recoided by the chronograph (Arts 71-77) the 
clock may he m any part of the observatory, and a single clock 
may be used for all the observations with all the instruments It 
will only be necessary that each instrument should have its own 
chronographie register, which is graduated into seconds by the 
one standard clock However, a clock in the room with the in- 
strument is still necessary to enable the observer to prepare for 
his observations at the proper time , but this may then be re- 
garded as a sort of finder merely, and it will be necessary to regu- 
late it only approximately 

120 Plate Y represents a portable transit instrument as con- 
structed by Mr W Wurdemann (Washington, D 0 ) The focal 
length of such an instrument is usually from 24 to 36 inches 

The letters common to Plate V. and Plate IY represent the 
same parts The peculiar feature is the portable frame PP, which 
here takes the place of the piers It is made of ii on, and is made 
as light as possible without the sacrifice of strength and stability 
The sciews tt being removed, tbe inclined suppoits pp fold in 
against the upright ones, and then the latter fold down upon the 
horizontal frame, and the whole frame can he placed m a box 
This box is deep enough to receive the telescope also The 
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instrument can thus be conveniently transported and set up in a 
few minutes upon any temporary pillar Q In the field it will 
often he convenient to mount the instrument upon the trunk of 
a tree cut off to the requited height. The fiame is quickly 
levelled approximately by the foot screws S, S, S 

A diagonal eyepiece E (Art 12) is necessary for observing stars 
at considerable altitudes 

The eye tube of the telescope is moved out and m by a rack 
and pinion r, to bring the threads precisely into the focus of the 
object glass The rack and pinion k carry the eye piece to the 
right and left so as to bring it opposite each thread in succession 
as a star crosses it 

The finder F consists, 1st, of a small giaduated circle which is 
permanently attached to the telescope; 2d, of a spirit level g 
attached to an arm which 1 evolves about the centre of the circle 
This arm carries a vernier, and has a clamp and fine motion 
screw at j When the vernier leads 0°, the axis of the level is 
parallel to the optical axis of the telescope , consequently, if we 
set the vernier to this reading, 0°, and then levolve the tele- 
scope until the bubble stands m the middle of the tube, the 
optical axis will be horizontal If then we set the vernier at 
any other given leading A, and l evolve the telescope until the 
bubble stands in the middle of the tube, the inclination of the 
telescope to the hoiizon will be = B The altitude of a star 
whose transit is to be observed is known from its declination 
and the latitude of the place of observation, and it is usually 
necessary to piepare for the observation by setting the telescope 
at the proper altitude by means of the finder. 

A rack and pinion (not shown in the di awing) serve to revolve 
the eye piece and micrometer so as to make the threads vertical, 
or rather parallel to the veitical plane of the telescope. 

The illuminating lamps are shown m their position Their 
light is thrown into the axis m neaily parallel lines by means of 
a lens in the lantern opposite the middle point of the fiame, the 
flame being nearly in the focus of the lens 

120* A small altitude and azimuth instrument so constructed 
that it maybe used also as a transit instrument is called a universal 
instrument The horizontal graduated circle renders such an in- 
strument very convenient foi observations out of the meridian 
See Chaptei YII, 
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121 Method of obsei lation — In all cases, the celestial observa- 
tion made with the transit instrument consists only in noting, by 
a clock or chronometei, the seveial instants when a star or other 
object crosses the threads The method of doing this with pre- 
cision is as follows The lnstiument leniaining stationaiy, the 
diurnal motion causes the star to pass across the field of the 
telescope As it appioaches a thiead, the observer looks at the 
clock and begins to count its beats , and, keeping the count in 
his head by the aid of the audible beats of the clock, he then 
turns his eye to the telescope and notes the beat when the stai 
appeals on the thiead The tiansit ovei the thread may, how- 
ever, fall between two beats, and then the fraction of a beat is 
to be estimated This estimate is made lathei by the eye than 
the ear Suppose the clock beats seconds Let a, Fig 36, be 
the position of the stai at the last beat 
before the stai comes to the thiead, and b 
its position at the next following beat 
The observei compaies the distance fiom 
a to the thiead with the distance from a to 
b , and estimates the fi action which ex- 
pi esses the ratio of the formei to the latter 
in tenths , and these tenths are then to be 
added to the wdiole number of seconds 
counted at a, to express the instant of transit Thus, if he counts 
20 seconds by the clock at a, and estimates that fiom a to the 
thread is ^ of ab, the instant of transit is 20" 4, which he lecoids, 
together with the minute and hom by the clock 
In the tiansit of the sun, the moon, or a planet, the instant 
when the limb is a tangent to the thread is noted The mode 
of inferring the time of transit of the centre fiom that of the 
limb will be explained hereaftei 
The most accurate method of observing transits is bj the aid 
of the chronograph At the precise instant when the star is on 
the thread, the observer presses the signal key and makes a 
record on the legister, which is lead off at his leisuie, according 
to the methods explained m Aits 71-77 The lecord of several 
transits of stars over the five threads of the Cambudge telescope 
is shown m Plate I Fig 6 Each transit is pieceded by an 
irregular signal, produced by a rapid succession of taps on the 
signal key, by means of which the place of the observation on 
the registei is afterwaids leadiby found As the obsevvei is 
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relieved by the chronograph from the necessity of counting the 
seconds and estimating the fractions, the transit threads may be 
placed much closei to each other and their number greatly m 
creased In the transit instruments used m the United States 
Coast Survey foi the telegraphic determination of diffeiences ot 
longitude (see Yol I Art 227), the diaphragms contain twenty - 
five threads, arranged m groups, 01 u tallies,” of five, as in Plate 
I Fig 1 


GENERAL FORMULAE OF THE TRANSIT INSTRUMENT 
122 In whatevei position the tiansit instrument may be placed, 
we may consider its rotation axis as an imaginary line, passing 
through the central points of the pivots, which, produced to the 
celestial sphere, becomes a diameter of the sphere , and the axis 
of colhmation as an imaginaiy line, diawn from the optical centre 
of the object glass perpendicular to the rotation axis, and de- 
scribing a great cucle of the sphere as tlie telescope revolves 
The position of this gieat cucle m the heavens is fully deter- 
mined when we have given the position of the rotation axis , 
and the position of the lotation axis is given when we know the 
altitude and azimuth of either of the points m which it meets 
the celestial sphere 

The sight-line marked by a thread m any part of the field is 
a line drawn from the thread thiough the optical centie of the 
object glass The angle which this line makes with the axis ot 
collimation does not change as the telescope i evolves so that, 
while the axis of collimation describes a great cucle, the sight- 
line describes a small circle parallel to it whose distance from it 
is every wheie the constant measuie of the inclination of the 
sight-line If then a star is observed on the thread, the position 
of the star with respect to the gieat circle of the instrument 
becomes known when we know the inclination of the sight-line 
or the angular distance of the thread from the axis 

The general problem to which the use of the tiansit instru- 
ment gives rise is the following 

123 To find the how angle of a star observed on a given thead of 
the transit instrument in a given position of the rotation axis — Let 
Pig 37 repiesent the sphere stereographically projected upon 
the plane of the horizon, NS the meridian, WE the prime 
vertical. Suppose the axis of the instillment lies in the vertical 
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plane ZA, and that A is the point in which this axis produced 

towaids the west meets the celestial 
spheie Let N'Z'S' be the great 
circle described by the axis of colli- 
mation , A is the pole of this eucle 
Let nOs be the small cucle described 
by the sight-line drawn thiough a 
thread whose constant angular dis- 
tance fiom the collimation axis is 
given = c Let b denote the altitude, 
90° -(- a the azimuth, 90° — m the 
hour angle, n the decimation of the 
point A, <p the latitude of the observer, o the decimation of a 
star obseived at 0 on the given thread Join PA, PO, AO 
We have 

NZA = 90° + a, ZPA = 90° — m 

ZA = 90° — b, PA = 90° — n 

AO = 90° -| - c, PZ= 90° — <p 

PO = 90° — S 

and the tuangle PZA gives the equations [Sph Trig (6), (3), (4)] 

cos n sin m = sin b cos + cos b sin a sin <p 
cos n cos m = cos b cos a 

sin n = sin b sin cp — cos b sin a cos <p 

which determine m and n when a and b are given Now let 

r = the hour angle of O east of the meridian, 

then the angle APO = 90° — m + r = 90° + (r — m), and the 
tuangle APO gives 

— sin c = sin n sin 6 — cos n cos d sin (r — m) 

whence 

sm (r — m ) = tan n tan d 4 . sin c sec n sec S ( 79 ) 

k Inch determines r — m , whence also r 
These general formulae admit of simplification when the in- 
strument is either near the meridian or near the pnme vertical 

THE TRANSIT INSTRUMENT IN THE MERIDIAN 

124 The instrument is said to be m the meridian when the 
great circle described by the axis of collimation is the mendian 
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The axis of lotation is then perpendicular to the plane of the 
meridian, and, consequently, lies in the intersection of the prime 
vertical and the horizon If, further, the thread on which the 
atai is obseived is in the axis ot collmiation, the time of obser- 
vation is that of the star’s tiansit over the meridian, and, since 
at that instant the sideieal time is equal to the star’s light ascen- 
sion, the emu of the dock on suleieal time is obtained at once 
by taking the diftei ence between that right ascension and the 
observed clock time of tiansit (Vol I Art 138) 

Piactically, however, we laiely fulfil these conditions exactly, 
but must correct the time of observation for the small deviations 
expressed by a, b, and c, of which a is the excess of the azimuth 
of the west end of the axis above 90° (reckoned from the north 
point), and is called the azimuth constant, b is the elevation of the 
west end of the axis, and is called the level constant, and c is the 
inclination of the sight-line to the collimation axis, and is called 
the collimation constant 

We must first show how to adjust the mstiument approxi- 
mately, or to i educe a, b, and c to small quantities 

> 

125 Approximate adjustment in the meridian — 1st The middle 
tlnead of the diaphragm should coincide as neaily as possible 
with the collimation axis This adjustment can be approxi- 
mately made before putting the instrument m the mendian, by 
moving the thread plate lateially until the middle thiead cuts a 
well defined distant point m both positions of the rotation axis 
in the Vs 

2d The middle thiead (and, consequently, all the transit 
tlneads) should be veitical when the lotation axis is honzontal , 
that is, it should be perpendicular to the rotation axis This 
can be verified while adjusting the sight-lme, by obseivmg 
whether the distant point continues to appear on the thread as 
the telescope is slightly elevated or depressed After the instru- 
ment has been placed m the meridian and the axis levelled, the 
vertically of the tlneads may also be proved by an equatorial 
star running along the honzoutal thiead, which is at right angles 
to the transit threads 

The axis, being placed nearly east and west (at first by estima- 
tion), is levelled by means of the striding level Thus c and b 
are easily reduced to small quantities 

3d To reduce a to a small quantity, or to place the instrument 



142 


TIUJ^rT INSTRUMENT IN THE MERIDIAN 


very near to the meridian, we must have recourse to the obser- 
™t.on Of stars The follouung process wjl be found as simple 
as any other with a portable insti ument P 

Compute the mean time of tiansit of a slow moving star (one 
near the pole), and bring the telescope upon it at that time For 

wlb n.TTTf l ° n ’ th6 time may be ** a common 

watch, and the telescope may be brought upon the star by 

moving the fiame of the instrument horizontally Then level 

the axis, and note the time by the clock of the transit of a star 

time of 't Zem , th f ° Ve + r tlie middle thread ^ is evident that the 
b ™ fjT °, f a8tar near the zeillth Wl11 not be much affected 
n ! ° f th ® niStlUment m azimu th, and therefore the 
win rtl b Wee " the 8tar ' S ngllt a8cension and the clock time 
With 1.1 " Ppi0Ximate error the clock on sideieal time 

anothei sin n01 ’ We aie piGpared to re P eat tlie process with 
anothei slow moving stai, this time employing the clock and 

causing the middle thread to follow the star by loving only the 

Si Wl Wll6n f 16 Cl r k Conectlou has been previously 
found by other means (as with the sextant), the fiist approximation 

will usually be found sufficient The instrument is now siX 

cllbe : f T Ud !f n ; and the outst anding small deviations 

can be found and allowed foi as explained below 

will ^ b)rgc transit instrument in an observatory, it 

will be convenient fiist to establish the approximate direction of 

a uffi " rrf " tlie ^ 0hte ’ and t0 S6t Up a dlstinct - a ^ at 
a sufficient distance to be visible in the large telescope without 

a change of the stellar focus The middle thread of the instrm 

the ob^ahm, rf Xf* Up0n th,S ma, ' k b6f0re pr0Cee,ta « to 

. ^ ma %> *t 18 necessary to adjust the finder whereby the 

w Wh° Pe 18 h t dlreeted to that point of the meridian through 
which a given object will pass If the finder is intended to give 
the zenith distance (£), we take g 

5~f ^ for an object south of the zenith, 

c = - ? _ r +p « „ north M 

1 ^ refractlon > and P the parallax of the object for 

merely we f But ’ f ° r the P ar P 08 * of « object 

mav 1 may 1 n ® glect except for very low altitudes, and p 

may be neglected for all bodies except the moon 

To adjust the finder, we have only to clamp the telescope when 
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some known stai is on the horizontal thread, and in that position 
cause the finding cncle to read correctly for that stai, hy means 
of the proper adjusting sciews It will then read correctly for 
all other stars In large mstiuments the finder is sometimes 
graduated from 0° to 360° 

With respect to the time when a stai is to he expected on the 
meridian, the sidereal clock oi ehronometci answeis as a finder, 
since (after allowing for its enor) it shows the right ascensions 
of the stais that are on the meinhan 

126 Equations of the transit instrument m the mendian — By the 
preceding piocess we can always easily i educe a , 6, and c to 
quantities so small that then squaies v ill he altogether insensible, 
or, which is the same thing, we can substitute them foi their 
smes, and put then cosines equal to unity And, since m , ft, and 
r will he quantities of the same oiclei as cq 6, and c, the general 
formulae (78) will become 

m = b cos <p + a sin <p 
n = h sin <p — a cos <p 

and (79) gives 

r = m -f- n tan 8 c sec <5 

which is Bessel’s foimula for computing the correction to he 
added to the observed sideieal clock time of transit of a stai 
over the middle thread to obtain the clock time of the star’s 
tiansit over the m endian It is haidly necessary to observe that 
the unit of all the quantities a, i, c, m, ft, r should be the second 
of time 

If nov we put 

T — the observed clock time of the star's transit over the 
middle thread, 

a T = the correction of the clock, 
bi = the stai’s apparent right ascension, 

the true sideieal time of transit will be T-\- t + aT 1 , and this 
quantity must be equal to a Hence we have 

*= T+ A T+t 
or 

a = I-f AT+m + n tan d + c sec d 
by which formula the light ascension of an unknown star can be 
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found when a T and the constants of the instillment are known 
From the transits of known stars, on the other hand, this equa- 
tion enables us to find aT 1 , when the constants of the instrument 
are given. 

The apparent right ascension in this equation should be 
affected by the diurnal alienation, which, by Yol I Ait 393, is 
0" 311 cos <p see 3 = 0* 021 cos <p sec 3 when the stai is on the 
meridian If then a denotes the right ascension as given m the 
Ephemens, the first member of (82) ought to be a + 0" 311 
cos <p sec d, so that the equation becomes 

a = T -f if -f- m -j- n tan $ -(- (c — 0* 021 cos f) see <5 (83) 

Hence, if instead of c we take 

cf = c — 0* 021 cos <p 

we may use (82) without further modification, and the diurnal 
aberiation will be fully allowed for Since, foi each place of ob- 
servation, the quantity 0\021 cos <p is constant, there is no reason 
for omitting to apply this correction, although its influence is 
scarcely appreciable except with the larger instruments ot the 
observatoiy 

127 Bessel’s form for the correction r is usually the most 
convenient, but other forms have their advantages in certain 
applications. From (80) we deduce 

a = m sin y — n cos <f 
b = in. cos <f 4 - n sin <p 

and from the second of these we have 

m = b see ^ — n tan <p 

which substituted in (81) gives Hansen’s formula, 

/ r —b sec <p -{■ n (tan 8 — tan <p) -j- c sec 8 (86) 

This is convenient in reducing observations of stars near the 
zenith, where the coefficient tan 8 — tan (p becomes small It 
shows that for a star in the zenith the correction depends only 
on b and c, and that in general the best stais for determining 
the clock correction are those which pass nearest to the zenith 

If we substitute the values of m and n from (80) in (81), we 
leadily bung it to the form 


} (84) 

(85) 
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^ „ sm (g — d) b cos (g — ^ (87) 

COS <5 COS d COS d 

which is known as Mayer’s formula This is the oldest form, 
but where many stars aie to be reduced for the same values of 
the constants, it is much less convenient than the preceding It 
has its advantages, however, m cases where the constant a is 
directly given, or m discussions in which this constant is directly 
sought 

128 These formulae apply directly to the case of a star at its 
upper culmination To adapt them to lower culminations (that 
is, of circumpolar stars at their transits below the pole), we 
observe that m the general investigation Art 123, d repiesents 
the distance of the star from the equator reckoned towards the 
zenith of the place of obseivation, and, consequently, the 
foimula will be applicable to lower culminations if we still lepre- 
sent by d the distance of the star from the equator thiough 
the zenith and over the pole, that is, if we take for d the supple- 
ment of the decimation This being understood, we shall be 
saved the necessity of duplicating our formulae 

Again, the time of the lower culmination differs by 12 of 
sidereal time from that of the upper culmination of the same 
star Hence, to apply the foimulae to the case of a lower cul- 
mination, it is also necessary to suppose that a represents the 
star’s right ascension increased by 12*. 

In short, for lower culminations, we must substitute 12* + a 

and 180° — d for a and d 

129 Since the instrument may be used m two positions of the 
rotation axis, it is necessary to distinguish these positions We 
shall suppose that the clamp is at one end of the axis, and shall 
distinguish the two positions by “ clamp west” and “ clamp east ” 
If the value of c has been found for clamp west, its value for 
clamp east will be numerically the same, but will have a different 
sign , for, since m reversing the collimation axis remains m the 
same plane,* any thread will be at the same absolute distance 
from this axis, but on opposite sides of it m the two positions 


* Except when the pivots are unequal, the correction for which will be considered 
hereafter 

Vol n— 10 
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'or example, if we have found for clamp west c — — 0* 292, we 
mst take for clamp east c = -(- 0* 292. 

If, however, we take the diurnal aberration into account, we 
aust observe that e' is not numerically the same in the twoposi- 
lons of the axis For example, if f = 38° 59', the correction 
t> 021 cos <p is 0* 016 , and if for clamp west we have c = — 0\292, 
re shall have for this position c' = — 0* 292 — 0* 016 = 0* .308, 
jut for clamp east <?' = -+■ 0* 292 — 0* 016 = + 0* 276. 

130 In the above, we have assumed that the stai has been 
ibserved on a single thread whose distance from the colhmation 
ixis is known The same method may be applied to each thread , 
jut when the intervals between the thieads aie known, each 
observation may he reduced to the middle thread or to a point 
.joi responding to the c £ mean of the threads, and the correction 
- will then be computed only for this middle thiead oi this mean 
point I proceed to show how these intervals are to he deter- 
mined and apphed. 


THREAD INTERVALS. 

*131 An odd number of threads is always used, and they are 
placed as neaily equidistant as possible, oi, at least, they are 
symmetrically placed with respect to the middle oue, and this 
middle thiead is adjusted as nearly as possible m the colhmation 
axih. If the thieads were exactly equidistant, the mean of the 
observed times of transit over all of them could he taken as the 
time of transit over the middle one, and Hus with the gieater 
degree of accuracy (theoretically) the greater the uumbei of 
threads * But since it larely happens that the threads aic per- 
tectly equidistant or symmetrical, it becomes necessary to deter- 
mine then distances , and this is usually the fust business of the 
observer after he has mounted his uistiument and brought it 
appioximately into the mendian 

Let i denote the angular interval of any thread from the 
middle thread , I the time required by a stai whose declination 
is 8 to pass over this interval Then i, being expi eased in 
seconds of time, will also denote the interval of sidereal tune 
required by a star in the equator to describe the space between 

* The practical limits to the uumbei of threads will he considered in another 
place 
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the threads , for this is the case in which the apparent path of 
the star is a great circle Our notation, therefore, may be ex- 
pressed by putting 

i = the equatoual interval of a thread from the middle thread, 

1 — the intei val for the declination <3 

If now c denotes the collimation constant for the middle thread, 
the distance of the side thread from the collimation axis is t-(- r, 
and if r is the hour angle of a star when on the middle thread, 
J-l- t is its hour angle when on the side thread Hence, by our 
rigorous formula (79), applied to each thread, we have 

Bin ( I -f r — m) = tan n tan 8 + sin (i -|- e) Bee n sec 8 
sin (r — m) = tan n tan 3 sin c see n see 3 

the difference of which is 

2 cos (} I + t — m) sin } 1= 2 cos (i i + c) sin sec n sec 3 

for which, smee r — m, c, and n are heie very small 
we may write, without sensible erroi, 

2 cos H sin J I = 2 cos 1 1 sm it sec 3 
or 

sin I = sin t see 8 

Frnm this, I can be found when i is given On the other hand, 
if I is observed in the case of a star of known declination, we 
deduce i by the formula 

sm i = sin I cos 8 (89) 

If the star is not within 10° of the pole, it is quite accurate to 
take for these the more simple forms 

I = x sec 8 x = I cos 8 (90) 

These formulae show that the observed interval will be the 
greater the neaier the stai is to the pole Hence, foi finding? 
from observed values of I, it is expedient to take stars near the 
pole, since eirors in the obseived times will he l educed in the 
latio 1 : cos $ 

Whien the star is so near to the pole that either (88) or (89) is 
to be used, it will be found convenient to substitute for them 
the following 

I cos t 


quantities, 
| ( 88 ) 


J= t sec 8 k 




k 


(91) 
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in -which k = 7 sm - 1 i~, and its logarithm may be leadily taken 

SID I 

from the following table 


I 

log ?sec<5 

log k 

l m 

1778 

0 00000 

2 

2 079 

00001 

3 

2 255 

00001 

4 

2 380 

00002 

5 

2 477 

00003 

6 

2 556 

00005 

7 

2 623 

00007 

8 

2 681 

00009 

9 

2 732 

00011 

10 

2 778 

00014 

11 

2 819 

00017 

12 

2 857 

00020 

13 

2 892 

00023 

14 

2 924 

00027 

15 

2 954 

00031 


1 


1 

log i see iS 

log k | 

15”* 

2 954 

0 00031 

16 

2 982 

00035 

17 

3 008 

00040 

18 

3033 

00045 

19 

3 056 

00050 

20 

3 079 

00055 

21 

8100 

00061 

22 

3120 

| 00067 

23 

3139 

I 00073 t 

24 

3158 

! 00080 j 

25 

3 175 

00086 l 

26 

3 192 

00093 

27 

3 209 

00101 

28 

3 224 

00108 

29 

3 239 

00116 

30 

3 254 

00124 


Example 1 —If for a star whose decimation is a — 88° 83' we 
have observed the interval between a side thread and the middle 
thread to he 1= 25"* 17 s . 6, required the value of i 
We have 

log I 3 18116 
log cos £ 8 40820 
ar co log k 9 99912 

t = 38* 325 lo g 1 1 58348 

Example 2 — Given » = 38* 325, find I for d = 87° 15'. 

We have 

log i 1 58348 
log sec <3 1 81896 

log t sec S 2 90244 
(Argument 2 902) log k 0 00024 

J = 799* 25 l°g 1 3 90368 


132. The thread intervals may also be found by Gauss s 
method, with a theodolite, precisely as in the method of deter- 
mining the value of a micrometer screw m Art 46 
If the instr um ent is furnished with a micrometoi , the valne 
of the screw may be determined by the transits of circumpolar 
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stais ovei tlie micrometer thread, and then it may be employed 
to measure the thread intervals 

REDUCTION TO THE MIDDLE THREAD 

133. Suppose that the reticule contains five tiansit threads, 
and that they aie numbered consecutively from the side next to 
the clamp, so that for “clamp west” stars at their upper cul- 
minations eioss the thieads m the Older of their numbers Then, 
it we denote the observed clock times of a transit over them by 
*15 *25 * 3 > *<) *65 an d the equatorial intervals of the side threads fiom 
the middle thiead by i lt i, ? 4 , (observing that and i 5 will be 
essentially negative), the time of passing the middle thread 
according to the five observations is either q seed, t 2 + 1 2 sec d, 

£,, t + i i seo 8, or / 5 -f i 5 sec o, which, if the observations were pei- 
fect, would be equal to each other Taking their mean, which 
we shall denote by T, we have 

r _ *5 H— *2 + *3 + *4 ± *6 , V± l±+h sec i 

5 5 

If we put 

*i 4~ l j 4~ \ h 

- 5 

and denote the mean of the observed times by T 0 , we have 

T = T 0 -(- Ai sec 5 for damp west, 

T= T 0 — m sec *5 for clamp east 

If the threads are equidistant. At vanishes; otherwise Msec d 
is the correction to be applied to what is called the mean of the 
threads, to obtain the time of passage over the middle thread 
If there are seven thieads, 

Oi •+• + * 3 ) + (b + h 4~ h) (92) 

7 

and so on for any number of threads 

At the lower culmination, a star crosses the thieads m the 
leverse order, and, consequently, the sign of the correction 
Aisecd must be changed , but this change of sign is effected by 
taking for 8 the supplement of the decimation, according to the 
method pointed out 111 Art 128 We shall, therefore, regard 
the above formulas as entirely general 

A. broken ticuisii (one 111 which the transits over some of the 
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threads have not been. observed) is reduced m the same manner , 
that is, we take the mean of the obseived times and apply to it 
a correction which is the mean of the equator lal intervals of the 
observed threads multiplied by seed Thus, if only the 1st, 3d, 
and 4 th of five threads have been observed, we have for Tthe 
seveial values t, + i, sec S, t 3 , t, + t 4 sec d, the corresponding 
thread intervals being 0 , i 4 so that we have 

y _ S ± ♦ -|- I* . sec S 

B o 

In general, if we put 

M = the mean of the observed times on any number of 
threads, 

/ = the mean of the equatorial intervals of these thieads, 

the time Tof transit over the middle thread will be 

T — M + feecS ( 93 ) 

If the clock rate is considerable, the reduction of if to 2 
must be corrected accordingly Thus, it 

&.T = the clock rate per hour, 

1 §600 )"’ 0r ’ 

„ , aT ) 

p = the faetoi for late = 1 — 1 (- 94 ) 

T = if + pf sec 6 J 

Por a sidereal clock which gam 1* per day, we have a 2’ = 
— whence log p = 0 . 000005 , and foi a gam of x seconds daily 
log p = 0 000005 x . 

Por a mean time clock which has no rate on mean time, and, 
consequently, loses 9* 88 per hour on sidereal time, we find 
log p = 9 99881, and, if it gains x seconds per day, log/> = 
9 99881 + 0 000005 , 

If the star is very near the pole, each thread should be sepa- 
rately reduced, the reduction to the middle thread being com- 
puted by the formula I — 1 see 5 kp , log k being taken from the 
table in Art. 131 
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REDUCTION TO THE MEAN OT THE THREADS 

134 Another mode of reducing tiansits is commonly used m 
the observatoiy We may suppose an lmagmaiy thread so 
placed in the field that the time of transit ovei it will he the 
same as the mean of the times on all the threads, and for brevity 
this imaginary thread is called the mean of the thieads, or the 
mean thread Then all observations are reduced to this imaginary 
thread, and the constant c as well as the intervals of the several 
threads are referred to it, precisely as if it weie a real thread 
It is evident that, wheie many complete transits are to he re- 
duced, this method saves laboi, as the collection Msec d is avoided. 

135. Example 1 —The upper transit of Polans was observed 
with the meridian mstiument of the Naval Academy on Jan. 
26, 1859, as in the second column of the following table 


Clamp East 8 = 88° 33' 54" 3 


Thread 

Sid clock 

/ 


log I 

log l 

logt 

l 

VII 

0* 44 1 * 1 55* 

— 23 m 49* 

w3 15503 

0 00079 

nl 65290 

— 35* 720 

VI 

62 56 

— 15 

48 ! 

»2 97681 

34 

Ml 37513 

— 28 721 

V 

IV 

1 0 54 

8 44 

— 7 

50 

n-2 67210 

09 

m1 07067 

— 11 767 

III 

16 82 

+ 7 

48 

2 67025 

09 

1 06882 

4-11 717 

II 

24 31 

4-15 

47 

2 97685 

34 

1 37467 

4- 23 696 

I 

82 30 

+ 23 

46 

3 15412 

78 

1 55200 

4- 35 645 


The table exhibits the computation of the equatorial intervals 
of the side thieads fiom the middle thiead. The values of log L 
are taken from the table in Art 131, and each value of log i w 
found by the fonnula log i = log 1+ log cos 8 — log k. The 
signs of I and i are given for damp west 

The values of the intervals must he found from a number ot 
observations of this kind, and the mean of all the determina- 
tions should be finally adopted. , 

According to this single observation, the value of at for this 

instrument will be 

u = — 0*021 

If the reductions are to be made to the mean of the threads, 
we find the values of J by taking the difference between the 
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mean of all the observed times and the time on each thread, 
and compute i as before. The values of i that would result m 
the above esunple may be immediately inferred, since they 
will be equal to those above found diminished by a? Thus, 
arranging th< values in their order for e’amp west, we have— 


Thread 

Intervals to 
middle thread 

Intervals to 
mean thread 

i 

+ 35* 645 

4- 35* 666 

ii 

+ 28 696 

4- 23 717 

m 

4- 11 717 

4- 11 738 

IV 

0 

4- 0 021 

V 

— 11 767 

— 11 746 

VI 

— 23 721 

— 23 700 

VII 

} —35 720 

— 35 699 


Example 2.—' With the same instrument on the same date, the 
K«unsit of a Anetis was observed as follows ( clamp east) 


8 == + 22° 47' 49". 


Mean = 1 59 41 28 

The algebraic sum of the intervals to the middle thread for 
the threads here observed, taken from the table in thepiecedmg 
example, is + 23 s 571, or for clamp east — 23* 571 , and therefore 
the time of transit over the middle thread is 

T = l h 59* 41* 28 — — sec <5 = 1* 59* 87* 02 
6 

To reduce this observation to the mean of the threads, the 
shortest method is to take one-sixth of the interval corresponding 
to the missing thread — thus : 
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p 59 m 4 p 28 — - - see 5 = P 59 w 37 4 00 

136 Having shown how the quantity T m (82) 01 (83) is 
found, I now proceed to show how to deteimme the constants 
?n, ?i, and c Since m and n hoth involve b , let us hegm with the 
investigation of this quantity 


THE LEVEL CONSTANT 

137. The inclination of the rotation axis to the horizon is 
usually found "by applying the spirit level as explained in Art 
52, and this inclination expressed in seconds of time is the 
value of the level constant b, positive when the west end of the 
axis is too high. 

But the spirit level applied to the outer surface of the cylinders 
which f 01 m the pivots does not directly determine the inclina- 
tion of the rotation axis which is the common axis of these 
cyhndeis, unless the pivots are of equal diameters 

To find the correction for inequality of the pivots, let C, Fig 38, 



Fig 39 



be the centre of a cross section of a pivot, A the vertex of the V 
m whUTJ Pivot tests, B the vertex of the V of the eptnt level 

applied to it Put 

2% = the angle of the V of the level, 

2 Z a it t( V “ transit inst, 

r = the radius of the pivot, 
d = the vertical distance of B above 0, 
u « G “ A, 


we have 




d = 


cL 


sin i 


sin 


Tf now in Fig 39, CC' is the rotation axis, A and B the 
vertices of the transit and level Vs at the end next the c a -p, 
A' and £' the vertices of the Vs at -the other end of the axis, 
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) ' the radius of the pivot at that end, then we have foi the dis 
tances B'G\ A' C', 

sin z sm \ 

The level gives the inclination of tlie line BB ' to the horizon, 
and we wish to find that of CC r Let us suppose the clamp at 
first is west, and afterwaids east, and that in both positions ol 
the axis the inclination given by the level is obseived Let 

B, B ( = the inclinations given by the level for clamp west 
and clamp east, respectively, 

b , b ' = the true inclinations of the rotation axis for clamp 
west and clamp east, 

fi = the constant inclination of the line AA! 

Also diaw CJB and GF parallel to BB f and AA\ and put 


p = ECC 

p, = FOG' 

then, L being the length of the level, we have 

Hin t) — 

d' — d_ r’ — r 

OlUL JJ 

L ifflli 


d'-d. r’ — r 

sin p x = 

1 l 

L ismz 1 


for which we may tate 


_ r F — r _ / — r 

^ Lsini sin 15" ^ ism z, sin 15" 


in which p and p x are m seconds of time Now, we have evi 
dently for^clamp west ( i denoting the elevation of the west end) 

b = B - \-p b — p — p x 


and for clamp east, 

V — B f — p b r =; p + p x 

whence 

b f —b = B' — B — = 2j>, 

B r — B , sm ) I sin z -f sin v \ 

— 5— =p+i>,=? + j> 


INEQUALITY OF PIVOTS 


156 


and, consequently, 


p = . 


B’—Bt 


sin i 


[ sm t 4- sm i. 


;) 


(95) 


By this formula, when i and i 1 are known, we can directly com- 
pute the value of p from the level indications B and B', observed 
in the two positions of the axis 

If the angles of both the transit and the level Vs are equal to 
each other, which is usually the case, we have sm i = sin \ , and 
then we have 

p = V-—* (96) 

The value of p thus found is called the correction for inequality 

of pivots It is to be carefully found by taking the mean of a 

great number of level determinations in the two positions of the 

axis By determining it according to the above formula, it is a 

correction algebraically additive to the level indication foi clamp 

west so that the true level constant in any case is found by the 

formulae , , , 

b = B -f p for clamp west, I g7 

b'=^B’ — p for clamp east J ' 

138 The inequality of the pivots may also he found without 
reversing the axis, hy using successively two spmt levels, the 
angles of whose Vs are quite different Let 2t and 2 *' be then- 
angles, and B and B' the apparent inclination of the axis given 
bv the two levels respectively If then b is the true inclination, 
and we put 

r — r 

® ism 15" 


we have, by the preceding article, 

b = B +-3L 

sin % 


whence 


b = B f + 


g 

sin i f 


q = (B-B>) 


sm i sm i f 
sm % — sm i r 


(98) 


and the correction of inclinations found with the level the angle 
of whose Vs is 2 1 will be 
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p = J-=(.B-B') 
sm i 


sin i f 

sin % — siiu' 


( 99 ) 


If ve coRstTuct the levels so that their angles are supplements 
of each other, that is, make 2 i' = 180° -2i, the foimula becomes 

B-B' 

P = 7 

tam — 1 


For example, if 2i = 157° 23' and 2i' = 22° 3(', we have 
^ _ £(_B— B') so that as accurate a determination of p may 
be found m this way as by reversing and employing the formula 
(96) 

139. Example 1 — The following example of a case in which 
the angle of the level V difiered from that of the transit Y is 
given by Sawitbch. A portable instrument was mounted m the 
meridian, and three sets of observations were made consecutively 
for the determination of p, as in the following table . 


No of deter- 
mination 

Clamp 

Level readings 

bands' 

1 

B — B 

West 

East 

i 

w ■ 

E ■ 

B 13 2 
A. 140 
A 184 
B 17 9 

131 
12 4 
84 
82 

\ div 

[ B = + 0 42 
| B'= + 492 

div 

+ 4 50 

2 

E ■ 

W ■ 

B 18 8 
A 19 1 
A 18 6 
B 13 2 

83 
72 
12 0 
13 0 

\b'= + 660 

1 .B = + 045 

+ 515 

8 

W ■ 

E • 

B 13 6 
A 14 0 
A 18 2 
B 18 3 

13 0 
12 5 
83 
80 

. B — + 0 52 

. B’ = + 6 05 

+ 453 


The letters A and B in the first column of level readings refer 
to the position of the level on the axis 

The value of one division of the level was 1" 68, or, in time, 

0 * 112 

The angle of the level Ys was 85°= 2i. that of the transit 

Ys was 91° = 2+ 

Ve find, by taking the mean, 

B' — B = + 4 73 <ln = + 0' 53 
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and hence, by (95), 

p + 0* 14 

If we had assumed i = ?i, we should have found, hy (96), 
p ~ - (-0* 13, very nearly the same as hy the complete foimula, 
although theie is a consideiable diffei'enee between i and 

To find the true inclination of the axis during these observa- 
tions, we have, by taking the mean of the values of B and B r > 

diT 

J3 = -|- 0 46 = -f- 0* 05 

23' = -j- 5 19 = -j- 0 58 

whence 

5 = + 0* 05 + 0' 14 = + 0* 19 
b' = -|- 0 58 — 0 14 = + 0 46 

Example 2— In Octobei, 1852, the pivots of the Repsold 
meridian cuele of the IT S Naval Academy were examined hy 
twenty-four detei ruinations of the inclination of the axis, twelve 
m each position, and the means were 

div 

Clamp west, B = + 0 68 
“ east, B' = + 0 74 

One division of the level was equal to 0\079 , and hence 

div 

p = + 0 015 = + 0* 0012 

which was neglected, as of no practical importance Indeed, it 
is hardly to be presumed that the level readings weie sufficient 
to deteimine so small a quantity with certainty, nevertheless 
they suffice to prove the same excellence of woikmanship in 
these pivots as in those of other instruments of Repsold’s. In 
the meridian circle of Pulkowa, made by the same distinguished 
artist, Struve found an inequality of pivots of only O' 0025 


140. The linear difference of the radii of the pi' ots may also 
be found ; for, by the above formulae, we have 


(B 1 — B) JO sm 1»" sin i sin <, t 
r> — r=TL smisml5"= + sin i,) 


( 100 ) 


The value of L in the Example 1 of the preceding article was 
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10.85 inches, and hence r' — r = 0.000075 inch Small as tVs 
difference appears, it is satisfactorily determined by the level 

141 The level constant may also he found by the aid of the 
mercuiy collimator (Art 47) and the micrometer Tor large 
instruments, it is convenient to have the meicury basin perma- 
nently placed immediately under the mstiument, a little below 
the level of the floor, and covered only by a small movable 
trap-dooi ni the floor 

Let C6", Tig 40, be the rotation axis of the instrument, EO 
the collimation axis, peipendicular to CC , 
Fig 40 jlfiV the suiface of mercury Theie will be 

aE a ' formed in the field of the telescope a reflected 

image of each thread of the reticule, hut 
we shall here use only the movable micro- 
meter tlnead (which will he assumed to be 
parallel to the tiansit tlneads) Let this 
nnciometei thread he bi ought into coinci- 
dence with its own reflected image, which 
occuis when it is at that point a of the 
field which lies m the line 10 diawn 
through the optical centre of the objective, 
perpendicular to the lionzontal surface of 
the mercury , and hence it follows that, in 
this position, the angle aOE is equal to the 
inclination of the lotation axis CC ' to the surface MN, or that 
aOE is equal to the required level constant Now, let the rota- 
tion axis be reversed ; the directions CC' and EO remain un- 
changed (provided the pivots are equal), and the nnciometor 
thread is now at of , at the same distance as before from the col- 
limation axis , if then the thread is again brought into coinci- 
dence with its image, it must be moved over a distance o' a 
= twice the required level constant If then we put 

M — the micrometer interval (expiessed in seconds of time), 
positive or negative according as the micrometer thread 
is east or west of its image after reversal, 

we shall have 



and b will thus be positive when the west end is elevated 



( 101 ) 
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If tlie pivots are unequal, b and b' being the true inclinations 
of the axis for clamp west and clamp east respectively, we shall 
have, after reversal, BOo! = b, and after making a coincidence 
again, EOa = b' , and hence 


and, from (96) and (97), 
whence 


b’ -j- b = M 

b’ — b = 2p 


b 



b' = 



( 102 ) 


It appears, then, that the mercury collimator alone is not ade- 
quate to the determination ot the level constant when the pivots 
aie unequal, since the quantity p must be otherwise deteimined. 
The only independent method of finding p is by the spirit level ; 
but we shall see hereaftei how the level may be dispensed with 
(or its indications veiified) by means of the meicury collimator 
m combination with collimating telescopes 


142. The pivots may be not only unequal, but also of irregular 
figures To determine the existence of n regularities ot foim, 
the level should be read oft* with the telescope placed successively 
at every 10° of zenith distance on each side of the zenith The 
mean of all the inclinations found being called B 0 , and B' being 
that found at a given zenith distance z, _B 0 — B' is the correc- 
tion to be applied to any level reading afterwards taken in the 
same position of the rotation axis and at the same zenith dis- 
tance. The level readings are thus freed from the irregularities 
of the pivots, but we still have to apply the eoirection for in- 
equality *of the two pivots , aud this inequality will he deter- 
mined by taking one-fourth of the diffeienee of the mean values 
of B 0 (found as just explained) in the two positions of the rota- 
tion axis 

Tor the examination of the form of the pivots of the great 
Transit Circle of Greenwich, “each is perfoiated, and within 
the hollow of tlie eastern pivot is fixed a plate of metal perforated 
with a very small hole, behind which a light can be placed foi 
illumination , and in the hollow of the western pivot there is 
fixed an object glass at a distance from the perforated plate equal 
to its focal length This combination foims a collimator re- 
volving with the mstiument. It is viewed by a telescope of 7 
feet focal length, which, when leqmred, is placed on Ys, one of 
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them planted in the opening of the western pier, and the other 
in a hole made for that purpose m the western wall of the room 
By a senes of most careful observations in 1850, 51, and 52, no 
appreciable error could be discoveied in the form of the pivots. 
These pivots are six inches m diameter. 
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143 The constant c may express the distance from the colli- 
sion axis either of the middle thread or of the fictitious thread 
denoted by the “mean of the thieads;” the formei, when Tin 
(82) is the time of transit over the middle thread, and the latter 
when Tis the time of transit over the mean of the threads 
Let us first determine c for the middle thread its value for 
the mean of the thieads can afterwards be found by adding the 
quantity u (Art. 133) , thus, denoting the lattei by e* we shall 

have 


„=C + A1 


(103) 


144 First Method —Place the telescope in a horizontal position, 
and select any terrestrial object that presents some well defined 
point, and so remote that the stellar focus of the telescope need 
not be changed to obtain a good definition of the point f Mea- 
sure with the micrometer the distance of the point from the 
middle thread Reverse the rotation axis, and again measure 
this distance If it is the same as before, the thread is in tin 
collimation axis, and c = 0 , otherwise e is one-ha If the difference 
of the micrometer measures. To obtain a simple practical ru. * 
which wifi fix the Bign of e for clamp west, put 


__ the micrometer distances of the middle thread from 
the point, positive when the thread appears in the 
field to be nearer to the clamp than the point, 


then, for clamp west, 
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This gives e with the positive sign when the thread is neare 
to the clamp than the collimation axis, in which case stars i 


* Greenwich Obs for 1852 Introd p it 

|The meridian mark, if one has been established, will, of course, be used f 
tins point See Art 159. 


COLLIMAT ION CONSTANT 1C1 

tbeir upper culminations arrive at the thread before they reach 
the axis, and the correction c sec S must be additive 

By this method, no correction for the inequality of the pivots 
is required, since the telescope is horizontal. 

Instead of a distant terrestrial point, we may substitute tht 
intersection of two threads in the focus of a horizontal colli- 
mating telescope, placed north or south of the instrument To 
avoid reversing the axis, two such collimators are used, as in 
the following method 

145. Second Method . — Let two horizontal collimating telescopes 
D and F, Fig 41, be mounted on piers in the transit room, one 


rig. 41 



north and the other south of the transit instrument, in the same 
plane with its rotation axis, their obj ectives turned towards this 
axis, and, consequently, towards each other Suppose, for sim- 
plicity, that the collimators have each a single vertical thread 
N or S m the principal focus The transit instrument being at 
first removed so as not to obstruct the view of one collimator 
from the other, an image of the thread of either collimator will 
be formed at the focus of the other, and either thread may be 
adjusted so as to coincide exactly with the image of the other 
Then the two sight lines of the collimators are m the same 
line, or at least aie parallel to each other, and their threads 
when viewed by the transit telescope represent two infinitely 
distant objects whose diffeience of azimuth is precisely 180°. 
Replacing the transit instrument, direct it first towaids the 
north collimator. Let CC' be its rotation axis, AA' perpendi- 
cular to CC' its collimation axis, T the middle thread of the 
diaphiagm at the distance AT = c west of the axis An image 
of N will be formed at N' at a distance AN' from the collima- 
tion axis, which is the me.»e re of the difference of directions of 

VOL II— 11 
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the common sight lme of the collimators and thej axis AA\ 
Measure with the transit micrometer the distance (— M) of / 
from N> 2fext revolve the telescope upon its rotation axis and 
direct it towards the south collimator. The axis CC is un- 
changed, and the point A of the focus which represents the 
collimation axis is now found at A' The image of 8 » formed 
at S' at a distance A' S' from the collimation axis, which is again 
the measure of the difference of directions of the common sight 
line of the collimators and the axis AA> so that we haveXZV 
= A' S' hut the points S' and N' are on opposite sides of the 
axis The middle transit thread is now at T> on the same side 
of the collimation axis and at the same distance from it as 
before so that we have also A' T 1 = c. Hence, icmemhermg 

that 

M M' = the micrometer distances of the middle thread west 
’ 0 f t he north and south collimator threads, respect- 

ively, 


we evidently have 


c = HM+ JT) 


To give this method the gieatest degree of precision, it will 
not suffice to use single vertical threads in the collimators, on 
account of the difficulty of estimating the coincidence of two 
superposed threads It is also clear that the sight lines of the 
two collimators must not be marked by two entirely similar and 
equal systems of threads, since to bring the sight lines into coinci- 
dence we should still have to supeipose one system upon the other 
A simple method is to substitute for the single thread m the 
north collimator two very close parallel veitical tlneads, and in 
the south collimator two threads intersecting at an acute angle 
and making equal angles with the vertical Then tlie middle 
point between the close parallel threads marks the sight line of 
the north collimator, and the coincidence of the intersection of 
the cross threads of the south collimator with this point can be 
iudged of by the eye with gieat delicacy It will assist the eye 
Bomewhat if the collimators have also two parallel honzonta 
threads equidistant from the middle of the field, but not at the 
same distance from each other m both telescopes 

In the large transit-circle of the Greenwich Observatory the 
whole system of transit thieads is moved by the micrometer 
screw In this case let M and M' be tbe micrometer readings 
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when the middle thread is m coincidence with the two colli- 
mators respectively; then M 0 = J ( M + M f ) is the reading when 
the middle thread is m the axis of collimation, and c = 0 , and 
if during any subsequent observations the micrometer is placed 
at a different reading m, we must take for the reduction of such 
observations e = M 0 — in 

Example. — On Feb 7, 1853, the collimators of the Greenwich 
transit-circle having been brought into coincidence, the middle 
transit thread was biought successively upon each collimator, 
and the reading of the micrometer for the north collimator was 
31 r 300, and foi the south collimator 31 r 521. Hence, the micro- 
meter being set at the mean 31 r 411, the middle thread would 
be in the collimation axis, and then c == 0 But if the tiansit of 
a star was observed on that date with the micrometer set at 
31 r 5, we should have c = 31 r 411 — 81 r 5 = — 0 r 089, or, since 
l r = 0* 985, e = — 0.088 


146. For merely determining the collimation constant, it is 
not necessary, as has been above supposed, that the collimators 
be m the same horizontal plane with the axis of the transit 
instrument. They may be in a plane so far above (or below) 
that of the transit instrument that the telescope of the latter 
when horizontal will not intercept the view fiom one to the 
other If then each collimator is mounted as a transit instru- 
ment and its rotation axis is level, it can be depressed (or 
elevated) until its threads can be viewed by the transit tele- 
scope. If the inclination ot each collimator to the horizon is 
the same, and the measures of the distances of the middle transit 
threads from the two collimating threads are as befoie M and M f , 
we still have c = %(M -f M f ) The objection to this arrange- 
ment is that the sight lines of the collimators must be made per- 
pendicular to their rotation axes, and these axes must be levelled, 
adjustments which are unnecessary when they are in the same 
or very nearly the same hoiizontal plane as the axis of the prin- 
cipal instrument 

To avoid the necessity of raising the transit instrument out 
of the Ys (when the three instruments are in the same hoiizontal 
plane), two apeitures may be made m the cube of the telescope, 
through which, when the telescope is vertical, the horizontal 
rays from the collimators may ;jass 
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amifurr instrument in the meridian 

147 Thud Method — Duect the instalment vertically towaids 
the mercury eollimatoi, and measuie with the miciometei the 
distance of the middle thread from its image , put 

]\f — the miciometei distance of the thread from its image, 
positive when the tlnead is wnt of its image, 

then it is evident that, if the lotation axis is liouzontal, we shall 
have M = 2c, hut, if the west end is elevated by the quantity l. 
the apparent distance of the thread and its image will be dinnn 
ished by 2 b: so that we shall then have M = 2 c — 2 b, whence 

c = \M+b (105; 

which gives c with its propel sign for the actual position ot the 
lotation axis. 

If we wish to determine the level constant at the same time, 
we reverse the axis, and again measuie the distance of the middle 
thread from its image Then, putting 

M, M'= the distances of the thread west of its image for 
clamp west and clamp east, respectively, 
b, V — the level constants in the two positions, 


we have, for clamp west, 


c — ^ M b 


and (since the sign of c is changed by the reversal), for clamp 
east, 


whence 


— c = \M'+V 


or, since b' — b = 2 jp, 


c 

and c 

We have also 


| (Jf — M'~) — p clamp west, 
— \(M — M') + p “ east, 

V + b = — + M') 

V — l — 2p 


whence 

b = — ^ (M + M') — p clamp west, 
V = — \(M+M') + p “ east, 


] (io<n 


| (107 ) 


When the micrometer thread is at right angles to the meridian, 
and, consequently, moves only in decimation, it can nevertheless 
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be used for determining the small quantities c and b according 
to the above method, as follows Let AB, Tig 42, 
be the middle transit thread, A'B' its reflected 
image in the collimator, CD the linoi ometei thread. 

Move the micrometei thread CD until the distance 
between it and its image CD’, estimated "by the 
eye, is equal to the distance between the transit 
thread AB and its image, that is, until the two threads and 
their images form, to the eye, a perfect square This squaie is 
always very small in a toleiably well adjusted instrument, and 
can he veiy accurately foimed by estimation Ve have then 
only to measure the distance of CD and CD ' to obtain the 
required distance Now, if we move CD we also cause the 
image C'D' to move; hut it is evident that (the telescope not 
being disturbed) if CD is moved to C'D', the image will he seen 
at CD, and, in passing from one position to the other, the thread 
and its image will he in coincidence at the point midway between 
the two positions If this coincidence could be observed with 
perfect accuracy, we might icad the miciometer head first when 
the square was foimed, and secondly when the coincidence 
occurred and the difference of the readings would he one-half 
the requned measure of the side of the square But, as the 
threads have sensible thickness, it is difficult to estimate the 
coincidence of the middle of the thread with the middle of its 
image, and therefore it will be better to read the micrometer, 
first when the square i# formed by the tlnead at CD and its image 
at C'D', and secondly when the square is again formed by the 
thread at C'D' and its image at CD The difference of the 
readings will then he the requned measure of the side of the 
square or of the quantity above denoted by M 

Example 1 — In 1857, June 28, at the Naval Academy, to find 
the colhmation constant of the meridian ciicle, the distance of 
the image of the middle tlnead fiom its image m the mercuiy 
collimator was measured, by forming a square, as above explained, 
with the decimation micrometei tlnead, alternately north and 
south of its own image. The readings of the miciometer were 
53.5 div and 59 5 div The middle thread was west of its image. 
The value of one division of the micrometer was 0® 0618 The 
level constant found by the spirit level was l — — 0" 247 Clamp 
West, 


Fig 42 
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A' 

C> 
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"We find 

div 

M = + 60 = + 0*371 
c = \ M + b = + 0* j.86 — 0*247 = — 0*061 

Example 2 — In. 1855, May 11, with the same instrument, a 
similar observation was made, both with clamp west and clamp 
east, and there were found 

div 

Clamp W , M = — 5 4 (Thread east of its image) 

“ E, M'= — 2 7 “ “ “ “ 

Hence, since for this instrument p = 0, we find 

c — l (M — M r ) = — 0* 042 for clamp W, 
b = — J {M -f M ‘ 0 = -1- 0 125 

148 By combining the collimating telescopes with the mer- 
cury collimator, we can deduce both the collimation and level 
constants without reversing the rotation axis and without in- 
volving the inequality of the pivots For, by the collimating 
telescopes, we deduce the value of c, and by the mercury colli- 
mator in the same position of the axis, the value of b — c — \M 
This is the method now employed at the Greenwich Observatoiy, 
where the transit circle is never reversed , but it is bettei also 
to reverse, and thus obtain two independent determinations of 
our constants for verification 

If W e reverse the mstiument and deteimme the level constant 
by this method in both positions, we can find the inequality of 
the pivots , for we shall have p = \{b'—b) 

149 Fourth Method — The preceding methods are very precise 
and convenient, but are practicable only with instruments pro- 
vided with collimators The following method is independent 
of these auxiliaries, and is piacticable with all instruments which 
admit of reversal , and, being quite accurate, it may be used 
also with the laiger instruments m connection with the othei 
methods, as a check upon them 

Direct the telescope upon a star near the pole, and observe 
its transits over one or more of the side threads (and also over 
the middle thread, if the instrument can be reveised in the 
interval between two threads) Then immediately reveise the 
rotation axis and observe the transits of tlio stai over one oi 
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more of the same side thieads again Let T and T' be the 
mean of the clock times of transit over the middle thread, 
deduced fiom the several observations for clamp west and clamp 
east respectively (Art 133) , b and b' the level constants in the 
two positions (the pivots being supposed unequal) , then, by (82), 
(83), and (87), we have, for clamp west, 

a, = r + *T + a sin O — $ ) _|_ b cos O — S) _c 0* 021 cos y 

COS S COS <S ' COBiJ costf 

and, for clamp east, 

a = r+ A T + a 8m ^ — *) _(_ y COSp — 8) £ 0* 021 cos y 

COS d COS <5 COS d COS d 

Trom tlie chffeience of these equations we deduce 

c = % ( T f — T ) cos d -(- p cos (<p — d) (108) 

m which we have substituted for J-( b r — b ) If the pivots are 
equal, the term p cos (<p — 8) will disappear 
If ITaxid T' are the times of passing the mean thread (Ait 134), 
then e is the collimation of this fictitious thread 


150. If the equatorial intervals have not been previously well 
determined, the mean of the transits over the same thread in the 
two positions must be compared with the transit over the middle 
thread Thus, if T x and T x f are the clock times on the same 
thread for clamp west and clamp east, we have, for this thread, 
q being its equatorial interval (omitting the diurnal aberration, 
which, would be eliminated), 


a 


e» 


= — f- q sec d -|— a 07 — J~ cl 


= T x — q sec d aT + a 


sm (<p — d) j cos (p — 5) c 

COS d COS S COS d 

sm (g — d) y COB(y — c 

cos d cos <5 cos <5 


and, for the middle thread, supposed to he observed with clamp 
west, 


» = T+ aT + a s i n ^ ~ 3 + b *> + J. 

COS d COS <5 A 


The difference between the last equation and the mean of the 
first two gives 

c — | ^ T \ cos d -f p cos (<p — <5) (109*) 
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but, since the error of observation in T will appeal in all the 
values of c thus found fiom the several threads, their mean wil 1 
also involve this error, so that but a slight increase of aceuiacy 
will be gained by obseivmg more than one side thread. Hence, 
for the gieatest precision, it is indispensable that the thread 
intervals should be previously well determined, and that several 
threads should he used as preseiibed in the preceding article 

These formulae apply without modification to the case of a 
lower transit, if for § we use the supplement of the stai’s decli- 
nation (Art 128) 

Example. — On Sept. 30, 1858, the lower transit of Polai is was 
observed with the meridian circle of the Naval Academy on the 
three side threads and the middle thread with clamp east, and 
on the same side threads with clamp west, as below 


Polans (lover culm ) 5 = 91° 26' 34". 



Thread 

Clock 

Reduction to 
middle thread 

Clock time on 
middle thread 


i 

12* 44*“ 45* 

+- 23“ 39* 2 

13* 8“ 24* 2 


n 

12 52 41 

+-15 44 8 

25 8 

Cl E 

in 

13 0 89 

+- 7 47 5 

26 5 


IT 

13 8 24.5 


24 5 




Mean T' = 

13 8 25 25 


III 

13 16 21 

- 7 47 5 

13 8 33 5 

Cl W 

II 

24 20 

— 15 44 8 

35 2 


I 

32 13 

— 23 39 2 

33 8 




Mean T = 

13 8 33 17 


The adopted intervals for these threads were = +- 35*. 67, 
= -f- 23’.77, i 3 = +- 1T.77, with which the reductions to the 
middle thread were computed as in the table As a test of tlic 
aceuiacy of the observation, each thread is hcie 1 educed sepa- 
rately "We have then, taking only tlic seconds of T and T', 
and putting p = 0, by (108), 

c 25*25 — 33* 17 coa 9p 2g/ g4 „ _ + 0 . 100 ( C1 w.) 

2 

On tbe same day the distance ot the middle thread west of its 
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image m the mercury collimator was found with clamp east to 
he — 19 9 div = — 1* 230, and by the spirit level there was found 
b — + 0* 521, whence c = — 0® 615 4- O’ 521 = — 0.094 (Cl E ), 
agreeing almost exactly with the value found by JPolans 


THE AZIMUTH CONSTANT 

151. To find the azimuth constant, we must have lecourse to 
the observations of stars, since it is only by a reference to the 
heavens that the direction of the meridian can be deteimined 
We can either find a directly, oi first find n and m, from which 
a can be deduced 

To find a directly — Observe the transits of two stars of different 
declinations d and S' Let T and T' be the clock times of transit 
reduced to the middle thread (or the mean thread), b the level 
constant, c the colhmation constant for the middle thread (or 
the mean thread), and put c' — c — 0® 021 cos <f (Art 126). let 
a T 0 be the clock correction at any assumed time T 0 , ST the 
hourly rate , then the clock corrections at the times of observa- 
tion are 

ST(T — T„) 
ir'=iT 0 4 8T( T ' — T„) 

Then, if a and a ' are the apparent right ascensions of the stars 
at the time of the observation, as found from the Ephemeiis, 
we have, by (82) and (87), 

a = T aT -{■ a sin ( <p — 8 ) sec <5 + b cos ($® — 8) sec 8 -)- c' sec S 

j— T'+ a T'4- a sin O — S') sec <S'-|- b cos (y> — &) sec 3'-|- d sec S' 

If m these we substitute the above values of a T and aT', and 
suppose the rate of the clock to be given, every thing m the 
equations will be known except a T 0 and a To abbreviate, put 


t — T 4- 6T(T — T 0 ) -f b cos (jp — 8 ) sec S + d sec 8 
t'= T' 4- 8T(_T'— T 0 ) + b cos — S') sec 3'+ o' sec # 


( 110 ) 


that is, let t and t' denote the observed clock times reduced to 
the assumed epoch T 0 and corrected for level and colhmation , 
then we have 

a = t 4- a r # 4- a sin ($» — 8 ) sec 8 
o' = t'4- A r o 4- a sin {<? — S') sec S' 
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which give 
/ 

a 


whence 


or 


Prom these formulse we learn the conditions necessary for 
the accurate determination of a In the first place, if the 
late of the clock is not well deteimmed, the interval between 
the observations must be as brief as possible, so that t and t! 
will be but little affected by the erroi m 3T The right ascen- 
sions of the two stars must therefore differ as little as possible, 
or, if one of them is obseived at its lower culmination, they 
must differ by nearly 12 A In the next place, it is evident that 
the larger the factor tan 3 — tan d' in the denominator of (111), 
the less effect will enors m V and t have upon the deduced 
value of a Therefore, if both stais are observed at the tipper 
culminations, one must be as near to the pole and the other as 
far from it as possible Finally, the light ascensions a and ex' 
must he accuiately known, and, therefore, only fundamental 
stais should be used, 01 those whose places aie annually given 
in the Ephemera 

If one of the stars is observed at its lowei culmination, we 
have only to use 180° — o' and 12'* -f a.' for its declination and 
right ascension, and still use the equations (110) and (111) with- 
out change of notation (Art 128) In this case the factor 
tan d — tan S' will become tan d + tan S' (taking S' here to 
signify the proper decimation) , and this will be the greater, the 
neaier both stars are to the pole All the most favorable condi- 
tions can therefore he best fulfilled by two circumpolai stars, 
both as near to the pole as possible and differing in light ascen- 
sion by nearly 12* 

If we can rely upon the stability of the instrument and the 
clock late for 12*, we may observe the same star at both its 
uppei and lower culminations, and then, putting 180° — S' = 8, 
the formula becomes 


a = t — t -j— a 


ZD 

5 

/ v 

1 

sin ( [<p — d) 

L eos b r 

COS d 


cos <p sin {8 — 8') 


= t' — t -)- a 

a= [(o' — a) — (t'~ t)] 


cos 8 cos d' 

cos <5 cos 8' 


cos <f sin (8 — 8') 


(«' — q) — (t' — t) 

cob <p (tan 8 — tan S') 


( 111 ) 
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a — a — (t f — €) 
2 cos <p tan <5 


( 112 ) 


where a f is the apparent right ascension of the star at the lower 
culmination increased by 12*, and V is the corrected time for the 
lower culmination. 

If the object of the observer is to re-determine the right 
ascensions of the fundamental stars themselves, it is plain that 
he must have an instrument of the gieatest stability, and for 
the determination of the azimuth must rely upon upper and 
lower culminations of the same star; for the difference a/ — a 
in (112) may be accurately computed by the formulae for pre- 
cession and nutation, although the absolute values of a and a' 
may be but approximately known 

To find n directly — Having observed two stars under the con- 
ditions above given, let t and V be the clock times reduced for 
rate to the assumed epoch T 0 as before, but further corrected 
only for collimation , that is, put 


t= T+ dT(T — T 0 ) + d sec d 
t'= r+ dT(T— T 0 ) H- e'sec V 

then, by Bessei/s formula, Art 126, 

o = t -f aT 0 -\- m -f- n tan S 
aT 0 -|- m + n tan <3' 

whence 

rL _ — — 

tan d — tan 



(1H) 


Tor a single circumpolar star observed at its upper and lower 
culminations, 


ft' — Q— (/— q) 
2 tan S 


(115) 


We then find m by (85) , namely, 

m = b sec <f — ft tan a (116) 

If we reduce our observations by Bessel’s or Hansen’s 
formula, it will be unnecessary to find a If it is required, how- 
ever, it may now be found by the equation 


a — b tan <p — n sec ? 


(117; 
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Example — O n May 25, 1854, with tlie mcndian circle of the 
IT S Naval Academy, the upper and lower transits of Polans and 
the transit of a Amt is weie observed, and the clock times reduced 
to the middle thread were as follows 

T 

Polans U C l 1 14"* 48* 24 (Clamp East ) 

a .Arietis 2 8 9 13 “ 

Polans L C 13 14 40 12 


"With the spirit level and meicury collimator, there were found 
b = -f O' 004, c — — O' 203 The houilj late of the clock on 
sidereal time was ST= — 0* 224 The longitude of the instill- 
ment was 5 h 5 ra 55 s W of Greenwich, and the latitude <p — 38° 58' 
52" 5 Find the constants a, in, and n 
From the Nautical Almanac for this date the right ascensions 
and declinations of the stars, reduced to the tune of the obser- 


vations, are 

a 

Polans TJ C P 5“ 29* 41 
a Arietis 1 58 56 05 

Polans L C 13 5 29 75 


it 

88° 31' 39" 
22 46 7 
91 28 21 


Nat tan rS 
38 902 
0 420 
— 38 902 


We find for the constant of diurnal aberration foi the given 
latitude, 0*021 cos <p — 0’ 016, and hence c' = — 0 s 208 — 0*.01(i 
= — 0* 219 Computing c' see o. b cos (<p — <5) sec b for each stai, 
and reducing the tunes foi late to 0'*, the values of t, accoidmg 
to (110), are found as follows 



T 

lied foi 
iate to () A 

Con foi 
colluu 

Con foi 
level 

t 

Polaris U 0 

1* 14 m 48* 24 

oo 

o 

i 

— 8*52 

+ 0*10 

1'* 14“ 39* 54 

<* Arietis , 

2 8 9 13 

— 0 48 

— 0 24 

0 uo 

2 8 8 41 

Polans L C 

13 14 40 12 

— 2 97 

-f8 52 

— 0 09 

13 14 45 58 


To exemplify the use of the foimula (111), we will first take 
Polans XT C, and a Ariehs (accenting the quantities toi the 
second star) We find 

a' — a = 53“ 26*64 t' — t = 53 m 28*87 

tan <5 — tan <S' = 38 482 

and hence, by (111), 


38 482 cos <p 
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To exemplify the use of (111) m the case of tw o stais, one 
above and the other below the polo, we will take « Ai ictis and 
Polaris L C , foi which w e find 


whence 


a = IP 6» 33* TO t’ — t = IP 6"* 37* 17 

tan d — tan 8' = 39 322 


— 3*47 
39 322 cos <p 


= — 0* 114 


To exemplify the use of (112), we will take Polaris U C. and 
L C , for which we have 


a' — a = 12* 0“ 0* 34 
whence 


t'—t — 12* 0*6*04 
2 tan 8 == 77 80 


a = ^ 70 = — 0* 094 

77 80 cosy 


We adopt this last determination of a, and then, by (80), we find 
m — — 0* 056 n = + 0* 076 

But, where m and n are required, it is preferable to find n 
directly from tlie observations, and for tins purpose we do not 
conect the times for level Thus, correcting tlie times according 
to (113), we find t as follows 



T 

Bed for 
rate to 0* 

Corr for 
coll 

t 

Polans TJ C 

P 14*“ 48* 24 

— 0*28 

— 8* 52 

1» 14”* 39* 44 

a Anetis , 

2 8 9 13 

— 0 48 

— 0 24 

2 

8 8 41 

Polaris 1 C 

13 14 40.12 

— 2 97 

+ 8 52 

13 

14 45 67 


Taking Polaris XT O and a Ariehs, we find, by (114), 


+ 2*33 
38482 


+ 0* 061 


Taking a Anetis and Polaris L C , we find, by the same 
foimula, 


+ 3*56 
39322 


= + 0* 091 
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Finally, fiom Pobns TJ C. and L C., we imd, by (115), 


n — 


+ 5 — == + 0* 076 
77 804 


agreeing exactly with the value above found fiom the same 
observations We now find m by (116), which gives as befoie 
m — — 0* 056 And then, if a is required, we find, by (117), 
a = — O’ 09 1 

THE CLOCK CORRECTION 

152 Having determined all the instrumental constants, the 
clock eoircction is found from the tiansit of any known star by 
the formula 

aT= a.— (T+r) 

m which I is the clock time of the star’s transit over the middle 
thread, or the mean thread, and r is the reduction of this thread 
to the m endian, computed by either (81), (86), or (87) 

The finally adopted value of a T will be the mean of all the 
values thus found from a numbei of stars , and this mean will 
be the value conoRponrhng to the mean of all the times of obser- 
l ation But the obsoivations thus grouped together for a deter- 
mination of aT should not extend over so great a period of time 
that the clock rate cannot he regarded as constant during that 
period 

The clock rate is found by companng the corrections a T, a T\ 
corresponding to two times T, T', or 

T — T 


The value a!T 4 of the clock corieetion for an assumed epoch T a 
will be found by taking 

aT 0 = aT + ST(T 0 — T ) 

It is evident, fiom Hansen’s formula (86), that an enor in the 
determination of n (oi of a, which involves n) will have the less 
effect upon r and a Tthe less the difference between the observei ’s 
latitude and the star’s declination Hence, assuming that b and 
c can be found with greater precision than n, it is expedient to 
use for dock stars only fundamental stars which pass neai to the 
zenith If two circumzemth stars are observed, such that the 
mean of the tangents of their declinations is equal to the tangent 
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of the latitude, the mean value of A T will he wholly free from 
any error m n 

An error m c will he eliminated, either wholly 01 m pait, hy 
taking the mean of the two values of if found in the two posi- 
tions of the rotation axis, since the sign of e, and, consequent!!, 
also that of any eiror m c. is changed by reversing the axis An 
error in the assumed value of the con cction p, for incqualiti ot 
pivots, will also be removed in this manner; hut, since the co- 
efficient of b does not change its sign for different stars, nor 
when the instrument is reversed, there is no method of elimi- 
nating an unknown enor of b It is necessary, therefoie, that 
the astronomer give partieulai attention to the precise determi- 
nation of this constant 

(For the determination of the clock correction by a transit of 
the sun, see Ait 155) 

DETERMINATION OP THE RIGHT ASCENSIONS 0E STARS 

153 The principal application of the transit mstiument m the 
obsei vatoiy is the determination of the apparent light ascensions 
ot the celestial bodies Tlie instrumental constants and the 
clock correction and rate being found from known stars as above 
explained, the right ascension of any other star is immediately 
deduced from the time of its transit by (82), m which we may 
substitute (86) oi (87). The foim in which the obseivations are 
l educed will be beat learned by referring to any of the printed 
observations of the principal observatories. 

In making a catalogue of stars, the instrument is clamped at 
a certain decimation, and all the stars within a zone of the 
breadth of the held of the telescope are observed as they cross 
the threads In this case, it will be expedient to find the clock 
coriection from fundamental stars nearly in the parallel of decli- 
nation upon which the instrument is set For if we have found 
a T from a star whose right ascension is a, by the formula 

Ar=a — (T + t) 

the right ascension of anotliei star will be 

a' = T' -f- a T 4- 8T(T' — T)+ t' 

= a +(T'-T)(l + 8T) + (T f -r) 

that is, it will be equal to the right ascension of the fundamental 
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star mci eased by the clock interval corrected for rate, and for 
the difference r' — r of the instrumental corrections , and if the 
decimations are the same, we shall have t — 0, and all the 
enois of the instrument will be eliminated Since, m this appli- 
cation, the absolute clock collection is not lequned, we may 
substitute in (82) m' foi aT+ and m f will be found directly 
from the fundamental stars by the foimula 

m' = a — (T + n tan <5 + c r sec d) 

The right ascensions will then be obtained by adding to the 
observed times the correction vi r + u tan 8 + G * sec will 

not be necessaiy to separate ml into its constituents aT and m 
Since m f involves the rate of the clock, its hourly variation will 
be taken into account in precisely the same manner as that of 
aT This mode of reduction was adopted by Bessel for his 
Komgsberg Zone obsexvations 

The mean right ascensions for the beginning of the year or 
for any assumed epoch, are found, fiom the apparent right 
ascensions, by the formula (692) of Vol I 

For the determination of the absolute right ascensions of the 
fundamental stars, see Chapter XII Vol I 


TRANSITS OF THE MOON, THE SUN, AND THE PLANETS. 

154 Transits of the moon —The horn angle of the moon's limb, 
when on a side thread, is affected by parallax, and the time 
required by the moon to pass from this thread to the meridian 
differs fiom that required by a stai in consequence of the moon's 
proper motion m light ascension If 8 is the true decimation of 
the moon, 8 f the apparent decimation as affected by parallax, & r 
the apparent east hour angle of the moon's limb at the instant 
of the observed transit over a thiead whose equatorial mtcival 
Fig, 43 from the middle thread is z, then, since 8' is the decli- 
nation of the obseived point on the thiead, we have 

# = m + n tan <V + (i + O 8ec 

Thus is known, but to reduce the observation we 
must find the true hour angle # Let Pifcf, Fig 43, be 
the meridian, P the pole, Z the geocentric zenith of the 
place of observation, 0 the true place of the moon, O f 
its apparent place , and denote the true and apparent 
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zenith distances ZO and ZO' by & and z' We have MP O — 
MPO’ — 9', and drawing OM, O'M' perpendicular to the meri- 
dian, we find 


or 


sin 3fZ0 = ™ M0 = 
sm ZO 


sin M0 r 
sin ZO ' 


whence 


sm fl cos d sin cos 

sm z sin z f 


.Now, if 


# == 


sin z cos 5' 
sm s' cos d 


). = the moon’s increase of right ascension in one second ol 
sidereal time, 

the sidereal time required by the moon to describe the hour 

angle 9- is ^ - , and, therefore, 7 1 being the clock time of transit 

of the limb over the thread, the right ascension of the limb at 
the instant of its transit over the meridian mil be 


» = T4- a T-\ — 

and if we put 

S = the moon’s geocentric apparent semidiameter, 
the hour angle of the moon’s centre when the limb is on the 

s 

meridian will be ± — -> and the time required by the moon 

15 cos o ^ 

to describe this hour angle will be ± , Hence the 

15 (1 — X) cos d 

formula for computing the right ascension of the centi e at the 
instant of the tiansit of the centre over the meridian is 

a = T+ AT4 h 

~ 1 — A 15 (1 — cos d 

m which the upper 01 the lower sign will be used according aa 
the first or the second limb is observed If then we substitute 
the values of and and put 

p sm z 1 

sin / (1 — A) cos d 


r ol ir— 12 


( 118 ) 
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o= T+a T-\-iF- \-(m -f n tan «/ soofJ') Fcos 8'± 

To compute the faetoi F conveniently, put 
sin z „ 1 


S 


15 (1 — l)cos£ 


(119) 


A = 


then 


sin s' 1 — 1 

F = AB sec 8 


The value of A may be developed m a simple form. If we put 
tp' = the reduced or geocentnc latitude ot the place of observa- 
tion, f) = its geocentric distance, n — the moon’s equatonal 
horizontal parallax, we have z = <p' — 8, and 


whence 


sin (s' — s) = /> sin ic sin s' 

A = Sin - = cos (s' — s) — / o sin ic cos s' 
sins' 


or, neglecting the square of the parallax, 

A = \ — p sin ic cos ( <p ' — 8) 

which is the foim employed by Bessel, who gives the value of 
log A, in Table XTTI of the Tabula Fegiomontance, with the 
argument log \_p sin tt cos (cp' — 5)] Foi a particulai obsei vatoiy, 
where these i eductions are frequent, it is moie convenient to 
prepaie a special table, adapted to the latitude, giving log A with 
the arguments d and n In Bessel’s table, theie are also given 
the values ot log B with the argument “ change of the moon’s 
light ascension in 12* of mean time,” and the aiguinent is ex 
pressed m degrees and minutes of aic , but as the cliaugc in onv 
minute, expressed in seconds of time, which I shall denote by na, 
is given in the American Ephemens, I shall take 


ao. B= 60 1643 

60 1648 60 1643 — Ao 


where 60 1648 is the number of sidereal seconds in one minute 
of mean time The following table gives the values of log B 
computed by this foi mula 
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Argument Aa — change of the moon’s right ascension in one minute of 
mean time 


Aa 

log B 

Aa 

log B 

Aa 

log B 

1* 65 

0 01208 

2*05 

0 01506 

2* 45 

0 01806 

, 1 70 

0 01245 

2 10 

0 01543 

2 50 

0 01843 

1 75 

0 01282 

2 15 

0 01580 

2 55 

0 01881 

1 80 

0 01319 

2 20 

0 01618 

2 60 

0 01919 

1 85 

0 01356 

2 25 

0 01655 

2 65 

0 01956 

1 90 

0 01394 

2 80 

0 01693 

2 70 

0 01994 

1 95 

0 01431 

2 85 

0 01730 

2 75 

0 02032 

2 00 

0 01468 

2 40 

0 01768 

2 80 

0 02070 


This table will be useful also m computing the teim 


S 

15 (1 — 1) COS 3 


SB sec 3 


The reduction of an observed transit of the moon is then as 
tollows The transit over each thiead is reduced to the middle 
thread (oi mean thread) by adding the correction iF to the 
observed times, and the mean of the several results is taken 
as the clock time of transit of the limb over the middle (or 
mean) thread, or this time may be found by multiplying the 
mean of the equatorial intervals of the observed threads by F 
and adding the product to the mean of the observed times 
This time is then reduced to the meridian by adding the correc- 
tion (m + n tan 8' + c ' sec 8')F cos 8' or (m cos S' + n sin 8 ' + c')F y 
m which we may take 8' = 8 — n sin ( <p ' — 8) Then, adding the 
clock correction, we have the right ascension of the limb at the 
instant of its transit over the meridian Finally, adding or sub- 
tracting the term z-z-r- -> we have the light ascension of 

° 15 (1 — X) cos 3 ® 

the moon’s centre at the instant of its tiansit over the meridian 
When the moon has been observed on all the threads, the 
computation of F by the above method may be dispensed with, 
as an approximate value, sufficient for computing the reduction 
to the meridian, may be inferred from the observed times on the 
fiist and last thread Foi, calling the observed interval between 
these threads I, and the equatorial interval i y we have I = iF, 
whence 
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If we omit the factor 1 - A throughout, the right aaeenaiou 
obtained is that which corresponds to the instant of the observa 
tion instead of the instant of meridian passage 


Example — The tiansit of the moon’s first limb was observed 
at the U S Naval Academy on May 29, 1855, as follows . 


(Clamp east ) 


Thread 

Clock 

I 

15 ft 3 ra 

57*5 

II 

4 

10 3 

III 

4 

23 2 

IV 

4 

36 2 

V 

4 

49 0 

VI 

5 

1 8 

VII 

5 

14 6 


For the Naval Academy we have <p' = 38° 47' 38", and logp 

— 9 99943 , and the longitude from Greenwich is 5* 5 W 57" 

The constants of the transit instillment weie m = + 0* 251, 
H — _ 0M62, c — + 0’.093 , and hence (Ait 126) c' = + 0* 093 

— 0’ 016 = + 0*.077 The clock correction to sidereal time was 
+ 1“ 25* 11. The equatonal intervals of the threads from the 
middle thread were 


+ 85*65 +23*72 + 11* 78 — 11*77 — 23* 77 - 35*67 

From the American Ephemeris we find for the culmination 
at the Naval Academy on May 29, 1855, 


* = 57' 46" 1 S = 15' 46" 5 

<5 = — 17° 58' 53" a. a = 2* 2147 


To illustrate the method of l educing the observations to the 
middle thread, we will first find the factoi F by dnect computa- 
tion We have f'-3 = 56° 46' 31", log p sin tt cos (f 1 — d) == 
1 96355 , and hence 


log A = 9 99599 
log 15 = 0 01629 
log sec 5 = 0 02175 
log F = 003403 

Multiplying the equatorial intervals by F, we find the reductions 
of the several threads to the middle thread to be 

I II in v VI vil 

+ 38*56 +25*65 + 12*74 —12*73 — 25*71 —38*58 
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The clock times of transit ovei the middle thread, according 
to the observations on the several threads, were, therefore, 


I 

15* 4” 1 

se- 

06 

11 


as 

95 

III 


35 

94 

IV 


36 

20 

V 


36 

27 

VI 


36 

09 

VII 


36 

02 

Mean T 

= 15 4 

36 

08 


To compute the mstiumental collection, we have ttsih (</>' — 8) 
_ 48' 3, whence o v = — 18° 47' 2, m + n tail 8' + C sec 8' = 
4 - 0* 387, and tlierefoie 

(rii 4 - n tan S' 4~ c ' sec 8') F cos S' = 4" 0* 40 

Applying this term to the above mean, we have 

Clock time of transit of the limb = 15» 4“ 36* 48 

Clock correction, a T = + 1 25 11 

E A of the limb at transit = 15 6 1 59 

S = 1 8 88 

15 (1 — 1) cos S 

E A of moon’s centre at ti an Bit, a = 15 7 10 47 

The factor F might have been approximately deduced fiom 
the first and last observations, which give the intei val 1= 77' 1, 
and the equatorial interval between the extreme threads is 
i = 35*. 65 4- 35* 67 = 7T.32, whence 

log F = log — i = 0 0338 


which is sufficiently accuiate for reducing the mstiumental cor- 
rection 

The <£ sidereal time of the semidiametei passing the meudun, 

ftl s may he taken from the table of Moon Culmi- 

01 15(1 — i) cob a J 

nations given m tlie Ephemens ; 

The clock correction employed in deducing the moon s right 
ascension should be deduced from stars as nearly as possible m 
the same parallel of declination (See Art 153 ) The moonc- 

mmating stars” aie stars lying nearly in the moon s path whose 
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positions have "been carefully determined foi this purpose (See 
Vol 1 Art 229) 


155 Transits of the sun or a planet —The formula (119) is applic- 
able m general to any celestial body , but, in the case of the sun 
and planets, the parallax is so small that its effect upon the time 
of transit over a side thread is inappreciable so that we may 
take simply 

2 ? — 1 B sec 3 

(1 — A) cos & 


and, consequently, also put $ for o' The formula for computing 
the right ascension of the centre of the sun oi a planet ovei any 
given thread is, therefore, 

a= (m + n tan 8 -f <f sec 3) B ± J^&Bsecd (120) 


in 


which (A denoting the change of right ascension in one sideieal 


second) we have 


B = 


1 — A 


The logarithm of B may be readily computed Putting not for 
the ch ang e of right ascension in one hour of mean time (which 
change is given in the Epkemens for the sun), we have, since 
one mean hour is equal to 3610 sidereal seconds, 


A 


Aa 

3610 


*log B = — 



Aa \ 

3610 ) 


— JL 

~~ 3610 

in which M= 0 43429, the modulus of the common system of 
logarithms Performing the division of M by 3610, we find 

log 5 = 0 00012 X Aa (121) 

in which a a must be expressed in seconds of time 

In the British Nautical Almanac, the change of right ascension 
n* in one hour of longitude is given for each planet In this 
case, we have 


* By the formula log (1 — x) = — M (as -f J + &c ), where the square and 
higher powers of a; are so small as to be inappreciable in the present case 
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JB = 1 + 


Aoi 

8600 


the logarithm of which may also be found by (121) with suft- 
eient accuiacy, that is, within a unit of the fifth decimal place 
The term & SB sec o, or “ the sidereal time of the senuchametei 
passing the mendian,” is given m the Ephemens for the sun and 
each of the planets When both limbs have been observed on 
all the threads, this term is not lequired, since the mean of all 
the obseivations is evidently the time of the passage of the centre 
oi er the mean of the threads If this mean is to be i educed to 
the middle thread, thei e will lemam the small con ection alB seed 
to be applied (Art 133), for which we may take ai sec d We may 
also put m + n tan 8 + c' sec » instead of (m + n tan d + e> sec S)B, 
unless m, n, and c' are unusually great 
Tlie reduction of transits of the sun observed with a sideieal 
clock is gieatly facilitated by the use of Table XII of Bessel’s 
Tabulae Regiomonlarxe, which contains every thing necessary for 
the purpose, for each day of the fictitious yeai (Vol I Art 406) 


156 Transits of the sun obsened with a mean tune chi onometer — 
A mean time chi onometer is often used with the portable transit 
instrument, and transits of the sun are then observed solely for 
the purpose of determining the clnonoineter connection In this 
case, the mean motion of the sun corresponds with that ot the 
chronometer, and therefore the factor B may be put equal to 
unity, unless we wish to obtain extreme precision by taking into 
account the small difference between the mean motion of the sun 
and its actual motion at different seasons of the year, a degree 
of precision quite superfluous m the use of a portable instrument 
If we put 


E = the equation of time for the instant of transit, positive 
when additive to appai ©nt time, 

S' = J S sec S = the mean time of the sun’s semi diameter 
passing the meridian, which may be taken from the 
Ephemens, 

t = the reduction to the men dian, found either by (82), (86), 

or (87), . . 

T = the observed chionometei time of the transit ot tne 
sun’s limb over a thicad whose equatonal interval is i, 
uT= the chronometer collection to mean time, 

t = the chronometei time ot the transit of the sun’s centre, 
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en we have 
id 


f = T -)* t sec 3 dt S' -4- t 
12* ■+ E = * + a T 

aT = 12* + E — t 


( 122 ) 


(123) 


Example — Oa May 17, 1856, the tiansit of the sun was ob- 
srved at the Naval Academy with a poitahle msti ument as below 
Diamp West) 


Thread 

Mean time chronometer 

let Iamb 

2d Limb 

i 

ii 

iii 

IV 

V 

11* 55- 42* 2 

55 57 4 

56 12 0 

lost 

56 42 3 

11* 57“ 56* 6 
lost 

58 26 7 

58 41 7 

lost 


There had been found a = -H 0* 35, b — — 0* 27, c 0* 12, 
The thread intervals from middle thread weie 


4 28*25 + 14** 15 - 14*27 - 28* 81 

The longitude being 5* 5* 57* west of Gieenwich, we find from 
the Ephemeus for the transit over this mendian, 

3 = + 19°29'l S' = 67*24 — 3*49*71 

The reductions of the several threads to the middle thread, or 
the values of isecd, are, therefore, 

i n iv v 

+ 29* 97 -f 15* 01 — 15* 14 — 30* 03 

Applying these to the observed times, and also the quantity 
± S', we have the chronometer time of the transit of the sun’s 
centre over the middle thread, as deduced from the several 
threads, as follows 
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1st Limb, 


2d Limb, 


Thread 

Chronometer 


■ i 

11* 57m 19* 41 


ii 

19 65 

) A 

hi 

19 24 


l T 

19 51 


r i 

19 83 

- 

( hi 

19 46 


liv 

19 32 


Mean 

= 11 57 19 42 


— O' 27, 


The latitude being <p = 38° 58'.9, we find, by (87), t 
and hence, finally, < = 1P 57*“ 19- 15 

12»-|- E— H 56 10 29 
*T= — 1 8 86 

157 Correction of the transit of the moon o> a plan, t u'hen the 
dejecta e limb has been obsened.—Let us consider the genera ease 
of a splieioidal planet partially illuminated The tiansit of the 
observed limb is leduced to that of the centre by employing 
instead of S m (119) the peipendicuhir distance tiom the centie 
of the planet to that tangent to the limb which lies m the due - 
tion of the tiansit threads, oi, m the case of meridian transits 
the perpendiculai upon the decimation circle which is tangen 
to the limb The fornnilse foi computing tins peipendicnlai, m 
general, are discussed in Vol 1 , 0*Mo» of PU m * ^ .here we 
have found that m all practical cases the foimul® (628) of p 580 
may he considered as rigorous In those formula the angle*? 
is the angle which the required perpendicular mabeswith 
axis of the planet, so that, j> being the angle which this axis 
mates with a decimation circle, we hav e here 

# = 270° — p oi # = 90° — p 

according as the tot or second limb is observed 

of p as well os of 7 and e retired aie tonnd as in Vol 1 Art 

qci 352 

But this rigorous process will seldom he lequned, and when 
we regard the planet as spherical, the formulas can be simplifiei 
as follows For a spherical planet we make c = 1, and substi- 
tute the value 90° - p for A which applies to the 2d limb, 
whence, by Vol I formulae (628) and (628), 

sin* = cos j) smF 



n 

« 
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or 


JR 


sin x = cos D sm (a! — A) 


r = $ C0S£ = ^C03 x 


(124) 


where a ' and A are the right ascensions of the planet and the 
san respectively (and a' — A is therefore m the present case the 
sun’s hour angle at the time of the observation) , D = the sun's 
declination , JR, JR' = the heliocentric distances of the earth and 
the planet respectively, s = the apparent semidiametcr of the 
planet at the time of the observation , s 0 = the mean semi- 
diameter (Yol I p. 578), r = the geocentric distance of the 
planet , and s" = the required perpendicular For the moon we 
may put JR = R'. 

The above value of sm ■/_ is deduced for the second limb, and, 
therefore, by Yol I Art 854, it will be positive when the second 
limb is defective Since we should have to substitute 270° — p 
for ■&, or — cosji for sin 3, in the case of the first limb, which 
would only change the sign, it follows that the value of sin% com- 
muted by the above formula will be positive or negative accoiding as the 
2 d or the 1st limb is defective 

The value of s" is to be substituted for S in (119). 


KFIECT OF REFRACTION IN TRANSIT OBSERVATIONS. 

158 Since the refraction changes the zenith distance, its effect 
upon the time of transit over a side thread has the same form as 
that of the parallax If then z and z’ denote respectively the 
true and apparent zenith distances, the time required by the star 
to describe the interval i is iF, where F is found by (118) ; or, 
denoting this time by I and putting 1=0, 

j, i sin z 

cos <5 sinf 

Now, the refraction is represented by the formula r — k tan z', 
k being nearly constant , and for values of z not greater than 85°, 
we may here assume k = 58", and z — z' + k tan z 1 , whence 
we find 


sm z 


sm z' 


1 -(- k sm 1"= 100028 
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Hence the erroi in computing the interval by the formula 
J= i sec 3 is 7X .00028, which amounts to 0' 01 when 1— 36* ; 
and this is as gieat an interval as is evei used for an equatorial 
star The error of observation for other stars increases with the 
interval I, or as the value of sec 3 so that the enor pioduced 
by neglecting the refraction is always much less than the proba- 
ble error of observation. Moreover, the error is wholly elimi- 
nated when the stai is observed on all the threads, oi on an equal 
number on each side of the middle thread 

If, for any special purpose, it becomes necessary to correct an 
observation on an extreme thread fox refraction, we can take, as 
a very accurate formula, 

I' = i sec <5 (1 -+ k sin 1") 

k being found by Bessel’s Refraction Table (Table II ), and, for 
a near approximation, 

Z' = i sec (5Xl 00028 


meridian mark 

159 Foi a fixed instrument, it is desirable to have a perma- 
nent meridian mark by which the azimuth of the telescope may 
he frequently verified A triangular apertuie (for example) in a 
metallic plate mounted upon a firm pier, with a sky background, 
makes a good day maik, the thread of the telescope being brought 
into coincidence with it by bisecting the vertical angle of the 
triangle. If the mark is sufficiently near, a light may be placed 
behind it for night observations. A simple mark like this, how- 
ever, must be so remote as to be distinctly defined m the tele 
scope without a change of the stellar focus, and even for instrn 
ments of moderate power this requires a distance of upwards 

of a mile 

It is found, however, that the apparent direction of these 
distant marks is often subject to changes from the anomalous 
lateral lefractions which take place in the lower strata of the 
atmosphere, produced chiefly by variations of temperature I 
a sheet of water intervenes, the mark is found to be especially 
unsteady It was to remedy this difficulty that Rittenhouse 
first proposed the plan of placing the mark comparatively neai 
to the instrument, but m the focus of a lens which receives 
th« divergent rays from the mark and transmits them to the 
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telescope in parallel lines, a suggestion wliieli has lesulted in 
various important impiovements m the metliodb of investigat- 
ing instrumental errors, such as the collimating telescopes, the 
mercuiy collimator, &c , which have alieach been fully tieated 
of in the preceding pages The apparent dneetion of the mark 
will be that of the line joining the optical centie of the lens 
and the maik At Pulkowa, the lens foi this purpose is placed 
on a pier within the transit 100 m, and has the extiaordmary 
focal length of about 556 feet,* which is, therefore, the distance 
of the mark from the piei The maik consists of a circular 
aperture ^ of an inch in diametei, in a metallic plate, piesentmg 
m the telescope a planetaiy disc of only 2" m diameter, which 
can be bisected by the thiead of the telescope with the gieatest 
precision The ment of such a mark depends on the stability 
of the two points, the maik and the lens, which determine the 
direction of its optical line These points, mounted as they are 
upon solid stone piers, are not liable to gi eater lelative changes 
than the piers of the telescope itself, and therefore the changes 
of direction of their optical line will be less than those of the 
telescope m the proportion of the focal length of the lens to the 
length of the rotation axis of the telescope, which in this case 
was as 556 feet to 3 61 feet, oi as 151 1 Now, according to 
Struve, t the diurnal changes m the dneetion of the axis of a 
well mounted tiansit instrument aie seldom more than one oi 
two seconds of arc , but ^ of a second of arc is a quantity abso- 
lutely imperceptible even in the best transit telescopes Two 
marks of the same kind were used by Struve, one noith and 
the other south of the telescope, and they served not only as 
meridian marks, but as collimators according to the method of 
Art 145 

In the same mannei, one of the collimators of the Greenwich 
tiansit cucle is used as a meridian mark, although it is within 
the transit room In this case, the advantage gained is com- 
paratively small 

It is not necessaiy that the mark be piecisely m the meridian 
of the instrument It is sufficient if it is so near to it that its 
deviation in azimuth can be measured with the telescope micro- 
meter. Let A be its azimuth west of north Direct the telescope 
to it, and measure its distance m fiom the middle thread, giving 


* Desoijftion de V Obs&rvatmre de l*oulkoca, p 126 


t Ibid p. 128 . 
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the measure the positive sign when the mark, as seen in the 
field, is to the apparent west of the thiead, then, a being the 
azimuth constant of the telescope detei mined by stars, and c the 
collimation constant, we have 

A — a — m — c (125) 

So long as the values of A thus found appear to vary only within 
the lim its of the probable errors of obseivation, their mean is to 
be taken as expressing the constant position of the maik, and 
during this period the azimuths of the transit instrument will be 
found at any time by the formula 

a = A + m -j- c 

If the instrument is leversed and the micrometer distance cl 
the maik west of the middle thread is now to', we have 

a = A -j- ml — c 


which, combined with the former equation, gives 

a = A + J (m, + m') 
c = £ (m! — wi) 



which last equation gives c with its proper sign for the fiist posi- 
tion of the instrument 


PERSONAL EQUATION 

160 It is often found that two observers, both of acknowledged 
skill, will differ m the time of transit of a star observed by “ e\ e 
and ear,” by a quantity which is nearly the same for all stars. 
Such a constant difference does not necessanly piove a want of 
skill in subdividing the second according to the method of Art. 
121, but may proceed from a discordance between the eye and 
the ear, which affects the judgment as to the point of the field to 
which the clock beats are to be referred Thus, if F|r 44 
a and b. Fig 44, are the true positions of a stai at 
two successive beats of the clock, we may suppose 
the observer to allow a certain mteival of time to ° • o • 
elapse after each beat before he associates it with the 
star’s position (possibly in some cases he may antici- 
pate the beat) so that he refeis the beats to two diffeient points 
a' and b' , v hose distance fiom each other is, bowei <m , the same 
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as that of a and b The ratio in which the distance a'b' is divided 
he may still estimate correctly. 

The distance between a and a’ may be called the absolute per- 
sonal equation of the observei, and, if it could be determined, 
might be applied as a correction to all his obseivations But, so 
long as his observations are not combined with those of another 
obseiver, the existence of such an eiror cannot be discovered, 
nor is it then of any consequence Tor the process of deter- 
mining the right ascension of an unknown star consists essen- 
tially in applying to the right ascension of a known star the 
difference of the clock times of the transit of the two stars (cor- 
rected for instrumental errors and rate), and this difference will 
evidently be the same as if the observer had no personal equation 

In order to combine the observations of two individuals — for 
example, to deduce the right ascension of an unknown stai 
whose transit is observed by A, from the time of transit of a 
known star observed by B — it is necessary to know the difference 
of their absolute equations, — i e. their relative personal equation 
Thus, if the times observed by A are later than those observed 
by B by the quantity E, then B’s observations may be reduced 
to A’s (that is, to what they would have been if observed by A) 
by increasing them all by E 

The relative personal equation may be found by the following 
methods 

First Method — Let one observer note a star’s tiansit over the 
first three or four threads, and the other observer its transit 
ovei the remaining threads. Reduce the observations of each 
to the middle thread (01 to any assumed thi ead) by applying the 
known equatorial intervals multiplied by sec d The difference 
between the mean results for the two observers will be a value 
of their required personal equation The mean of the values 
found from twenty or thirty (or more) such observations will be 
adopted, provided the probable erroi of such a determination (as 
found from the discrepancies of the individual results) is not 
gi eater than the equation itself, in which case the difference 
between them should, of couise, be regarded as accidental, and 
the use of a constant equation would intioduce error instead of 
eliminating it. This remark may be necessary to guard inexpe- 
rienced obseivers against an incautious adoption of an equation 
derived from insufficient data We may also remark here that 
constant personal equations are more apt to exist between trained 
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observers than between inexperienced ones, the former having 
by practice acquired a fixed habit of observation 
Second Method — The pi eceding method is liable to the objection 
that as the second obseiver takes the place of the fiist m a some- 
what hurried manner, his usual habit of obseivation may be 
disturbed To obviate this, let each obseivei independently 
determine the clock correction by fundamental stars , then the 
difference of these corrections, both reduced foi clock rate to the 
same epoch, will be the personal equation The equation thus 
found involves the enors of the stais’ places and of the clock 
late The first will be inconsiderable if only fundamental stars 
aie used, but may be entnely eliminated by the observers’ ex- 
changing stars on a following day and taking the mean of the 
two lesults The effect of erroi in the rate will be insensible if 
the stars are so distubuted that the means of the right ascensions 
of the stars of the two groups employed by the two observers 
are nearly equal 

1 lord Method — An equatorial telescope is sometimes used for 
the purpose, as follows Two transit threads of the miciometer 
aie adjusted m the direction of a declination cuele, and the tele- 
scope is directed towards a point in advance of any stai not far 
from the meridian, and clamped The observer A notes the 
tiausit of the star over the first thread, and the obseiver B the 
transit over the second thread The telescope is then moved 
forward again in advance of the star, and clamped The ob- 
servei B now notes the transit over the first thread, and A the 
transit ovei the second thiead This gives one deteimination 
of their personal equation , for, putting E = the reduction of 
B’s observation to A’s, and I — the interval of the threads for 
the observed star, M and M' the observed intervals, we have 

il f—I + E M’ = I — E 

whence 

M-M' 

E = - r - 

This process being repeated a number of times, M will be the 
mean of all the intervals when A begins, and M 1 the mean of 
those when B begins 

This method is also open to the objection that the observers 
succeed each other so rapidly that their usual habit of deliberate 
obseivation is likely to be disturbed Moreovei, if then per- 
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sonal equation, is required to i educe then observations made 
with a transit instrument, it should he deteimmed with, this in- 
stillment, for it is possible that the equation may not be the 
same with instruments of different poweis 

The same clock, also, should be used in determining the per- 
sonal equation that is used in the obser\ ations, for it is very 
probable that the peculiarity of the clock-beat affects the equa- 
tion * 

It is one of the advantages of the American (the eleetro-chro- 
nogi aphic) method of recording transits that the personal equa- 
tion is very much reduced still it is not wholly destroyed The 
same methods maj be employed to determine its amount as 
when the observations are made by eye and ear 

It may also be remarked that not only should the same tele- 
scope and the same clock be employed in determining the pei- 
sonal equation, as m the obseivations to which it is to be 
applied, but also the observers general physical condition should 
be as neaily as possible the same Even the posture of the body 
has been found to have some effect upon the obseiver’s estimate 
of the time of transit , and it can hardly be doubted that the 
personal equation will fluctuate moie 01 less with the observer’s 
health, or the condition of his nervous system 

That the personal equation depends upon no organic defect 
of either the eye or the ear, but upon an acquned habit of ob- 
servation, seems to follow fiom the fact that it is usually gieatest 
in the ease of the most practised observeis In 1814 there was 
no personal equation between those eminently skilful astrono- 
mers Bessel and Struve, but in 1821 they difteied by 0*8, 
and in 1828 by a whole second, a piogressive increase indicat- 
ing the gradual formation of certain fixed habits of observation. 
So far from invalidating the results of either observer, this fact 
would indicate that their absolute personal equations were m all 
piobability very constant for moderate intervals of time, and 
theiefoie had no appreciable effect upon their lesults so long as 
these results did not depend upon a combination of their obser- 
vations with those of other observers 


* Bessel found that with a chronometer heating half seconds he observed transits 
0* 49 later than with a clock beating whole seconds 
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PERSONAL SCALE 

161. Prof Peirce has called attention to the fact that expe- 
rienced obsei vers often acquire a fixed erroneous liabit of esti- 
mating paiticular fractions of the second Thus, when a star is 
really at 0* 3 from a tlnead, one observer may have a habit of 
calling it 0 s 4, while anothei may incline lathei to (h 2 , or, again, 
when the fraction is less thanO l,one invariably takes 0 1, while the 
other as invariably neglects it and puts 0 0 Thus each obsei vcr 
is conceived to have his own personal scale for the division of the 1 
second 

In a veiy large number of individual transits ovei threads by 
the same obsei ver, there is, according to the doctnne of proba- 
bilities, the same chance for the occuuence of each of the deci- 
mals 0, 1, 2, &c , if the observations are perfectly made , oi f the 
a rors of the observers aie pw ely accidental, otlieiwise, one oi more 
of these decimals wall occur more frequently than the lest 
Hence, by simply counting the number of times each decimal 
occuis m a very laige number of obsei vations bj tlic same 
observer, the peisonal scale of this obseLvei may be deteimmod 

It is easily shown that the effect of an erroneous peisonal 
scale is to mciease or diminish the mean result of a huge 
number of observations by a constant quantity Tor example, 
suppose that m 1000 observations of a ceitam observei the frac- 
tion 0 3 appears but 20 times, while 0 4 appears 180 times, and 
that each of the othei fractions appears 100 times Then, since 
each fraction should appear 100 times, the mean of any laige 
number of observations by this obsei ver will piobablv be too 
great by the quantity 

(0 4 X 130 + 0 3 X 20) - (0 4 X 100 + 0 3 X 100) = Q 0Q8 
1000 

The effect, theiefoie, being constant, will bo combined with 
the personal equation detei mined ftom a laige number of obsei •, 
vations, and maybe tegarded as always forming a pait of it 
Hence it follows that the application of the personal equation, 
which involves the errois of the peisonal scale, does not neces- 
sarily eliminate the obseivei s constant error from each obseiva- 
tion, but that it piobably does eliminate it from the mean of a 
laige numbei of observations 
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PROBABLE ERROR OP A TRANSIT OBSERVATION. 

162 That part of the error in the obseivcd time of tiansit of 
a star which is independent of the personal equation and other 
constant errois, and is irregiilai 01 accidental may he distin- 
guished as the probable eiror, and it will be the only erroi of 
observation which will affect the final 1 esult, if the observations 
of two observers are not combined It may be determined for 
each observei by comparing the seveial values of the thread 
intervals given by his observations Let 

Z=the obseived interval of two threads whose equatorial 
interval is x, 

then, since we should have i =1 cos <3, each observation furnishes 
a value of i, and from a great number of values the probable 
error r of each single determination is deduced by the formula* 

r = 0 6745 J 

* m — 1 


m which the values of v are the residuals found by subtracting 
the known value of i from each value found from observation, 
and m is the number of observations 
Now put 


e = the probable error of the observed time of transit of an 
equatonal star over a thread; 


then, since the time of transit over each thread is affected by 
this error, we have 


whence 


2 e 2 = r a 


e = 0 6745 


J_W0 

V2 Cm. — 


2 (m — 1) 


Example* — Erom the transit observations made by Mr Ellis 
at the Greenwich Observatory m 1843, the observed intervals 
between the successive threads (i e . from 1st to 2d, from 2d to 3d, 
&c ) were found as m the following table the true equatorial 
intervals being those given in the fourth column The difference 


* Appendix, Art 17 
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between the computed and the true equatorial interval (vj is 
given in the fifth column, and the last column gives a 2 . 


1843 

Observed 

/ 

Computed 

i = /sec d 

True 

i 

V 

v* 

March 8 

13' 8 

12*79 

12*89 

-0*10 

0 0100 

v' Tauri 

13 8 

79 

76 

+ 03 

9 

d = + 22° 27' 

14 0 

93 

87 

+ 06 

36 


14 0 

93 

91 

+ 02 

4 


13 7 

66 

88 

— 22 

484 


13 6 

57 

86 

— 29 

841 


13 8 

85 

89 

— 04 

16 

t Tauri 

13 8 

85 

76 

+ 09 

81 

S = + 21° 21' 

13 9 

94 

87 

+ 07 

49 


13 9 

94 

91 

+ 03 

9 


13 -8 

85 

88 

— 03 

9 


13 7 

76 

86 

— 10 

100 


13 7 

65 

89 

— 24 

576 

ft Germnor 

14 0 

93 

76 

+ 17 

289 

S = + 22° 35' 

14 0 

93 

87 

+ * 06 

36 


14 0 

93 

91 

4- 02 

4 


13 9 

84 

88 

— 04 

16 


13 8 

74 

86 

— 12 

144 


§ 

II 

OO 



= 0 2803 


Hence we find, by the above formula, 

e = 0* 06 

Taking a much greater number of the observations made by 
Mr Ellis of stars from the 3d to the 5th magnitude, I found 
e = O' 056, which is piobably smaller than will be found for 
most observers In the case of anothei well trained observer, I 
found e = 0* 08. 

In the same manner, from a large number of Mr Ellis’s ob- 
servations of the moon I found his probable error m observing 
the transit of the first limb ovei a single thread to be 0* 074, and 
for the second limb 0 s 071 In the case of another observer, I 
found for the first limb 0* 078, and for the second limb 0*.094 
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If we assume, then, that for moderately skilful observers 
$ = Q* 08 for a star, the probable error of the mean of the ob- 
servations over seven threads will be 0* 08 — |/7, or only 0* 030, 
the star being m the equator For the declination 3 the pro- 
bable error will be 0® 03 sec d 

The probable error thus found is the accidental euor, com- 
posed of the error of the observer m estimating the fractions of 
a second (including the errors of his personal scale), and of the 
error arising from unsteadiness of the star , but it must not be 
taken as the measure of the degree of precision m the deduced 
right ascension or time * 

16B The error of the right ascension derived from a single 
complete transit is composed of the following eirois 

1st The undetermined instrumental emus, depending upon the 
errors m the deteimination of the constants a, b , and c , 

2d The eirors of the assumed clock correction and late, 

3d The enor ansing from irregularity of the clock, 

4th Theeironn the observer’s peisonal equation, ansing horn 
an imperfect determination of the equation, oi from fluctua- 
tions in its value, depending on the observer’s physical and 
mental condition , 

5th The accidental eiroi of observation, composed of the ob- 
server’s erroi m estimating the fi actions of a second, and of 
errors ansmg from unsteadiness of the stai , 

6th The eiroi arising from an atmospheric displacement of the 
stai, which may possibly be constant duungth© tiansit ovei 
the field of the telescope, and may be called the culmination 
error 

We may form an estimate of the total effect of all these 
sources of error by examining the several values of the light 
ascension of a fundamental star deduced fiom different culmi- 
nations, and reduced for precession and nutation to a common 
epoch Thus, there were found from the diffei ent observations 
of the transit of a Anetis y in the year 1852 at the Greenwich Ob- 
servatory, the following values of its mean right ascension on 
Jan 1, 1852. Putting a = 1* 58™ 50 s + x , the values of x were — 


* In tins connection see the remarks of Bessel m the Berlin Jahrbuch for 182'? 

p 166 
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X 

X 

0*40 

0*34 

44 

31 

39 

42 

39 

45 

42 

53 

40 

35 


% X 


0*59 

0*37 

42 

34 

42 

34 

46 

59 

33 

24 

32 

31 


The mean is x = 0 s 40 , and from the differences between this 
mean and the seveial values of x we deduce r — 0 s 057 as the 
probable error of a single determination of the right ascension 
of this star In the same mannei, I find from the obseivatious 
of y Ceti during the same year r = 0 s 063, and foi a Ui ue Majoris 
i = 0‘.131 If these be multiplied by the respective values of 
cos d, we have 0 s 053, 0 s 063, 0 s 063, the mean of which, or 0“ 06, 
expresses nearly the probable eiror of a single determination of 
an equatonal star with the transit circle of the Greenwich Ob- 
servatory m 1852. A larger number of stais should be ex- 
amined to determine this error with certainty , but the above 
will suffice to illustrate the mode of pioceedmg It must not 
be foi gotten, however, that this instrument is nevei leversed, 
and all its lesults may be affected by small constant errors 
peculiar to the several stars 

If we denote the probable error of observation, or the 5th of 
the above enumerated enors, by s, and the combined effect of 
all the l est by e,, we have 


j .2 _ e a _(_ gt 

whence, taking r = O'.OG, and e = 0* 08, as above found, we 
deduce == 0* 052 so that if e were i educed to zeio— that is, 
if the observations were made perfectly — the right ascension 
determined by a single transit would be impioved by only 0 01. 
Hence it follows that an increase of the number of th eads for the 
purpose of reducing the error of obsey nation would be attended by no 
important advantage 

Bessel thought five threads sufficient. 


164 We sec fiom these pnnciples that the weight of an ob- 
served transit is not to be assumed to vary as the numbei of 
threads, as it would do were there no culmination error or un- 
known instrumental errors For practical purposes it will be 
sufficient to regard the piobable erroi of a transit as composed 
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ouly of the error of observation and the culmination erroi The 
latter will then he the quantity denoted above by , and, if we 
now put 


e = the probable error of a transit over a single thread, 
ft = tho number of threads observed, 
t = the probable error of the observed right ascension, 

we stall have 

f*~ *j*+ — 

1 n 

If then we also put 

E = the probable error of an observation whose weight Is 
unity, 

P — the weight of the given observation, 
we shall have, according to the theory of least squares. 


P = 



(127, 


The unit of weight is arbitrary, and hence E also is arbitrary 
If N is the total number of threads in the reticule, and a complete 
observation on them all is to have the weight unity, we shall 
have 





and the formula will become 


P = 



( 128 ) 


If we substitute the values e, = 0 052, e = 0 09, which are suffi- 
ciently accurate for an approximate estimation of the weights of 
observations, we shall find, very nearly,* 


P 


1 + - 
_ Jtr 

1 + — 
1 n 


( 129 ) 


* See also Vol I Art 236, where a slightly d.ffereut formula is obtained 
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This will be a very convenient formula in practice m cases 
where theie is no reason to depart from the above assumed values 
of £ and s The obseiver who has determined these quantities 
for himself will, of course, employ (128) dnectly 

It may be useful to illustrate, by the aid of this foimula, the 
proposition announced at the end of the preceding article It 
JV= 7 and JE=0’ 062, the weights and probable errors of obser- 
vations on one oi more threads will be as below . 


n 

p 

S 

s/P 

i 

0 36 

0* 104 

2 

0 57 

0 082 

3 

0 71 

0 073 

4 

0 82 

0 069 

5 

0 90 

0 065 

6 

0 95 

0 063 

7 

100 

0 062 

25 

125 

0 055 

00 

143 

0 052 


We see that the advantage of seven threads over five is almost 
insignificant, and Bessel’s opinion is confirmed 


165 The probable eiror of a single transit of a star recoided 
by the electio-clironograph does not appear to be much less 
than that of one observed by eye and ear by expci lenced ob- 
serveis ,* but it must be remembered that it takes but a short 
time toacquire the requisite skill m the use of the chionograph, 
while the small probable eirors by eye and ear above adduced 
are evidences of long tiaining The peisonal equation, however, 
is much less m the use of the chronograph, and piobably 
more constant It is not unlikely that a considerable portion ot 
the total enoi of a determination of right ascension, as above 
found, is the result of variations in the observers personal equa- 
tion, and, if so, the substitution of the chronograph foi eye and 
ear will carry these determinations to a still more remarkab e 
degree of accuiacy . 

* See P,,bTgoulpN Repot t m tl.e U S Coast Sm.ey Repoit for 1857, p 807 
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APPLICATION OF THE METHOD OF LEAST SQUARES TO THE DETER- 
MINATION OF THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 
IN THE MERIDIAN 

166 Iii the use of the portable tiansit instrument m the field, 
it is not always possible to mount it so firmly that its azimuth 
and level can be absolutely relied upon as constant foi a whole 
day Frequently it is necessary to take all the observations at 
a given place within a few hours Ve must then observe such 
stars as aie available at the time, and so conduct the obseivations 
and their reduction as to obtain the most pi obable result 
First, as to the observations — The instillment having been 
brought very near to the meridian (see Ait 125), a numbei of 
stars must be observed in both positions of the lotation axis, 
and, in general, about the same numbei of stais m each position 
Among these must be included at least one circumpolai stai, 
and, if possible, two or thiee, one or more being below the pole 
The level should be observed at the beginning and end of the 
series, and before and after each reversal of the axis 

Secondly, as to the computation — We assume that the tlnead 
intervals have been well determined, as also the value of a 
division of the level If they have not been found befoie the 
observations, they must, of course, he determined subsequently, 
only observing that no change of the instrument has oecuned 
Which might change the value of the tlnead intervals The 
mean of all the level determinations should he adopted as 
the constant value of b for all the obseivations, unless the dif- 
ferences of the several values are gieatei than the piobablc 
errors of observations made with the paiticulai spmt-level used, 
in which case it will he better to mteipolate a value of b for 
each star from the actually ohseived values The chronometer 
time T of tiansit over the middle thread oi the mean thread 
being found for each star by employing thethiead mteivals when 
necessary, we shall suppose that obseivation has furnished only 
Tand b for each stai. The rate 8 T of the chronometei is also 
supposed to be approximately known The constants a and c, 
and the clock correction aT, are then to be found by a pioper 
combination of the observations Let us put in foimula (87), for 
each star, 

A = the azimuth factor = sin (p — $) sec d, 

B = the level factor = eos(^ — D) sec 8, 

C= the collimation factor = sec 
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also, let each observation be leduced to some assumed time T„ 
and put 

.m _ chronometei collection at the time T a , 
u 0 


whence 

Let 


so that 


aT = aT 0 +6T(T- T t ) 

,9, = an assumed approximate value of a T 0 
a# = the required collection of & 

& 4 . = a T 0 


then the formula (82) becomes 

a = T + 0 + a# + 8T(T — T 0 ) + Aa + + Gc 

m which eveiy thing is known except the small quantities a<9, a, 
and c If we now put* 

t= T -f- 5T(T — r„) -f Bb 

V)= # — (a- — 0 


then, since a - t and & aie each neaily equal to the clock cor- 
rection, w is a small lesidual, and the equation is 

Aa + Cc + a# + w = 0 C 130 ) 


Each star gives an equation of condition of this form, and from 
all these equations the most probable values of a, e, and a<? wilL 
be found by the method of least squares The sign of the teim 
Cc will be changed when the axis of the instrument is iei eisci 
If the observations aie extended over a numbei ol hours, 1 
will not always be safe to assume that the azimuth a has been 
constant dunug the whole time We may then divide the obser- 
vations into two groups, in one of which the azimuth will be 
denoted by a and in the other by a ' The normal equations, 

formed by combining all the equations m the usual mannei, will 
then involve the four unknown quantities a, a', c, and a 

To deteimme the mean enoi of the resulting value ot a#, 1 
must be lememboicd that when « and c have been eliminate y 

For gi eater precision (not always required in the use of a portable mstrument) 
we may allow for the diurnal aberration Since a requires the correction + 0* 021 
COP <j> seo d, we have merely to take 

t — T^ ST(T T q ) 4- Bb — 0* 021 cos0 sec <5 
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successive substitution, taking caie to mtioduce no new factoi 
into the equations, the coefficient of a# 111 the resulting final 
equation will be the weight p of the value of a# thus determined * 
Then, substituting the values of a, c, and a# m the equations of 
condition, and denoting the residual in each by we have the 
mean error of a single observation by the formula 



in which [tw] = the sum of the squares of the residuals, m = the 
number of observations, and p — the number of unknown 
quantities 

The mean error of a# and a T 0 will be 

£ ° = 7p 

and if we wish the probable enois, we multiply the mean errors 
by 0 6745 

If any residuals are so large as to thiow a doubt upon the 
observations, such doubtful observations may be examined by 
Peirce’s Criterion f 

If an observation consists of tiansits ovei only a portion of the 
threads, it may be well to give it a diminished weight, multiply - 
ing its equation of condition by the squaie loot of the weight 
found by (129) 

If the collimation constant c has been previously determined, 
we have only to include the term Cc in the quantity t, thus, 
putting 

t=T+dT(T-T 0 )+Bb+Cc 

W= # — (o v — t) 

the equation for each star will be 

Aa + a# + w = 0 (131) 

and the determination of a and a# from these equations is then 
exceedingly simple 

Example. — The folio wmg observations were taken on the 
United States North-Western Boundary Survey with a portable 


* See Appendix 


f See Appendix, Ar+„ 57-60 
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ti ansit instrument in the meridian The stars were mostly 
selected from the British Association Catalogue, and are con- 
veniently designated by their numbers m this catalogue. But 
their apparent places have been derived from the more reliable 
authonty the Greenwich Twelve Year Catalogue The appaient 
place of a Ur see Majons is derived fiom the American Ephemera 
Other stars fiom the British Association Catalogue, observed 
on the same evening, have been excluded because they are not 
given m the later catalogues 


Camp Simiabmoo — 1857, July 27 Latitude 49° 0 N 


No 


Star 


|B A C 6890 
“ 6484 

“ 6441 

“ 6489 

“ 6836 \ 

a a j 

“ 3232 8 

“ 3346 S 

“ 7686 

“ 7778 

“ 8647 S 

a Urs Maj S 


Tlireads 



X 

I 

II 

in 

IV 

V 

VI 


w 

15* 3 

43* 6 

12' 3 

40*8 

9' 2 

37* 1 


u 

27 2 


15 2 

38 8 

2 3 

26 


i (( 

23 8 

47 8 

11 3 

15 3 

58 6 

22 


tt 

21 3 

|46 8 

12 5 37 8 

2 8 



tt 

30 3 

33 3 

38 2 42 0] 




E 

52 3 

48 2 

43 9 



p 

tt 

32 1 

36 9 

43 2 49 4 

54 5 

59 

p 

tt 

39 7 

22 7 

7 0 50 1 

33 6 

16 


a 

53 1 

40 0 

26 -i 

’ 18 9 

0 7 

48 


it 

48 3 

8 9 

29 2 49 4 

10 3 

30 

p 

it 

26 8 

120 7 

17 5 11 8 

1 7 3 

1 1 

p 

l“ 

32 7 

'19 8 

1 7 9 55 C 

i42 e 

130 


Mean. 


22 a 4 m 
22 10 
22 11 
22 18 
18 
23 13 
46 
5 

22 
34 
57 
19 


Lerel 


40* 76 + 0 d 75' 
38 68 
35 10 
37 58 
41 63 
40 49 

48 84 
50 04 
14 04 

49 73 


— 0 70 | 

— 0 51 

— 0 48| 
44 
421 


-0 
0 

11 86 —0 38| 
55 06|—0 33' 


The threads are numbered from the end of the axis at which the 
illuminating lamp is placed, and the seconds of the chronometei 
are recorded, not in the order of observation, but m the columns 
appropriated to the several threads. The column “ Mean gives 
the time of passage over the mean of the threads, employing m 
the case of the defective tiansits the following equatorial inter- 
vals from the mean 


+ 65*82 +44*05 +21*84 —0*08 


* 5 *« » 

22* 00 —43*79 —65*85 


where the signs are given for Lamp "West The column marked 
L gives the position of the lamp end of the axis The value ot 
one division of the level was 0* 105 Only one observation of 
the level was made during the observations “ lamp west Iwo 
observations of the level were made during the observations 
« i am p east,” one near the beginning, the other near the end, oi 
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the scries, from which those given m the table are obtained by 
interpolation 

Stais observed at their lower culminations are maiked S. P. 
(sub polo) 

The chronometer was sidereal, and its rate was losing O’ 40 
daily 

A first computation of the observations having shown that the 
observations lamp west and lamp east give very 7 different lesults, 
the presumption is that m reveismg the axis the observer dis- 
turbed the instrument, a supposition rendered still more probable 
by the change of level. It will, therefoie, be propei to compute 
the obsenations upon the supposition of a different azimuth for 
the two positions of the axis 

The apparent places of the stars on the given date were as 
follows 


Stai 

a 

6 

B A C 

6390 

18* 

39”* 

38* 

71 

+ 

39° 

31' 

a 

6434 

18 

45 

35 

70 

— 

22 

55 

u 

6441 

18 

46 

31 

91 

— 

22 

51 

it 

6489 

18 

53 

34 

36 

— 

30 

5 

U 

6836 

19 

48 

41 

61 

+ 

69 

53 

u 

3232 

9 

21 

46 

76 

+ 

70 

29 

u 

3346 

9 

40 

48 

22 

+ 

59 

44 

u 

7686 

21 

57 

14 

44 

+ 

72 

28 

u 

7778 

22 

9 

49 

07 

+ 

56 

18 

u 

3647 

10 

32 

9 

78 

+ 

66 

30 

| aTJrs ]\taj 

10 

54 

53 

21 

+ 

62 

31 


The observed times of tiansit are to be reduced for the chro- 
nometer s rate to some common epoch, which we shall here 
assume to be r o = Q k by the chronometer. The assumed correc- 
tion of the chronometer at this time will be 

$ = — 3* 25* 1 0* 

The formation of the equations of condition for the first and 
last stars is as follows : 
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B A C 6390 


a XJisse Maj S P 


log sec ft 
log cos (f — <5) 
log sin (. <p — <S) 
log cos ( <P — 8) sec 8 = log B 
log sin (y> — '5) see 8 = log A 

A 


39° 81' 
+ 9 29 
01127 
9 9940 
9 2169 
01067 
9 3296 
+ 0 214 
+ 1296 

+ 0" 08 


Observed mean 22* 4“ 40 s 76 


Diurnal ab = — 0“ 021 cos <? sec 8 


117° 29' 
-68 29 
jiO 335b 
9 5644 
n9 9686 
«9 9002 
0 3044 
+ 2 016 
— 2166 
+ 0 s 03 


2* 19* 55* 06 

Date to 0* I — 0 03 + 0 04 

Bb + 0 10 + 0 02 

cos <p sec 8 — 0 02 + 

/ 22 4 40 81 2 19 55 15 

0 18 39 38 71 22 54 53 21 

a _ t — 3 25 2 10 -3 25 1 94 

Assumed 8 — 3 25 0 — 3 25 0 

w + 2 10 + 1 94 


Denoting the azimuth of the instrument for L W by a, and 
that tor L E by a', and changing the sign of c foi L E, the 
equations of condition for those two stais aie, thcrefoie, 

+ 0 214 a + 1 296 c + + 2» 10 = 0 
+ 2 016 a' + 2 106 c + n-V + 1 94 = 0 

The equations foi the otliei stais being found m the same 
tnannei, we have then 

1 + 0 214 a + 1 296 c + a# + 2* 10 = 0 

2 + 1 032 a + 1 086 c + a# + 2 96 = 0 

3 + 1031a + 1085c+ a.9+3 17 = 0 

4 +1 135 a + 1 156 c + a$ + 3 19 = 0 

5 — 0 732 a + 2 056 c + 0 707 A# + 0 15 = 0 

6 — 0 732 a 1 — 2 056 c + 0 707 a# — 0 97 = 0 
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7 + 2 606 a' + 2 993 c + a-9 + 2 22 = 0 

8 + 1 879 a' + 1 984c + a-9 + 1 91 = 0 

9 — 1 822a' — 3 319c + a-9 — 0 58 = 0 

10 — 0 229a' — 1 802c + a-9 + 0 58 = 0 

11 + 2 264 a' + 2 508 c + a.9 + 2 18 = 0 

12 + 2 016 a' + 2 166c + a.9 + 1 94 = 0 

where the 5th and 6th equations have been multiplied by i/J, 
thus giving each but one-half the weight of an ordinary obser- 
vation, because the star was observed on hut half the threads * 
The normal equations are 

3 998a + 0 + 2325c + 2 894 a- 9 -f 10 288 = 0 

0 + 21 848a' + 27 881c + 6 697 a-9 + 19 569 = 0 

2 325a + 27 881a' + 51 969 c + 9 153 a-9 + 36 352 = 0 

2 894a -(- 6 697 a' + 9 153 c -f 11 000 a# + 19 090 = 0 

from which we find 

a = — 1*681 
a'= — 0 083 
c = — 0 423 

a-9 = — 0 891 with the weight p = 6 775 

This example is instructive m several respects The instru- 
ment was reversed upon the star BAG 6836 for the purpose 
of deducing the value of c But, upon the supposition that the 
azimuth remained unchanged during the reversal, we find 
c = — 0* 267 The danger of disturbing the instrument m re- 
versing the axis is, of course, greater with small instruments, 
and always requires great caution Again, the observer neglected 
to observe the level immediately before and after the reversal, 
the values of b given in the table being inferred from observa- 
tions taken at the time of the transits of Nos 1, 7, and 11 If 
the level had been observed moie frequently, as it should be, 
the disturbance of the azimuth might have been suggested to the 
observer himself, who, however, appears not to have suspected it 
But we shall obtain still further instruction from this example 
by substituting the values of a, a', c, a<? in the original equa- 
tions of condition The residuals v will exhibit to us the ano- 
malous observations. "We find : 


* To proceed more accurately, we should have computed, by (129), the weights of 
the four defective observations, the 2d, 4th, 6th, and 6th We should have found 
the weights 0 96, 0 89, 0 82, 0 71 respectively 



207 


IN THE MERIDIAN 


No 

V 

vv 

i 

+ O' 302 

0 0912 

2 

— 0 125 

0156 

3 

4- 0 086 

0074 

4 

— 0 098 

0096 

5 

— 0 120 

0144 

6 

— 0 669 

4475 

7 

— 0 153 

0234 

8 

4- 0 024 

0006 

9 

4. 0 043 

0018 

10 

4- 0 470 

2209 

1 11 

4 0 040 

0016 

1 12 

— 0 034 

0012 


[to] = 0 8852 


Hence, the number of observations being denoted by m — 12, 
and the number of unknown quantities in our equations by 
^ = 4, we have the mean eiror of an observation of the weight 

unity, 

£ _J jfoLL == 0»32S 

\ m — \x 


The large residuals of Nos 6 and 10 point them out as probably 
anomalous, but, before rejecting them, we will apply Peirce s 
Criterion Since Table N is adapted only to the cases of one 
and two unknown quantities, we shall have to employable X 
Commencing with the hypothesis of but one doubtful observa- 
tion, wo assume for a first tual x = 1 5 

1st Approx 

= 1 x 15 

Table X A log T 


m — 12, ix = 4, 


log R 


2 n 


m — n 


2_ 

11 


log A 2 = log | 


i T 

1 °Zr 

T\-£ 

b! 

— A 2 


m 


— =1 


*-1 = 7(1 -A 2 ) 


a 2 

a 


8 5051 

9 3973 

91078 

9 8378 
0 3117 

2 1819 
31819 
178 


2d Approx 

178 

8 5051 

9 3464 


91587 

9 8470 
0 2970 

2 0790 

3 0790 
176 

ae = 0* 568 


n 
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The residual 0.669 suipasses the limit 0.568, and hence the 
6tn observation is to be rejected We must then pass to the 
hypothesis of tiro doubtful observations, for which we com- 
mence by assuming * = 1 5, and then with v - 2 we find 
x ~ 1 49 ’ 'f ~ °"- 481 Hence the 10th observation is not to be 
t ejected Thus the only observation to be rejected as anomalous 
IS the 6th, and our hypothesis of a disturbed state of the instru- 
ment produced by reversal is confirmed 

If we non foim normal equations from the remaining eleven 
equations of condition, ne shall find the values of the unknown 
quantities to be 

S 

a = — 1* 636 
«' = — 0 092 
c — — 0 367 

— — 9 999 with weight j> = 5 963 

and these values substituted in the equations of condition give 
he leaiauals and mean errors as follows: 


No 

V 

m 

1 

-|- 0*276 

0 0762 

2 

— 0 126 

0159 

3 

-fi 0 086 

0074 

4 

— 0 089 

0079 

5 

- 0 114 

0130 

7 

~ 0 120 

0144 

8 

+ 0 010 

0001 

9 

— 0 239 

0571 

10 

+ 0 264 

0697 

11 

-|- 0 051 

0026 

12 

— 0 040 

0016 

m. — 

-M = 7 

e-J 

\ m — ix 

[ru] = 0 2659 

= 0* 195 


The 10th observation is now well 
nou does not reject any of them 
T. he mean error of is 


represents 1, and the Crite- 


e o = —7- = 0* 08 

VP 

and the probable error 0® 05. 
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Hence we hare, finally, the chronometer correction at 0% 

^ iT 0 = # a# = — 3* 25” 1* 00 ± 0* 05 

THE TRANSIT INSTRUMENT IN ANY VERTICAL PLANE 

167 The foimtilse (78) and (79) apply to any position of the 
ins+ruinent When the instrumental constants rn and n are known , 
or when a and b are given, fiom which m and n can he found by 
(78) the formula (79) determines the apparent east hour angle 
r of the ohseived object at the time of ita transit over any 
oiven tlnead whose distance fiom the eolliniation axis is c The 
constants are found by combining observations of stars near to 
and remote fiom the pole, as will be illustrated lieieaftei 
When the transits ovei several thieads have been ohseived, 
each may be sepaiately reduced by the gencial foimulie , but it 
is necessaiy also to have the means of i educing them all to a 
common instant I shall, therefore, heie consider the most 
geneial ease of an observation of the moon’s limb on any given 
thiead, and investigate the formula for i educing it to the middle 
tlnead, or to the"" collimation axis of the instrument This 
general formula will be applicable to any other object which 
has a proper motion and a sensible diameter Let 

© = the sidereal time of the observed transit of the 
moon's limb over the given thread, 
i — the equatorial interval of the thread from the middle 
thread, 

a, 5 = the true B A and decl of the moon’s centre at the 
time 0, 

a'jd' = the apparent B A and declination, 

$ — the moon’s geocentric semidiameter, 

= the moon’s apparent semidiameter 

At the instant the moon’s limh touches the thread whose gib- 
tance fiom the middle thread is i, the ccntie of the moon is at 
the distance i ± s' from the middle thread, and, consequently, at 
the distance c + % ± s' from the collimation axis of the telescope 
The apparent east hour angle of the moon’s centre at this 
instant is 

t — a! - © 

Putting then c + i ± s' for e and a' — © for r in (79), we have 

Vol II— H 
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Bin (c 4 i ± s') = — Bin n sin S' — cos n cos S' am (0 - n ' + m) 

~ sin n sin — cos n cos m cos sin (0 — a') 

— cos n sm m cos <$' cos(© — a ! ) 

^ heie the apparent decimation ancl right ascension are employed, 

; mc ;e xt 18 the moon’s apparent place which is observed To in- 
ti oduce the geocentric quantities, let 

* = the moon ’s equatona 1 horizontal parallax, 

9,9 ~ the earth ’ 8 radius and reduced latitude of the place 
of observation, 

A, A' = the moon’s distance from the centre of the earth 
and the observer respectively, 

then, putting 



we find from Vol. I , equations ( 132 ), 

f cos 8' sm (0 _ a ') = cos 8 sin (0 — a ) 

/ COS 8' COS (6 _ a') = cos 8 COB (0 — a) — p Sin ff COS f 
Sin = sin 3 — p sm w 8 i n ^ 

Substituting these values, we obtain 


/ ( c + i ± s ) sin 1" sm a sin d - cos n cos i sin (0 — 0 + m) 

-(- p sm x sin <p' sin n -|- p sm -n cos <p' cos n sin m 

(132) 


we and decllnatlon are, however, vanable, and 

iv e should introduce into the formula their values for some 

assumed epoch Let this epoch be the sidereal time, © 0 , which 
is the common instant to which the observations on the several 
threads are to be reduced, let 


«°, \ - the true right ascension and declination at the time 

Aa = the increase of the nght ascension m one minute 
of mean tune. 


= tne increase of the decimation (towards 
in one minute of mean time, 


1 uui tu J 


and put 



IN ANY VERTICAL PIANR 


211 


j_ 0 o © s= the requned reduction, 

, _ Ao - = the increase of a in 1* of sidereal time 
~ 60 164 

i/ _ (j “ ‘ 

60164 


then, if I is expressed in seconds of arc, we have 

a == a 0 — A/, 3 = 5 0 — T >5 A'J 

0 _ a = 0 o _ a o _(0 o - 0) + (a 0 - a) = 0 O - a 0 - a -0 J 


sin(©-a + w) = sin(© 0 — a a + m) n n 2 sin i 7 

_ (1 — A)cos[0 o — o„ + m — i(l— A)iJ l smii 

[m which (1 — A) sin i I is put for sm |(1 — A) J] 


sin d = sin 5 0 — — cos \ 2 sin 1 1 

cos 5 = COS <\ + — 8111 % 2 sm 4 2 
10 


Substituting these values, our formula becomes (omitting a term 
multiplied by the exceedingly small quantity A' sin %!) 

f(c+i± s') sinl"= — sin n sin <5 0 — cos n cos <\ sin (©„ — + m ) 

K + P sin « sm <f' sm n + p sin * cosy' cos n sin m 

_!_(•! — ;)cos n cos (S 0 cos [0„— » 0 + wl — Kl—A)-?] 2 sin J 1 
-f- J 5 A' [sinn cos <5 0 — cosn sm tf 0 sin(© 0 — a 0 +m)] 2 sinji 


In this formula, we may consider las the only quanta y which 
varies with the tame , for, although/, s', and * vary slightly, their 
variations will not usually be sensible, or, if sensible foi a single 
thread, their effect will disappear when the epoch is nearly the 
mean of all the observed tames 

If now © 0 is the tame of transit of the moon s centre over the 
great circle of the instrument, this formula gives 

0 = — sin n sin \ — cos n cos S 0 sin (0 O — a 0 + m) j (134) 
-f /> sin * sm <f' sin n + 10 sm n cos ?' cos n sin m J 

Subtracting this from (133), and, for brevity, putting 


t = © 0 - a 0 + m 
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we find 

2 sin il= / (c + » ± Q sm 1" 

(1 — A) cos n cos S 0 cos |Y — 1(1 - A)!] + J,A'jR 

Tins is equivalent to the formula given "by S a wit sen (Prod 
Astron , Yol I p BOB) , but he has not observed that the expres- 
sion for R may be put under a much moie simple form In so 
small a term as &XR, we need not consider the effect of the 
parallax upon the factor 7? ■ but when we neglect the pumllax 
we have, by (134), 

0 = — sin n sm $ 0 — cos n cos d t sin t 

Multiplying this by sm and subtracting the product fi jm 
It cos <J 0 , we find 

It cos i 0 = sin n, or R — sin n sec S Q 

It is also to be observed that hy the formula (246) of Yol I. 
we have 

fs'= s = the true semidiameter 
Hence our formula heeom.es 


2 sm i 1= - /Cf_+_Q sin 1" ± s sin 1" 

(1 A) cos n cos d a cos [£ — 1 (1 — A) 1] -f- T ' 5 A'sm n sec 8 0 


(135) 


or, when I is small, as it usually is, 


(1 - A) cos cos T 0 cos [f— J (1 — A) I] + T UA'sm n sec J 0 (135 * ) 

This formula, then, gives the reduction of the observed time 
of transit of the moon’s limb over any given thread to the time 

of transit of the moon’s centre ovei the great circle of the instru- 
ment 

If we omit s m the numerator of the second member, J 
becomes the reduction to the time of transit of the limb over flic 
great circle of the instrument 

If we omit jc ± s, / becomes the reduction to the time of 
transit of the limb over the middle thread 

The factor/ is determined rigorously by (137), Yol I • hut it 
generally suffices to take ‘ ’ 


sm £ 
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winch is very nearly exact, according to (101) of Vol I The 
finder of the instrument will give the apparent zenith distance 
' ancl the difference between this and the true zenith distant 
will he found with sufficient accuiacy by the formula 

C) = p smir sin(t' y) 

m which, a being the azimuth constant of the instrument, 


01 , very neatly, 


Y — (^ — /) cob a 
y — ^<p — <p f ) cos n cos m 


For the snn or a planet we can always put X' = 0 and C - C'» 
and the formula becomes 

e + i ±g (136) 

(1 — A) cos n cos 5 0 cos (t — 1 I) 

For a fixed star, we farther pat k = 0, s = 0, t = © 0 — a + 
and the formula becomes for stars near the pole, 


2 sm i I = 


and for other stars, 


(c 4- 0 gin 1" 
cos n cos 8 cos ( t — hi) 


cos n cos 8 cos (t — hi) 


(187*) 


In all cases we must carefully observe the sign of I in the 
Lommlr ol the second member ImU be h.gatwe when 
the observed time is later than the time to which l the reduction 
is made and then — \ I will be essentially positive An approx 
mate value of Jnrast first be found by neglecting Im the second 
member, and then a more precise value by the complete formula 
If the azimuth a and the level b are given, m and* ™st first 
be found by (78), m which, however, we may usually neg 
when our object is merely to reduce the several threads to 

common instant. 

16*3 For a fixed star, another formula haB been given by 
Hausen- We have 


sin (c + *) = 


Bin n sin 8 — cos w cos <5sni (t — T) 

— sm n sm » — cos n cos i sm t cos 1+ cos n cos S cos t sm L 
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If the reduction is made to tlie collimation axis, we have 
0 == — Bin n sin 8 — cos n cob d sm t 
which, subtracted from the above, gives 

sm(o + &) = 2cob ncos d sin t sm* }/-)- cos n cos S cos t sin I 
whence 


t — sin(c + Q 
cos n cos 9 cob t 


2 tan t sm* J I 


which is a ngorous formula ¥e see also that t may be four 
by the formula 

sin t = — tan n tan 9 (13 

169. To deduce the moon's right ascension from an observed bun 
m any gmen position of the instrument —We first find the clock tin 
ot transit of the moon’s centre over the great circle of tl 
instrument, from each thread, by applying to the observed tin 
the reduction given by the formula (135) Let T t be the met 
, f ^ esu ^ m g times, and aT 0 the corresponding correction c 
the clock ; then we have © o =T 0 + a T w and from (134) we dedu< 


sm (6 n -a„4-m^=-t a n » tan 9,+pani* | «n/tan n+coa/einm j ^ 

in which oj and * 0 are the true right ascension, and declinatio 
at the sidereal time © 0 . 

• U UL P ! eferred ’ we ma y **d the apparent light ascei 
sion by the formula 


8111 (®o — «/+»•) = — tan n tan 9' 

and deduce the true right ascension by applying the parslla 
computed by Art. 102, VoL I , bet rt will then be neceesery t 
compute the apparent decimation 5/ 

It win he easy to deduce from (140) the formula for the cas 

where the mafrument is in the meridian, which has already bee 
given in Art 154. 7 

„ Ti . e ^ nB *® nt ® ,n and supposed to be known, may b 

found from the transits of two stars as in the next article. 
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raHB . THE TIME .M A PORTABLE THAW* B™™™ 

OF THE MERIDIAN 

170 The number of Nautical Almanac stars neai the pole is 

\ll tU the observer in the field, wlienpiessed foi time 
80 small, that the transit8 over the meridian, and 

:b; r£ve — 

If the transit instrument is mounted so as y 

in azimuth and clamped in any I bTdirected at once to 

with the “ universal mstniments , it maj he aiLC< ^ 
stai near the pole, and then, if 

levelled, If e “^t ofTylT S to. circle being 

Sited, X, general e<piatioi>s of Art 1» ' ShtnXto 

tilic instrument n „ n rkT^li Avn TiGim - 

sr ;r x a iLS; 

and turn the tclesc p P f a0 that a few minutes 

moving very slowly, set ■ th^ ^ ^ middle thread During 

must elapse e oi j eve p an d determine the constant b 

this interval,^ the spu ^ ^ ^ nudd l e thread by the 

Observe ie i ent now remaining clamped m azi- 

chronometei I he mst , ^yerve the transit 

math, revolve the tele.eope upon if ^ 4etemine the 

° f ^ TXamXXloy de mean of if two value.. 
“wlrSml an etro, of coMma too, die iota™ 

to be .'“"Stog 1 TetX S SLrau™s hghtiy h> »a™tc« 

fte instrument being set^t of . dl 0 f ,ta,s 

Ito^heSStetl redut fid ▼. -7, — 
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combine each transit of the polar star "with, the transits of seveia 
equatorial stars. 

The collimation constant should have been made as smal 
as possible before the observations , but, m any case, we shal 
assume that its value is known 

To reduce the observations, we must first find the constant 
which determine the position of the instrument Foi this pur 
pose, we use only the observations on the middle thread Le 
then T r and T be the observed chronometer times of transit ol 
the polar and equatorial star respectively over the middle thread 
reduced for rate to an assumed time 5T 0 ; and let a T q be the chro 
nometer correction at this time , a', a, the right ascensions, d 
the decimations , r', r, the east hour angles, or reductions to tin 
meridian; 90° wi, and the hour angle and decimation of 
the point m which the rotation axis produced towaids the wesi 
meets the celestial sphere ; c the collimation constant then w( 
have, by (T9), 


sm (t — rri) = tan n tan d sin c sec n sec S ) > 

sin (t 7 — m) = tan n tan sin c sec n sec d r J (l^l-> 

m which we have 

T = a -(t+a:t 0 ) 

r'=a'-(T'+Ar 0 ) 

If we could put c = 0, these equations would give us m and n 
by a very simple transformation , but, retaining c, we can still 
reduce them to the form they would have if c were zero * For 
this purpose, let m / and n ; he approximate values of m and n s 
determined by the conditions 


sin (t — m') = tan ri tan 8 
sin (V — m') = tan ri tan 8 f 


from which we shall rfind n> and then the correction to reduce it 
to n. Put 

T ) l = J (y -f- t) — m' 

then f is known from the observation, since we have 


r — J [V — T' — (» — T)] (142} 


* Thu transformation is 


given by Hansen, A»tr Xach , Yol XL VIII » 115 
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We have then 

A _ r = r-m' A + r = /-m' 

and hence 

Bin (A - r ) = tan %' tan 5 »® + r) = tan n ' tan *' 

the sum and difference of which give 

2sm X cos x cos ^ cos ^ = ^ ai1 n ' sm ^ ^ 

2 COB X Bln r cos d cos d' = tan n' sm (3 f — 0 


If, therefore, we make 

L sin X : 

£ cos A 


sin (<3 ; + jO 
cos ^ 

sm (<5 ; — ft) 
sin y 


(143) 


these equations will give us A and L, and then we shall have 

2 cos d cos S' 


tan n' 


(144) 


R in to be observed that a/ is always to be regarded as greatei 
to r id m fading r by (142) the cMVence rf _ T>, » o he 

^ TSXnMV™. 

Y?JL“ 1Z) must be less ton 860", ,t follows that A must 
also be less ton 180" Hence, X well have the same segn as 

T; “tetol V- r=?- m° V («' - »). and, .ince »' - >» 
ib very small, 

„ ( T - m) = sin Cr - *0 + sm (wt - «0 cos (r - m') 

which, substituted in the first equation of (14=1), g ives 

sm c = sin (r — m') cos n cos 5 — sm n sin i 
+ sm (m'- m) cos (t — nt) cos n cos i 


To simplify this, let us put 


sin t 
sm to = rrrrr 


from which and the equation 

sm (t — m') = tan n' tan S 



218 


PORTABLE TRANSIT INSTRUMENT 


there follows also 


cos w = cos (r — m') cos o 


for, if we add together the squares of the first and third of these 
equations, the sum is reduced by means of the second to the 
identical equation 1 = 1 By substituting the values of sm (r — wi'), 

cos (r m'), and sin d, which these equations give, in the expres- 
sion for c, it becomes 

sm c = sin O' — n) sin w -f sin (in' — m) cos n cos w 
In the same manner, if for the polar star we take 


sm w r = 


cos n f 


cos w' = cos (r f — m') cos<5' 


we shall have 

am c = am ( n F — n ) sin w' -f sm (m' — m) cos n cos w r 
Combining these two values of sm c, we have 

sin c (cos w — cos w ') = sin (»' — ri) sm (to 1 — w) 


whence 
or, putting n' —n = v, 


sm (a' — n ) — sm c SIn 1 QL + 

cos i (w r — w) 


,_ c sin iQo'-f w) 
eos i (w' — to) 


(145) 


w = n' — v 

The angles w' and w here required are found hy the equations 
tan * tan 5 


tan w f = - 


cos ^ -|- y) cos n r 


tan w = 


- (146) 


cos (A — y) cos n' 

rn S +lTof fchat i f01 a , negatlve value of Unw '’ w ' 18 to he taken 
in the 2d quadiant, but that for a negative value of tan to, w is 

to be taken numerically less than 90°, and with the negative sign- 
lo nnd m, we have, by eliminating a from (78), 


whence 


sm m cos n cos v + sm n sm <p = sin b 
sin m = — tan n tan © -f - sm b 


cos n cos <p 
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If then we take 


we have 


gin jx = — tan ti tan <p 


' cos n cos m cos <p 


m = fi + P 


The constants being thus found, we proceed to find the cor- 
rection of the chronometer by the equatonal star We must 
first reduce the transits over the several threads to the colhma- 
ton att wtach may here be done by the formula (138), omrthng 
the last term, which is insensible when the instrument is so neai 
the meridian as we heie suppose it to be If, therefore, we 1 
find t by the formula 

sin f = — tan n tan 8 (148) 

and then put * = c09 n C08 a CO s t 

we must apply to the observed time on each thread the correction 

7-1 ( 149 ) 

F 

(where i is the equatorial interval of a thread from the middle 
thiead), and to the mean of the results we must apply also the 

correction ~ to reduce to the collimation axis Let the resulting 

time reduced for rate to the assumed epoch T 0 , be denoted by (T) 
Then, if 0, is the true sidereal time at the same instant, we have 

0 o = (T) + a!T # 
and, by Art. 167, <=0o _ a + ni 

whence we derive* 

iT,= a — (T) + t — m < 150) 

If we wish to take into account the diurnal aberration, we must 
add to the right ascension of each star the conection 0« 021 cos <p 

sec 8 cos r 


171 In the above, we have supposed c to be given To inves- 
tigate the eftect of an e rror m the assumed value of c, let c 4- ac 

*It» easily seen thatThe general formula (150) reduces to formula (86, 

when the instrument is in the meridian 
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£ by (145),™''“ ’ ^ corrcotlon of » corraapondng to ur 

An = — ac 63111 + w) 

cos i (uf — w) 

differentiating the expressions (147), (148), and (149), we 
nnd the corresponding corrections of m, t, and I to be 

sm & (V -4- q?) tan <p 


ath = — An 


tan ^ 

~Z = AC 

cos* n cos in cos » («/ _ «,) C08 » » cos m 


At = — An 


tan 


aZ = 


cos* n cos £ 

AC 


_ Ac sm } (to* -[- w) tan A 

cos J ( w ' — to) cos* n cos t 


cos $ cos n cos t 


The correction of the quantity (T)-t+ m will bo compo>ed of 

taZfr, , (bj ' TMcl m 18 obte “« 1 >> of «, La of t 

Denoting the whole correction hy at, we have 

At = A I — At -J- Am 

Suhatituting the values of the corrections, we find 

AT = — T— sin h{w’-\-w)tsnw sin } (v/ 4. w) tan 9 I 

cos n Lcos w cos i («/-«,) + £Tj _ w) e0 6 » cos ml 

° b ®!!7 ing ,, tiiat *(P' — w) = i(w' + w) — v>, the first two 
terms within the parentheses become 


whence 

AT = 


cos j(ic? — w) — Sin j (V -f- w) S m w _ cos J (w'+ w) 
cos §• (v/ jo) CQ8 w — cosI^H^) 


AC 


cos n cos i (vf — w) 
finally, if we put 

tan <p f = 

the expression becomes* 


I cos i («/ +. W) 4- Sin $ (w* -j- w) tan l 1 
L cosncosjraJ 


tan <p 


cos n cos m 


At = ac - cob 0 (^+ to) — gf] 
008 n cos <f' cos J (V — io) 


( 151 ) 

( 152 ) 


* is giTen bj Ha.\ 


se.\, Atir Naeh , Vol XLYIII p 110 
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If we denote the coefficient of a c m this equation by C, and the 
true chronometer correction by a T 9 the first computed correction 
being (aT), we have 

aT=^T) — C±c (158) 

For another observation in. the reversed position of the axis 
the coefficient of a c computed by (152) being denoted by C", and 
the computed chronometer correction by (aT 7 ), we have, since 
the sign of ac is changed, 

aT=(±T') +C"ac (154) 

and, combining the two results, we can determine both xTand 
ac If we have taken a number of stars in each position, we 
can treat all the equations of this kind by the method of least 
squares 

172 The designation “ equatonal star,” m the preceding ex- 
planations, has been used to designate the star fiom which the 
chronometer eoirection has been deduced, hut it is by no means 
necessary that this star should he veiy near the equator A star 
which passes near the zenith will he preferable, since an eiror m 
the determination of n will then have little oi no effect upon the 
computed time 

Example * — In 1843, August 17, at Cronstadt, latitude if = 
59° 59' 5, the following observations were taken The value 
of one division of the level was 0U13 The correction for in- 
equality of pivots was p = + 0 s 14 for circle west The equatorial 
intervals of the threads, numbeied from the circle end of the 
axis, weie 

h *4 

+ 34* 50 + 18* 74 — 16'. 14 33* 38 

The assumed collimation constant was c = — 0 s S3 for circle icest 
The chronometer eoirection was approximately aT= + 40 s , 
its losing rate, I s 72, or 5T= -f T 72 daily 


* Sawitsch, Pract Astron , Vol I p 343 
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1st position of the instrument Circle West 



E 

w 

Level Direct 

Reversed 

-120 

— 17 8 

1 +27 0 
+ 212 


Mean B = 4^ 6 


B = + 0* 52 
p = + 0 14 

b = + 0 66 


Transits observed with chronometer “ Haut No 19 ” « 


Thread 

I 

II 

III 

IV 

V 

a Urs Mm 
ft Dracoms 

38*0 

3*9 

17* 23”* 10* 0 

17 28 35 0 

1*4 

29* 3 



E 

w 

Level Direct 

Reversed 

— 18 0 

— 12 4 

+ 210 
+ 26 8 


Mean B = _|_ 4s 35 


B = + 0' 49 
p = + 0 14 

b = 4- 0 63 


2d position Circle East 



E 

. 

w 

Level Direct 

Reversed 

— 18 4 

— 17 4 

f 210 
+ 231 


Mean B = — f- 2* 1 08 


B= 4 . 0*24 
p = - 0 14 

b = + 0 10 


Thread 

V 

IV 

III 

II 

I 

0 Urs. Mm 
r Dracoms 

8*1 

35*8 

17* 52“ 45* 5 

17 55 1 4 

31*6 

57*1 



E 

w 

Level Direct 

Reversed 

— 162 
— 18 3 

+ 23 6 
+ 215 


Mean B = 4. 2* 05 


For fl» g,„„ a*. we 4ndi from tu 


B = + 0*30 
- p = — 0 14 

b = + 0 16 

Almanac, 
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a ° 

a Urs Mm 1‘ 3“ 45-.70 88° 28' 24" 2 

fj Draconis, 17 26 55 .73 52 25 25 5 

Y Draconis, 17 53 0 35 51 30 51 0 

Computation of the observations, circle west — We shall reduce 
the observed times for the chronometer late to the common 
epoch T q = 18 7 ‘ To allow foi the diurnal abeiration, we take 
for the approximate times of the observation of a Ursa Minoris and 
j9 Draconis , 17* 24’" and 17* 29”“, which, subtracted fiom the re- 
spective right ascensions, give for their eastern hour angles, oi 
the values of t, T 40“ and — 0* 2™, and hence the values of 
0* 021 cos <f sec S cos r for the two stars are — 0 4 17 and + 0 s 02, 
which are to be added to the light ascensions. The corrected 


quantities ai e then : 

„ Urs Min J = P 3“ 45* 53 V = 17” 23» 9* 96 5'= 88° 28' 24" 2 
B Draconis, a = 17 26 55 75 T = 17 28 34 96 9= 52 25 25 5 
a r_T'— 7 40 35 57 5' 4-3 = 140 53 49 7 

a —T *= — 1 39 21 S' — S= 36 2 58 7 

2 r — 7 42 14 78 = 115° 33' 41" 7 
r = 57° 46' 50" 9 


Hence, hy the formulae (143) and (144), 


logsm (8 r -{- $)9 799833 
log cos x ® 726857 
log L sm A 0 072976 
log tan A 0 230618 

A = 59° 32' 39" 2 

n' = + 1° 21 22" 8 


logsm (5'— 8) 9 769736 
log sm y 9 927378 

log L cos A 9 842358 
log cos A 9 704899 

log L 0 137459 
log 2 cos <5'cos 8 8 51 1783 
log tan ft' 8 374324 


log cos d' 8 425554 
log cos 8 9 785199 
log 2 0 301030 

8 511783 


By the formulae (145) and (146), 
A + r = 117° 20' 

log sec (A -|- y) ftO 3380 
log seen' 0 0001 
log tan 8 r 1 5743 
log tan w f ftl 9124 
i o f = 90° 42' 

} (vf + w) = 71 35 


— 0 # 33 = — 4" .9 5 
^ _ — 4 97 


i — r 

= 

1 ° 46 ' 

log sec (A — 

f) 

0 0002 

log sec 

n' 

0 0001 

log tan 

8 

01138 

log tan 

w 

01141 

w 

= 

52 ° 27 ' 

i(w f — 

w) 

19 8 

log sm i (id -|- 

w) 

9 9772 

logsec i (yd — 

w') 

0 0247 


log c »0 6946 
log v ftO 6965 


»' — „ = *= + 1° 21' 27" 8 
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By the formula (147) : 

Jog (— tan m) n8 374769 


log tan <p 
log sin /jl 


0.238415 


b = + 0 * 645 = 9 " 68 

l •» * . _ 


»8 618184 
f t== — 2 ° 21 ' 7"0 
/S = + 19 4 

m = — 2 20 47 6 


log b 
log see n 
log sec !± 
log sec <p 
log /S 


0 9859 
0 0001 
0 0004 
0 3009_ 
12873 


toinT'mmetor”? b ' m * ttaa ft ™ d > ™ 

1 $r* We tet “ 


* = — 1° 45' 54 ", 6 


log tan n 8 374769 
log tan $ 0 113823 
log am t n8 488592 


logt 153782 
log 1 1 75295 
I + 56 62 


IT 

n.1.20790 


V 

nl 52284 


II 

1-27277 

148790 nl 42303 nl 73797 

+ 30-.75 — 26’.49 - 54*70 


log cos n 9 99988 
log cos <S 9 78520 
log cos if 9 99979 
log F 9 78487 

c =—0-33 
log c w9 518 

log 4 »9 738 


&rtll<i ttme «*» 
5 aad tie tonometer correction by (150), 


P Draconia 
17* 28™ 34'.62 


€ 

F 

Eel. fox xate to 18* — 

(*) = 

a =r 

f ~ ”* = + 0° 34' 53 " 0 = 
vnron. correction at 18* = A y __ 




34 

.65 



35 

.00 



34 

.91 



34 

_60 

17 

28 

34 

76 


— 

0 

54 


— 

0 

04 

if 

28 

34 

18 

17_ 

26 

55 

75 

— 

1 

38 

43 

+ 

2 

19 

53 

+ 


41 ' 

10 
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Computation of the observations, circle east — This being in all 
respects similar to the above, we shall only put down the pnn 
cipal results The approximate hour angles (r) of a Vrsce Minoris 
and yDracoms are 7'* 10 m and — 0* 3'", whence the correction of 
the right ascensions for diurnal aberration are — 0* 12 and + 0* 02. 
Keducing the times for rate to 18*, we find 


« Urs Min o' = 1* 3“ 45* 58 T = 17* 52* 45* 49 t’= 88° 28' 24' 2 
yDracoms o= 17 53 0 37 T = 17 55 1.39 d = 51 30 51 .0 


whence 


y — 

54° 7' 38" 3 

n f = -f- 

1 26 2 5 

x + r = 

110° 4' 

w’ = 

90 31 

V ~ 

+ 5" 0 

n = + 

1° 25' 57" 5 

fX = 

2 28 54 7 

m = — 

2 28 50 8 

t = 

1 48 9 6 


A = 55° 55' 54 "2 

c = + 0*33 = + 4" 95 
A — r = 1° 48' 

w = 51 32 

b = 4- 0*13 = 4- 1"95 
/3 = + 3" 9 

log F— 9 79866 


Tor the reductions of the threads for i-Draconis , we find 


v IV II i 

j + 53*60 + 25*96 —30*14 — 55*48 ±. = + 0*53 


and hence 


y Draconi s 


Transit over middle thread = 17* 55 w 

1*59 

ii 

+ 

0 53 

Bed for rate to 18* = 

— 

0 01 

(T) =t r 

55 

2 11 

a = 17 

58 

0 37 

a-(T) = - 

2 

1 74 

t — m — -f 

2 

42 75 


+ 

41 01 


The mean value derived from the observations in both positions 
of the instrument is, therefore, 

a 2;= + 41*06 at 18* 

In general, however, unless the decimations of the two stars are 
nearly equal, the true value of aT 0 will not be the mean of the 
values found in the two positions, but we shall have to proceed 
as follows. 

VOL 11—15 
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To estimate the effect of an error in the assumed value of c in 
this computation, we might here put <p'= <p in (152), since n and 
m are here small , but, for the sake of illustration, we shall use 
the complete formulae We find 


<p = 

Circle West. 
60° 1'2 


Chrele Halt 

60° 1'4 

$ (to' + W) — <p' = 

11 34 


11 0 

log cos [} (to* -1- w) — p'] 

99911 


9 9919 

log sec i (it/ — w) 

00247 


0 0257 

seen 

00001 


0 0001 

seep' 

03013 


0 3013 

logC 

03172 

log O' 

0 3190 

„ ° = 
Hence 

+ 2 075 

C — 

+ 2 084 


(Circle west) aT, = + 41* 10 — 2 075 Ac 
(Circle east) aT 0 = + 41 01 + 2 084 ac 

whence 


AC== + 4TW = + 0,0216 
(Circle west) a T 0 = + 41* 10 — 0* 04 = + 41* 06 
(Circle east) aT, = -f 41 01 + 0 05 = + 41 06 

This result agrees with the mean value found before, because 
here the decimations of the stars were nearly equal, and the posi- 
tion of the instrument with respect to the meridian was nearly 
the same m both observations 

-A.S the value of c is often but imperfectly known, it will bo 
best always to take a pair of stars m each position of the axis, 
mid then to compute the two clock corrections upon the supposi- 
tion of c = 0. The true correction will then be found by com- 
puting Che as above, and the value of ac will be the true value 
of e Thus, in the preceding example, if we had first taken 
e = 0, we should have found from /9 Dracoms (aT 1 ) = -(- 40* 42, 
and from y Dr (teams (a T') = + 41*. 70, and, computing the coeffi- 
cients C and C' as above, we should have had 

(Circle west) A T B = -|- 40* 42 — 2 075 c 
(Circle east) a r o = -(- 41 70 4- 2 084 c 


(Circle west) 
(Circle east) 


c 


—1*28 

4159 


0*808 


a T a = + 40*.42 + 0*64 = + 41*06 
a = -|- 41 70 — 0 64 = + 41 06 


whence 
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APPLICATION OP THE METHOD OF LEAST SQUARES TO THE DETER- 
MINATION OF THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 

IN THE VERTICAL CIRCLE OF A CIRCUMPOLAR STAR 

173. We here suppose the observations to be made essentially 
as directed m Art 170, with this diffeience, however, that we 
shall not restrict the observation of the star near the pole to its 
transit over the middle thiead The instrument being brought 
near the vertical of a circumpolar star 1st, the transit of this star 
over anyone of the threads is observed , 2d, the transits of a number 
of equatorial stars are observed , 3d, the axis of the instrument is 
reversed, and the transit of the polar star again observed over 
one thread; and 4th, the transits of a number of equatorial stars 
are obseived The level is read for each star If, however, the 
circumpolar star has passed all the threads by the time the axis has 
been reversed, the azimuth of the instrument must be changed, 
so as to "bring the star near a thread ; then, clamping the instru- 
ment m azimuth, the transit over this thread will be observed, 
and also the transits of a set of equatorial stars as before In 
this case the observations, being made in two different vertical 
circles, must be separately computed according to the following 
method It is hardly necessaiy to observe that the obseivations 
of the equatorial stars may either precede or follow that of the 
circumpolar star, as may happen to be most convenient In this 
method, we form an equation of condition from the observation 
of each star, and all those for which tbe azimuth of the mstiu- 
ment is the same are combined by the method of least squares 
Let c denote the colhmatiou constant for the mean of the 
threads, and i the equatorial distance of a thread from the 
mean, then, r denoting the hour angle of the star when observed 
on the thread, i + c must be substituted for c m our fundamental 
equation (79) ; and, since this quantity is always sufficiently small, 
we shal l put it m the place of its sine Thus, we have for each 
thread 

c - \- 1 = — sin n sin 8 -+■ cosn cos 8 sin (r — m) 

When several threads are observed, the mean of the observed 
times corresponds to that point of the field which we call the 
mean of the threads only when the instrument is in the meridian. 
When the instrument is not in the meridian, two methods of 
procedure offer themselves The first is that which has been used 
m the preceding articles, and consists in reducing each thread 
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either to the middle or the mean thread by means of the com- 
puted intervals. But to compute these intervals we must, as 
has been, seen, know the position of the instrument The second 
method, which we owe to Bessel, is not only more simple m 
practice, but is wholly independent of the position of the instru- 
ment , and, as it will be useful both m the present problem and 
in that of finding the latitude by transits over the prime veitical, 
I shall treat of it here 

If we denote the number of observed threads by y, we have g 
equations of the above form, i and r being diffeient m each 
The mean of these equations is 

c + “ - 1 = — sm n sm $ -f cos n cos 5 ^ I sin (r — m) 

where I is the usual summation sign Now let 

= ^he mean of the observed times on the several 
threads, 

^ -? = the observed time on any thready 

then I is the interval found by subtracting each observed time 
from the^ mean of all, and, consequently, the algebraic sum of 
ail these intervals is zero* Also let 

# = the clock correction, 
t = a — (T-f- 

then for each thread we have 


r = a — (T — I+$) = t + r 

sm (r —■ m) = sm (t — m -f. J) — 6 m (t — m) cos 1 + cos ( t — m) sm l 
- 2 sin (r - m) = sin « - m) I i cos/+ cos (< - m ) I S sm* 

I*«t k and x be determined by the conditions 


then we bare 


T eosx= ~ I cob I 
k q 

1 1 

-r-sin x = — sin J 
* S 


\ 2 an(r - ») = 1 8in (( _ „ _ m) 
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Hence, putting 


r l — t — x = a — (T+x-f 9) 
L = - Si 


1 


(155) 


our equation "becomes 


„ , cos n cos $ sin (r, — m) 
o - 1- * 0 = — sin » Bin 3 ^ 1 


Thus, x and k being found, we find r t by using the corrected 
time r+ k instead of T, as in (155), and then this single equation 
represents the mean of the q equations We may bring this 
equation still nearer in form to that for each thread, by substi- 
tuting 

y cos 8 I — — cos S 
K 


which give 


y sin 5, = sm S 


e _ + ; o _ 

r 


— sin n sm 5, -f- cos n cos <5 a sin (t, — ni) 


(156) 


where y is so nearly equal to unity (as will presently appear) that, 
as the divisor of the small term e -f- 1 0 , it may usually be omitted 
Thus, the mean equation is precisely of the form for one thread, 
when we use both a coirected mean time and a corrected decli- 
nation The quantities x and or else x and log k, are re adily 
found by the aid of tables such as Tables VHI and V ILL A at 
the end of this volume, the construction of which is as follows 
The equations which determine k and x may be written thus 


Icosx = l — -SZ&tfil 
k ? 

— sm x — —S(I — sm J) 
k q 


for, since 21= 0, this last equation is the same as the one before 
given But the quantity I— sin J is of the order I s , and theie- 
fore extremely small, so that we may put cosx = 1, and hence 


i = 1 — — S 2 sm* i I 
k q 

H = — S ( I — sin I) 

2 
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and since 


-we have* 


tan dj = k tan 5 


^1 — $ ■+■ 


k_—l sin 2# / * — 1 \2 sin 4 S 

*+l 8ml" + b+lj 2l^ + &C 


or, substituting the value of k, 




— 2 sin’ } I 
g 

1 — -Zsm*bl 
g 


sin 2 (5 
sin 1" 


+ &o 


Bessel givesf a table from -which with the argument J we find 
J— sin fin seconds, and — - The means of the tabular 

quantities taken for the several values of I are respectively k and 
the numerator of the coefficient of 28 A small subsidiary table 
corrects for the neglect of the denominator In the tables at the 
end of this volume I have adopted a different arrangement By 
the logarithmic formula 


lo g(l — «) = — M (x -f } a? 3 + Ac ) 
m which M= 0 4342945, we find 


log* l0 Sx=^[^2sinHr+i(Ii:2sin>47y + &c] 

* S - ee °^ d t6 f 31 ° f the Senes Wl11 mostl J inappreciable 
The approximate value of log k, neglecting this term, will be 

log * = 1.22M sin 2 J J 
1 

vaSe^ 1 ^ 118 tHS ValUe m second term > ^ complete 

log * = 1 2 2 M B1 j. j j , (log^) J 
2 2 M 


* PL Trig , Art 254 


t -Attron Nath , Vol VI p 245 
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extreme precision is desired, this mean is to be increased by the 
small correction given in Table Vm A, which contains the value 

of the term with the argument “ mean log k ” The 

column marked x gives the value of 1— sin I m seconds for each 
value of I, and the mean of the several values is likewise to be 
taken as the correction of the mean of the observed times T 
The sign of I is different for threads on opposite sides ot the 
mean, and the sign of x must be the same as that of I Hence 
the mean x will be evanescent when the observed threads are 

symmetrically disposed about the mean 

These tables, then, effect the reduction of the thieads to a single 
instant m a remarkably simple manner, without requiring a pre- 
vious knowledge of the position of the instrument Ve have 
only to add x to the mean of the obseived times, and to find the 
corrected declination by the formula 

tan <5, = k tan S (157) 

Then taking the mean of the equatorial intervals i of the ob- 
served threads, we proceed to use equation (156), as representing 
the mean of all the threads The divisor y is found, from the 
equations which determine y and 8 V to be 

r cos (S 1 — S) 

where we may put cos (8, - 8) = 1 Since i 0 is aero when all 
the threads are observed, we may put y = 1 in such cases with- 
out hesitation, since it is then the divisor only of the very small 
quantity c But in the method of observation here adopted we 
may m all cases put y = 1 , for we suppose the slow-moving star 
to be observed on but, one thread, m which case we have ngor- 
ousiv r = 1; and for the equatorial star (even if we extend this 
denomination to stars of the declination 50° or 60°) the intervals 
J will alwa\ s be less than 2 m , and then the mean log k will always 
be less than 0 00001, and log y will be less than 0 00002 We 
take then, as complete, the equation 

c _j_ i o — — sin n sin 5, + cos n cos sm (r t m) 

for sin (r x — m) and then 


Substituting sinr l cosm — cos q sm m 
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substituting the values of sm n> cos n cos m, cos n sm m, from (781 
the equation becomes ’ v * 

c + ~ b(sm <p sin \ -j- cos <p cos <5, cos t 2 ) -f- cos a cos 8 sm r. 

+ sm a (cos <p sm d x — sm <p cos 8 X cos rj 

ov* Thl !i. eq r a ? 013 : WlU be satlsfied when a is the true value of the 
thl n + U °i ms ^ ruirien t and has been found by employing 
, oorr “ t ‘“ * But, if u and « denote aLimed 

cnSJS V3 f U f of these quantities, a« and a# their leqmred 
corrections, and if r t is found by the formula 

r , = “ — ( T i + *) (158) 

then we muet substitute m the above equation u + an for a, and 

small mifln-ht’* s 6 t ^ aB dnd (neglecting the products of the 
small quantities b, a a, and a??) 

C 6 (sin <p sin 3 t _)_ cos <p cos 3 X cos r x ) 

+ cos a cos 3, sm r, 4 sm a (cos <p sm d 1 — sm v cos 3, cos r) 
a sm a cos 3 t Aa cos a (cos <p sm 3 — sm <p cos 3 cos r ) 

- a# cos 3, (cos a cos t, + sm a sm f sm T ,) 

l°d“Sm^ f rT mpll,atl ' J “' Iet 2 -1 be the zenith distance 

«d °l tU 8phCre Wh °“ “'nation i, i, 

a nour an S le r ! • then we have (Vol I Art 14) 


COS 2 = 

sm z cos A = 
sm z&m A = 


sm <p sm 8 1 -|- cos <p cos 8 1 cos t 1 
cos <P sm 3j 4 . sm cos d l cos r t 
cos <\ sm r l 


and our equation becomes 

° + ~ * ?"* - C* - ^ r an cos (a — A) sin z 

- a* coe J, (oo. a eon v, + 8m „ f 8m 

fwj'may aleo fer to** . OT,i ' st “ 2 + V mi *bere- 

In the indent " f ,n<1 ib «*“• m*y be put = 1. 
«*» nquadou, and 

*e obtain the equation of condition 

* + AAsm * 4 A3 cos 3 (cos a cos - . „ 

v « w>s 1 4 sin a sm 


0 ( 161 ) 
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in which the sign, of c must be changed when the axis of the 
instrument is reversed. It must also he observed that, (as m 
meridian observations where z = <p — <$), sin z must be negative 
when the star is north of the zenith this sign, however, will he 
given hy the equations (159) if attention is paid to the signs of 
the other quantities To compute z and A by logarithms, lot g 
and G be determined by the conditions 


then 


g sm G = sin \ 
g COS 6r = COS d t COS T x 

cos z = g cos (jp — &) 
sm z cos A = g sm ($> — G) 
sin z sm A = cos 9 X sm r t 


or (observing that tan 8 X = k tan S) 


tan G = 


k tan d 
cos 


tan A = 


tan Tj cos G 
sm(^ — &) 


tan z = 


tan ( [<p — G) 
cos A 


( 162 ) 


in which G and. A are to he taken less than 90°, positive or 

negative according to the sign of their tangents, and the sign of 

tan z will be determined hy that of tan (<p (?). „ 

If we put ,, 

tan F = tan r x sm <p 

the coefficient of a# may he computed under the form 


P = 


cos S cos cos (a — F) 
cos F 


(164) 


The whole process of forming the equation of condition for 
each star is, therefore, as follows 
1st Find x and log k from Table VEH , and add * to the mean 
of the observed times on the several threads Call the resulting 
time T v and find 

Vj = o — (2 1 ! + *) 

m which t? is the assumed clock correction reduced to the time T x 
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M ^b J -r« to q „lkoa Pbyt ' le e4 “ tl0M (162)l (168)> “ d (164) - 

A = l o+ i *cos 2 +(fl-4)an2 

m which ; v, is the mean of the equatorial intervals of the observed 
threads from the mean thread, b is the inclination of the rotation 
axis, and a is the assumed azimuth of the instrument. 

1 hen the equation of condition is 


== c + sm z + P 4- h = o 

m which the sign of c is to be determined by the position of the 
rotation axis of the instrument 

Prom all the equations thus formed, the most probable values 

rJ a*’ an . 4 f° un d by the method of least squares 

f r , 6 azlmu th of the instrument has been changed during 
the observations these must be divided into two sets, and two 
different assumed azimuths a, a', with the conections au aud ua', 
wiU be used in the formation of the equations 
It is hardly necessary to remark that all the quantities £, b, 

arc- tvJ’lTt ^ T GX l ressed m the sam « unit, either of time or 
arc. the latter will perhaps he most convenient 

Example —The following observations were taken by Bessel 
with a very small portable instrument, to determine the time 


Circle gast 

I 

i 

II 

III 

IY 

V 

Level 

Z Seorpti 
e Ophmchi 
aUrsceMinms 

8* 12* 2 
14 22.4 

7“52*.5 
14 2.6 

11* m s 

11 13 43 2 
11 

13"22* 7 
20 3 2 

13“ 1*6 

— 1“ 080 

— 0 608 

— 0 079 

Circle West. 
&UrscB Jfijtons 

'-24 Scuti Sob 

21-85*5 
25 11 4 

21- 56*. 2 
26 31 6 

13* 19- 52* 8 
13 22 16 2 
13 26 52 3 

22“ 37* 0 
27 12 8 

22“ 58* 8 
27 34 4 

+ 1 4 583 
+ 1 670 
+ 1 837 


-5* rrr s - 
^ tssr , * * s — • ■ 
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Kbssei Its correction to sidereal time at 12* (chronometer lime) 
was assumed to be d = 5* 1" 3* 00, and its rate on sidereal time 
was + 9' 19 per houi (losing). 

The equatorial intervals ot the threads from the mean threa 
were as follows for circle west • 

i II 111 IV v . „ 

+ 598" 08 + 303" 09 + 6" 19 - 294" 91 -612" 46 

The value of one division of the level was 4" 49 The pivots 
were of unequal thickness, the correction for which had pie- 
viouslv been found to he - 1".89 for circle west 

The apparent places of the stars on the given date were as 

follows 



a 

6 

X Scorpn 
e Ophiuchi 
a Ursce Minoris 
* a (Anon ) 

24 Scuti Sob 

16* 2 m 36* 71 
16 9 13 90 

0 59 5.28 
18 18 8 49 
18 19 24 11 

— 9° 36' 34" 2 
_ 4 16 8 9 
+ 88 23 2 5 
+ 14 52 36 7 
_ 14 39 56 0 


The reduction of the observations of y Scorpn and s Ophiuch on 
the several threads to a mean will serve to illustrate the mode 
of using our Table YIH , although m this case the quantity x is 
quite insensible and log k nearly so We have, then, 


Circle East 


y Scorpn I 
II 

Means 
e Ophliichl 


Means 


T 

I 

X 

lag h 

l 

11* 8” 12* 2 

7 52 5 

— 9*85 
+ 9 85 

0 00 

0 00 

0 0000001 

1 

— 598" 08 

— 303 09 

11 8 2 35 

0 00 

0 00 

0 0000001 

— 450 59 


11 14 

22 4 

— 39* 90 

0 00 

0 0000018 

— 598 "08 

14 

2 6 

— 20 10 


5 

— 303 09 

13 

43 2 

— 0 70 


0 

— 6 19 

13 

22 7 

+ 19 80 


5 

+ 294 .91 

13 

1 6 

+ 40 90 

0 00 

19 

+ 612 .46 

11 13 

42 50 

0 00 

ooo 

1 o 0000009 

0 00 
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crrclft I Afto+ ie eqUat10 ? 8 + con dition foi the three stars observed, 
circle east, we now find by the formula (158, &c )* 


T+x = T 1 

Assumed # 
Bate to 12* 

* i+* 

a 

r i 

(in arc) 
log sec r L 
log tan 6 
log k 

log tan G 
G 

t-G 
log tan Tj 
log cos G 
log oosec 

log tan A 

log cos A 
log tan (^ — Q) 

log tan z 
log sin 2 
log cos z 

A 

Assumed a 
a — A 
b 

(® — 

• b cos z 

S 

. . * 

F 

* — F 
logcoed 
l^ooerj 
lag e«ee («- 

log 000 F 
log F 


X Saorpn 

e OpJnuchi 

a Ur 8 fie Vi n 

11* 8™ 2» 85 
+5 1 8 00 

— 7 96 

11* 13 m 42* 50 
+51 3 00 

— 7 09 

11*20"* 8*20 
+ 5 1 8 OO 

— 6 12 

16 8 67 80 

16 2 86 71 

16 14 88 41 
16 9 18 90 

16 21 0 08 

0 59 6 28 

— 6 20 68 
— 1° 85' 10" 2 

0 000166 
n9 228677 

0 000000 

— 5 24 51 
— I 6 21’ 7" 65 
0 000121 
«8 878022 

0 000001 

+ 8 88 5 20 

129° 31' 18" 0 
»i0 196290 

1 549578 

0 000000 

«9 228848 
— 9° 86' 47" 2 
57 45 27 2 
n8 442387 

9 993858 

0 072784 
n8 508929 

«8 878144 
— 4° 16' 13" 2 
52 24 53 2 
•8 872975 

9 998798 

0 101030 
«8 472798 

«1 746868 
— 88° 58' 17" 3 

187 6 57 3 

nO 088561 

8 254067 

0 167161 

n8 604789 

9 999774 

0 200130 

9 999808 
0118688 

9 999778 
«9 967894 

0 20036 , 011887 

9 92738 1 9 39904 

9 72697 , 9 78617 

»9 96812 
w9 88296 

9 86484 

1° 50' 66" 85 | — i® 49' 4// g.- 
- 1 42 0 1 

— 1° 49' 52" 74 

+ 8' 55" 85 j -j- 4-/ gg 

— 2 96 — 0 84 

+ 7' 52" 74 

~f~ 1 34 

+ 458" 29 I 

— 1 58 I 

— 450 59 

+ 3" 84 

— 0 51 

0 00 

821" 80 

+ 1 18 
+ 294 91 

+ 1" 12 
•8 814894 
— 1° 10' 64" 

— 81 6 

9 99886 

9 99983 

9 99998 

000009 

999876 

+ 8" 88 
«8 245032 
— 1° 0'26" 

— 41 84 

9 99879 

9 99988 

9 99997 

000007 

9 99873 

— 26" 76 
•9 955618 

— 42° 4' 89" 

40 22 39 

8 45025 
»9 80871 

9 88184 

012946 

•8 26526 
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Hence tie equations of condition, circle east, are 


y Scot pit — c -f- 0 8459 '\<i -|- 
e Ophiuchi — c 4 0 7926 a« 4 
a Urs Min — c — 9 6807 aa 


0 9857 a* 4 1" 12 = 0 
0 9971 a# 4 6 33 = 0 
0 0184 a# — 25 76 = 0 


In the same manner, we find for the stats observed, circle west, 



At Uts (6 Mm 

*a 

24 Scuti Sob I 

r, +* 

T t 

18 ft 21” 8*03 

18* 23“ 32‘ 34 

18* 28“ 8 * 81 

99° 29' 18" 75 

_ 1 ° 20' 57" 75 

_ 2° IT 10" 5 

1 

log ft 
log tan A 
log sin z 
log COS£ 

A 

ooooooo 

*18 617903 
«i9 82674 

9 87007 

_ 2 ° 22 ' 32" 22 

0 000001 
»8 618105 

9 73948 

9 92217 

2° 22' 36" 20 

0 000001 
«8 618199 

9 94926 

9 65941 

_ 2° 22' 38" 05 

Assumed a! 
a' - A 

— 2 22 40 
_ 7 78 

_ B 80 

_ 1 95 

b 

4 5 22 

4 5 61 

4 - 6 36 

(a! — A) sm z 

4 5 22 

_ 2 09 

_ 1 74 

b cos z 

4 3 87 

4 4 69 

4 . 2 90 


4 6 19 

0 00 

0 00 

h 

4 15 28 

4 2 60 

4 - 1 16 

logP 

«7 74071 

’j 9 98501 

9 98544 


and hence the equations foi these stars are 

Urs Min 4 « — 0 6710 aa' - 0 0055 a* 4 15" 28 = ® 

* a 4 c 4 - 0 5488 aa' 4 0 96(51. a# 4 2 — 9 

24 Sain Sob 4 c-(- 0 8897 aa'+ 0 9670 a#4 1 16 = 0 

The six equations involve four unknown quantities, which 

might be determined from the four normal equations formed m 
the usual manner But, wheie the numbei of equations is so 
little gieatei than that of the unknown quantities, it is not 
worth while to employ this method. Ve can here obtain the 
same result by eliminating a* from the first set and a a from 
the second, and then combining the resulting equations for the 
determination of c and a<9 Thus, substituting the values of a a 
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transit instrument 


'°“ d f' 0m tle e 1 uatI0M fora Vrm Mm m the egoe- 
hare the “ ““ *” gr °" pS ras P« !t >'' el y. 

x Scorpu — 2.2427 c + 0 9629 a4 — 30" 89 == 0 

eOphiucfa — 2 1642 c — f— 0 9757 Arf — 26 66 = 0 

* o? 5 + 1 8179 c -f 0 9616 Atf -f 15 10 = 0 

- 24 + 2 8259 c + 0 9597 Atf -|- 21 42 = 0 

from which we derive the normal equations 


which give 


18 4281 c — 0 2908 a& 204" 25 = 0 
— 0 2908 c + 3 7249 a* — 20 68 = 0 

A# = -f 4" 69 = -)- 0* 31 
e = — 11" 01 = — 0‘.73 


Hence we have, finally, 

4 = Jf. 5 * 1 «* 3*31 

By T ^ e e S ? r v S f Verallj ’ We have 3> 43 ’ 3 * 18 > 3 * 34 > 3 ' 29 

tune wiS ^ haV€ here W P™, ^ finding the 

for the use of m8 n i Iiae ^ out °f tbe meridian, are intended 
admst thel lt SerVe f “ ? # field wbo bave ^le time to 
meeml J IhT T an4 ^ to collect a11 tbe ** possible, 

of these g reductil dUCt1011 f ° r ,* future time Tlie S reater labor 
tions in often m S ’5' om P ared Wltb those of meridian observa- 
Z ffeU re COm P eQ8ated b 7 the saving of time in 


^TERMINATION ON the GEOORAPHICAIi latitude by a transit 
instrument in the prime tertical 

when the gr^T ehcle^d 1111 !? f aid 10 be m tbe P lime vertical 
prune verSal The 4 ® ® nbed lts collimation axis is in the 
plane of tTl rime T? 18 . thea P^pendicnlar to the 

planes of the meridian and ll6S 1116 1Qtersect i° n of the 
pbcation of °™ to BeSSEL tbe ^ 

^ ^i 8 of tte piMe ° f 40 tte ietermmati,m 
*• « - *» ^ le bne% 
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stated as follows * Let PZ, Fig 45, be the meridian, SZS' 
the prime vertical of the observer; SMS' 
the diurnal circle of a star which crosses 
the meridiaa between the zenith and the 
equator Such a star crosses the prime 
vertical above the horizon at two points 
S and S' on opposite sides of the zenith 
and at equal distances from the meridian 
If then we observe the transits at these 

two points with an instrument perfectly adjusted in the prime 
vertical, and note the times by a clock whose rate is well known, 
we determine the hour angle ZPS' = i, which is equal to one- 
half the elapsed sidereal time between the two observations , 
and, therefore, m the right triangle PZS' we know this angle 
and the hypothenuse PS' = 90° - <5, from which we find the 
aide PZ = 90° — <p ; whence the formula 

tan (p = tan £ sect 


m which <p is the latitude It is evident that only those stars 
can be observed on the prime vertical whose decimations are 
between 0 and <p The nearei the observations to the zenith, that 
is, the less the difference between the decimation and the latitude, 
the less the effect of errors m the observed times upon the value 
of sec t, and, consequently, upon the computed latitude 

The advantage of this method of finding the latitude lies 
ehiefiy m the facility with which all the instrumental errors may 
be eliminated by using the instrument alternately in opposite 
positions of the rotation axis, reversing it either between, the 
observations on two - different stars or between observations of 
the same star, or using it m one position on one night and in 
the reverse position on the same stars on another night. Dif- 
ferent methods of reduction apply to these several methods of 
observation, which will be hereafter investigated Ve must first 
show how to place the instrument m or near the prime vertical 

175. Approximate adjustment m the prime vertical The middle 
thread must he carefully adjusted in the collimation axis, or as 
nearly so as possible Then compute the sidereal tune^of pass- 
ing the prime vertical for some star whose declination is small, 


* See also Tol I Arts 192 and 193 
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that is, a star -which passes the prime vertical at a low altitude 
^ tk® hour angle in the prime vertical, 8 — the decimation, 
and tp = Ihe assumed latitude, we have 


cost = tan t cot y 

and,^ if a = the star’s nght ascension, © = the sidereal tame of 
passing the prime vertical, 


© = a + t 


{ 


■ ivr east Transit ^ 

Cl TKTAQ+ Ct 


+ “ west 


s 


t this time, therefore, “by the clock (allowing for the correction 
ot the clock), bring the middle thread upon the star, observing 
to eep the rotation axis as nearly horizontal as possible. The 
zenith distance at which the star will be observed may also he 

previously computed, to facilitate the finding [For this purpose ^ 
we have 


cos z = 


81U d 
sm^> 


^ieh gives the true zenith distance, from which we should sub- 
tract the refraction in the ease of veiy low stars. 

the instrument has thus been brought near the prime 
vertical by one star, the rotation axis should be carefully levelled, 

mA Tl a ? a8tme ? r rfed ly another star In the first adjust- 
ent the frame of the instrument would be moved , but in the 

V v Wh ? Gh 18 prOTlded mt]l a small motion in 
i . an e nistrument is provided with a graduated 

hormmtel circle the most satisfactoiy method is to adjust it 
the meridian and then revolve it m azimuth 90°. 

811 obser ^ atlon on the extreme threads, we 
^ T T T™ d by tie 8tar to P ass *** one of 

newly «« interval I, near the prime vertical, will be 


1 = 


^ cos $ sin t sin <p sin z 

^ * »»-»« < ± 
is need to red™* r f**”* 68 ± 15 1 coa ?> where the factor : 

aide thread at the east t^t^lftertf * ° bser7atlon 011 
W81tmll > therefore, he expected about 
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econds before the time of transit already computed, and at a 
rxeater zenith distance by about 15 I cos (p , while the first ob- 
ervation at the west transit will also be expected I seconds 
► efore the time of transit computed, but nearer the zenith by 
'll out 15 1 cos if These simple calculations are accurate enough 
or the puipobe ot preparing foi the observation When the 
intervals of the threads are not known at first, they will be 
obtained accurately enough from the early observations foi sub- 
sequent use m finding stars 

Foi stars whose decimation ib very neaily equal to the lati- 
tude, the zenith distance and hour angle on the piime veitical 
may be moie accurately computed by the foimiilse 


i/sm («> — 5) sm (<p d) 

sin z — - — 

sm <p 


sm t = 


sms 
cos <5 


176. Correction for inclination of the cm 9 — When the lotation 
sixis is in the meridian, hut is inclined to the horizon, the gieat 
circle described by the collimation axis is still perpendicular to 
-the mendian, but intersects it in a point whose angular distance 
from the zenith of the observer is piecisely equal to the inclina- 
tion of the i otation axis This point may be called the zenith of 
the instrument, and the gieat ciicle described by the collimation 
axis, the prime vertical of the instrument If we put 


<p' — latitude of the zenith of the instrument, 
tp — c tc obseiver, 

b = inclination of the rotation axis, positive when north 
end is elevated, 


we have 




and the only consideration of the level coi recti on required in 
this case is to apply it directly to the latitude found fiom the 
instrument hy the same methods that aie used when the axis is 
tiuly horizontal 

But if the rotation axis is not in the mendian, nor the middle 
thread m the collimation axis, the simple solution given in Ait 
174 requires some modification. I proceed now to consider 
the instrument m the most general manner, with deviations m 
azimuth, level, and collimation, and to show how to eliminate 
the effects of these deviations 

Vot 11—16 
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177 fib find the latitude from the observed times of transit of a 
gwen star oven a gwen thread east and west of the meridian , the rota- 
tion axis being m the same position at both 
observations — Let the rotation axis lie 
m the vertical cncle ZA, Fig 46, and 
suppose the noith end elevated, so 
that the gieat circle of the mstiument 
is JE'Z"W', and a thread at the dis- 
tance c south of the collimation axis 
describes the small circle SS' Let A 
be the point in which the rotation axis 
produced meets the celestial sphere, 
and through A and the pole P draw 
the great circle APZ". This great circle is perpendicular to 
E'Z” W', and the observations of the star on the thread at S and 
S are equally distant from it We may call PZ" the mendian, 
E'Z"W' the prime vertical, and Z" the zenith of the mstiument 
Now, the equations (78) and (79) of Ait 123, being entirely 
general, apply to the mstiument in this position, but it is con- 
venient to make some modifications of the notation The point A 
emg now near the north point of the horizon, its azimuth is 
nearly zero and its hour angle nearly 180° If we put 

the azimuth of A = 90° + (a) = — a, or (a) = — (90° + a) 
the hour angle of A = 90° — m = 180° + X, or m = — (90° + X) 

wherewe distinguish the a of the equations (78) by enclosing it 

* n ^ en a 18 sma N azimuth of the rotation axis 

reeteoaed from the north towards the east, and I is the hour angle 

II— T?-” 1 -"?* 0 Qf instrument (or, as we might call it, the 

e instrument) : and the substitution of these 
<pwwa**8 m equations (78) gives 


COB % COB X Sin ^ COS <p -|- COS b COS CL fim « 

cob ii sis X = cos b sin a 

aia * ~ ® 8113 9 + cos b cos a cos 




(165) 


® the . hoQ r angle east of the mendian, while it 

M nrr^ll^ 011 * ln *• ™ 1 -u-mer, 
«n(r~ ») iriHbeoome h “ ge lts Slgn ’ 80 ttat the factor 


«■(— r + 90° -f I) = C08(t __ ^ 
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and the equation (79) will become 

sm c = — sin » sin 3 + cob ft cos t cos (r — A) C166) 

Fot the convenience of fatnre reference, I shall here recapitulate 
the notation used m these our fundamental equations namely, 

<P = the latitude of the place of observation, positive when 
north ; 

d = the decimation of the star, positive when north, 
r = the hour angle of the star, 

a = the azimuth of the rotation axis, positive when east of 

north , , 

b = the inclination of the rotation axis, positive when the north 

end is elevated , 

c — the colhmation constant of a thread, positive when, the 
thread is north* of the collunation axis, 

A = the longitude of the meridian of the instrument, positive 

when west, 

n — the declination of the north end of the axis 

If, further, when the star is observed at "both the east and west 
transits, we put 

r > T , ‘ — the hour angles of the east and west observations, 
respectively , 

jir __ the clock times of observation, 
aT,aT' == tlie corresponding clock corrections, 
a = the right ascension of the star, 

2# — the elapsed sidereal time between the east and 
west observations on the same thread. 


we have 

r=T+Ar— a r' = T' + hT’ — a 

fl = 4(T' + aT'- T— aT) 

A. = T + a 37) — a 

whence $ = ■f — A = A r 

We see that & will be well determined when the clock rate, or 

a J 1 , is known , hut to find Awe must also know the clock 

con ection. and the star s right ascension. 

* When the thread is north of tie prime vertical, the small circle of the sphere 
which corresponds to it is south of the prime vertical, and vice versa 



nUEblT I* DIRIMENT 

-Notv, let h and /? be assumed so as to satisfy the conditions 

h sin p = sin b 
h cos ,3 = cos b cos a 

tlion the equations (165) become 

eos n cos A = h sm (p — /S) 
cos n sm ? = cos b sm a 
sm u = h cos (cp — j3) 

Substituting m (166) the values of cos??, sm ft, given by these 
equations, and also eos (r - /) = cos (X - r') = cos S, we have 



sm 


c ^ Cos(^ — fi) sm d -{- h sin ( c — ,3) cos $ 


cos # 
cos 


to reduce which we assume ti and <p> to satisfy the conditions 

ft' Sin <f'z = r sill d \ 


ft-' COS <p' = cos a 


COS # 
COS ; 


( 168 ) 


which transform the preceding equation into 
whence sin c = M'smO - ^-/J) 


sin ( 9 . — o' — , 5 ) = 


A A' 


But, as e is never more than 15', and h'= -“i wall never he less 

fl ° m um fy on fy by^a quantity depending 

31 V he au ? le f-F'-fi never exceed 30' so Hurt 

we may write, without sensible error, 


To find ft, we have 


sm 3 

tan j3 = tan b sec a 


or, since 6 Is only a few seconds and a bat a few minutes, 

J» = A 

and jp* is determined by (168), which give 


tan y' = tan 5 sec & cos A 


(169) 
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and then we have 


9 = 9' + 6 + 


c sin <p r 
sin d 


( 170 ) 


It is evident that the factor cos/ in (169) corrects for azimuth 
dcwation, the term b 111 (170) foi inclination of the lotation axi>, 

and the term csia — foi the distance of the thiead fiom the col- 
, sm d 

lunation axis 

In these equations, & and A aie obtained from the observed 
times on the same thread, the rotation axis being in the same 
position at the two obseivations The constant c has then the 
same sign at both obseivations, -f- foi north threads, — for south 
threads , and its value must be known foi each thread "We 
deduce then, by (169) and (170), fiom each thread separately, a 
value of the latitude, and take the mean of all the results as the 
latitude given by the instrument m tin position of the axis But 
if the pivots are unequal the stndmg lei el does not gne e 
true value of b directly (See A,t 137 ) Moreover, the constant 
c is composed of the equatonal mten al of the given t ireat r ' 
the middle thread combined with the eollmiation constant ot the 
middle thiead, and will, therefore, mvoh e both the error m 
determination of the interval and in the adjustment foi coll - 

"r:, to eliminate all these mrtiumental enors, lepeat the 
observations on the same stai on a subsequent night in th 
«vle posrtron of the «. Le, , * the (unbtown « 

foi inequality of pivots, q the (unknown) collection of c for erro 
in the mteival of thread and coihmation aAjus me ^ 

be the latitudes given } ( ) the inclinations 

nights and in teveise positions of he ^ ^ mchna . 

of the rotation axis given bj ^ ^ e \ a]ue of the co lhmation 

tions are b + P and & P’ aa so that in the first poBi- 

constant foi the given thread is c + ? *> that m 

tion of the axis we have 

sm 9_ 

<P = 9* 4" ^ "f” P ^ sin <5 


and m the second position, 

( .sm? 

<p = <?"+b'-p-(.c + 
and the mean of these 
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9 = W + b + y" + V) + i±i f am t ~ 81 -l g" l 

2 L am S J 

so that the inequality of pivots is wholly eliminated, and the 
error of thread and colhmation is reduced to the term 

q |~ sin <f — sin <p ,r \ q sm (V — <p" ) cos * 

2L am $ J~ 2 sin S ( nearl 7) 

“ i ~ 9' ~ f" ~ 1°> is 0" 008 cos f cosec 8, and that 

P& o this small quantity which depends on the collimation of 
the middle thread will have different signs for north and south 
threads, and will also wholly disappeai from the mean There 
^ ei ^ am ) therefore, in the result only that part of this term 
w ic epends on the errors of the thread intervals As the 
thread intervals can easily be determined m the meridian within 
’ ^ 18 re ^ a ^ nm S error in the latitude will be insensible in 
prac ce, an we may assume the mean of two nights’ observa- 
tions to be wholly free from the instrumental errors 

^ yet the errors of observation and of the clock 

? a .„ e angles # and X As X is always small, their 

* U°v f neral] y be appreciable in cos/, and their effect 
^ ? 6SS nearer ^e star is to tlie zenith , for the 

tbp , ™* at a PP ear * n ^ are only the vanations of rate, and 

the leBS 46 effMt of ‘t' 8 ' * A * 

46 “* le * the ies8 ^ - v ^ 

is ftvn vf ^^cp 011 ^° r error m 9 resulting from an error in 
is found by differentiating (169) ; whence 

* 

** sec*/ = <*» tan $ sec « tan * cos A = d* tan/ tan « 
or &eaady 

A 

*9 = y am 2f> tan # 


• 45 , in which case we have 


and sin2 f is greatest for <p 

j „ r — 5 ^ wxuun case we nave 

til, *-*-*'. -P - * X <U8 ; or aa error m * of 

the mean of the latitudes ohtas Wl ^ un we ou ght to expect 
thread and with the same sta *+ m tW ° n ^hts from the same 
m K * t to <*»• ma flat found m tho 



IN THE PRIME VERTICAL 


247 


same way fiom an, other 

tions are taken within one hour of ^ 

lathe experience ot oheerrere m the use^of ^ ^ 

Tinally, the la“ude isrfeoted by m the latltud e 

declmaiion ot the .« ™>“^< ^ decimation, but when 

“ a ’”°y 8 f' eateI *,* utitade will he less than the error m 
r > f ■ *? ert ° r f iftTwhoee decimations fell between 
1 l"^ £ - ft - will be seen at ones by examining 

the equation sm 9 ,? 

dtp —— d& n . 

Y 8iu 25 

which .. foundby d, deviating (W9)mth ‘ 

obtained by it even in latitude, not g, eater than 80 . 

178 Instead of deducing a value 'jf J^fttootaKrwtioM 

thread, it usually «~£ ^XtSe^and then to »nd the 
on the several threads to the m ^ ^ course , 

value of the latitude from the mi«J ^ feMd from the 
he the same as the maean * therefore, to investigate the 
S SSS the observations on the side threads to die 
middle thread 

L f = the equatorial interval of any given thread north of the 
middle thread, 

1= the corresponding star interval, , 

then, t being the hour angle °f thread : so that 

thread, r - Iis its hour angle when on ^ the given 
c now denoting the oolhmation constant of to ™ ^ 

and, consequently, « Hr » bemg now put for c in H ), 

8m (l + c) = - un » sm a + cos » cos * cos (r - A - I) 

while for the middle thread we have 


sm o 


: _ 8 m n sm S + cos n cos 5 cos (r ■ 


The difference of these equations gives 
2 cos tfi + c) sinli = ^ cos * cos 


A) 


il) srniJ 



TEANSIT IXSTBUMNT 

In tin first member, since t and c are both small, we may put 
2 cos i i sin J ! } or am i, and hence 


2 sin } J = S1D? 

cos n cos d sin (V — X — $/) 

If the azimnth a of the instrument is even as great as 20' (and 
it will always be much less), it is easily shown that log h in (167) 
Jill not be less than 9 999993, that is, it will not change the 
itth decimal place by a unit m the computation of log cos n, 
nn , as this degree of accuracy is evidently even more than suf- 
henef COmputmg J ’ we slia11 lieie take cos?i = sin(f> — b ), and 


2 sin £ I = 


Wl JL1 h 


sin (p — &) cos 5sm(r-yl- J J) 


( 171 ) 


This very exact formula will be required, however, only where 
e star is veiy near the zenith In most cases we can employ 

81 wi f0r Sm {<P ~ 6) and put instead of its sme 
When the star has been observed on the middle thread, both 
east and west of the meridian, we may find r — x = t? with 
sufficient accuracy for computing the reductions of the threads, 
by taking the half difference of the observed times on tins 
thread, and hence the formula will be 


2 sin 11 = 




or, in most eases, 


sm(p — b ) cos S sm (# — $ I) 


1= 


sm <p cos S sm (ft — J J) 


( 172 ; 


( 172 *) 


eamftdW g T *2™ *’ ^ 81 S ns ° f T ’ and » must be 
carefully observed Thus, * will he positive for north and 

neS^f° r 8 ° U . thread8; * p0SltlTC for a star west, and 
negative for a star east of the meridian The value of 1 re- 

Siffrom memW 1)6 found sufficient 

? ordei 40 

„ J i.* , p p 8 S n > lt 18 to b® observed that the oh- 

tLTotte e m^: SSl*"* i8 ^ t0 be s “d from 

Haring reduced the several observations to the middle thread 
by adding the values of J thus found, the means of the reS£ 



IN THE PRIME VERTICAL 


249 


for the east and west transits, respectively, will now lie denoted 
by T and T', after wlncli & and A will be accurately found, an 
tbe latitude computed precisely as in the preceding article I e 
quantity e m equation (170) will now denote the eollimation con- 
stant of the middle tlnead „ 

The level constant should he determined both before andattei 

each transit east and west, and the mean of the foul J" 

employed foi 6, paitieulai care being reqmied in the determina- 
tion of this quantity, since any error in it affects the resulting 
latitude b y its whole amount 

Example —The following observations were taken by Hansen 
m Heligoland with a transit instrument m the prime vertical. 
The hours are given onlv for the middle tlnead, and t e o 
tions on threads VH , YI , and V are placed immediately belo 
those on I , EL, and IH , respectively 


y D) acorns 

I and VII 

— * 1 1 

II. and VI HI and V j TV | 

1 1 

Lewel 

East tiansit | 
West “ | 

Clock coirection (s 

14™ 28 s 8 

9 26 

27 85 

32 o7 ) 

uleieal) at 1 - 

! 

13’“ 35 s 8 
10 13 

28 26 8 i 

]1 50 j 

— J_ 1 ” 

12 ”- 46' ! 16* 11 ” Si- 
ll 3 3 1 

29 it 5 1 19 30 9 ^ 
31 0 | 

» AT* All Daily l ate, -r4’ 12 

1—0-40 

4—1 37 

) 

i — 

1824, August 3 — Circle South 


| y Dracoms 

I and VII |H and VI 

1 

i III aiidV | 

IV 

| Level 1 

! East transit | 

West “ | 

Clock com ect: 

-j 1 

! 8 ”* 57- ! 9” 47' 
13 59 13 9 5 

: 32 15 31 26 

27 14 j 28 3 

(on at 14* 8 m = — l m ^ 

i 10” 36- 1 16* U”* 27* 5 1 v 50 
i 12 17 5 | | 3 

30 36 5 1 19 29 44 ,1 _ 0 03 
j 28 55 | |3 

> 98 Daily rate, — 4' 27 


i t i? i-i, p pircl? end of the axis, so 
The thieads aie numbered fiom tb ^ opened fimt 

that for u eirele north ’ stais a ie ^ * found by observa- 

on thread YII Their equatorial mteisaL, a. 3- 

tions m the meridian, were— m m 

1 ,1^963 -10-652 -21-426 -H-m 

^Circle novtt) «, + 32' 382 +21-55/ +10-963 


* Aitron Xach , Tol VT p 


117. 
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The value of one division of the level was 2". 5 (of arc). 

The collimation constant was c = -(- 2" 18 (m are), circle north 
The assumed latitude was <p = 54° 10' 8. 

F or the given dates, the apparent places of the star were — 

7 Dracoms a 6 

1824, July 81, 17* 52*> 34- 42 + 51° 80' 57" 64 

“ Aug 3, “ “ 34 37 “ “ 58 04 

We shall first reduce the observations of July 31 To compute 
the thread intervals, we find an approximate value of # from the 
observed times on the middle thread, the difference of which is 
3* 18™ 15* 8, and, since m this time the clock rate is -f O' 6, we 
take 2# = 3 A 18® 16 s 4, and hence 

(Approx ) # = 1* 89 m 8* 2 

Taking the differences between the observed times on each side 
thread and that on the middle thread for both the east and west 
transits, the mean of the two values for each thread may he used 
as a sufficiently exact value of I to be used in the second member 
of (172), namely . 

i n m v vi vii 

(Ajproi ) /> + 2™ 34* 8 + l m 42' 9 -f 0 m 52' 2 — 0™ 50* 2 — 1«* 40* 6 — 2™ 27' 8 

J/, 1*37 50 8 1*38 1 6 7 1* 38 42 1 1* 39 33 3 1* 39 58 5 1* 40 22 1 

whence the reductions to the middle thread are, for the west 

transit, 

r, -f- 2» 34*.97 -f 1™42' 74 -f 0 m 52' 04— O^SO' 16— l m 40* 49 — 2™ 28' 01 
and the same values, with their signs changed, are used for the 
east transit These being applied to the observed times, we have — - 


I 

East 

16* 11” 53* 83 

West 

19 s 30” 9* 97 

II 


54 06 

9 54 

in 


53 96 

9 54 

IT 


54 00 

9 80 

T 


58 96 

9 84 

VI 


53 49 

9 51 

Til 


54.01 

9 49 

T = 

16 

11 53 90 

T = 19 30 9 67 

aT = 

±_ 

1 47 71 

aT'=+ 1 48 28 

T+ lT— 

16 

13 41 61 

T’-\- aT' = 19 31 57 95 


19 

31 57 95 

16 13 41 61 

i sum = 

17 

52 49 .7 r 

f } diff = 1 39 8 17 

a = 

17 

52 34 42 

\ = tJ = 24° 47' 2" 55 

;t = 

15 86 

; 0° a' 5 j" 
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Hence, by (169) and (170), 
log tan d 0 0996440 
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log see t» 0 0419648 
log cos A 9 9999997 

log tan <f' 0 1416085 

/ = 54° 10' 47" 41 

esiny' _ 2 26 - 

* m \= - 2 21 

*, = 54 10 47 46 


c = + 2" 18 

log c 0 8385 
log sin f' 9 9089 
log cosee < S 0 1064 
0 8538 


For the observations of August 8, we find, from the observed 
times on the middle thread, 

(Approx ) £ = 1* 8* 5 

and from the observed tunes on the stole threads compared wdh 
the middle thread, V1 vn 

I 11 111 « j_ U» 41* 6 + 2“ 30* 8 

^ « ’* 7*“ « 1 1,88,7 ! 13 1 

s* wlnefi we find the true values of It. be as fellowso 

f , _ 2ra n. 28 — l m 41' 10 — 0”*51* 6i -i-0“50* 55 +1-42.10 + 2” 

Applying these to the observed times, and taking the means, we 

nave West 

East T , _ 19 * 29- 44* 81 

T = 16* 11” 27* 61 a7 ,,__l 2 0 94 

*T=+_ 2 0 35 aT —± 


y _i_ A T = 16 13 27 96 
x= 0° 0' 37" 


rrv i A y' = 19 31 45 75 
+ $ = 24° 47' 13" A 


©// 1 g 

"With these we find, taking now c — 

— 54° Iff 50" 25 

cam/ 2 26 


sin S 


b= - 1 81 

,= 54 10 46 08 


The mean of fire 
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179 To find the latitude when the instrument is leieiscd between the 
east and west transits of the same star on the same night — Reduce the 
observations to the middle thread, and let T and T' be the mean 
of the resulting clock times at the east and west tiansits, respect- 
lvely. If the middle thread was north of the collimation axis at 
the east transit, it 'will be south of that axis at the west transit, 
and the interval T f — T will he sensibly the same as the interval 
between the two transits ovei the collimation axis itself We 
may, therefore, compute the latitude precisely as m the preceding 
method, and regard c as zei o. Thtis, our formulae will be 

^ = + aT') — (T+ a r>] \ 

T' + aT' + T+ a? 7 ] — a / 

tan <p' = tan <5 sec # cos l / (173} 

9 = / + b J 

in which b is the mean of the level determinations m the two 
positions of the axis, and is, therefore, free from the eiroi of 
inequality of pivots This method, then, enables us to obtain 
from the observations of a single night a value of the latitude 
free fiom all the instrumental errors * TTe may lemaik here that 
the result "by this method, as well as the mean of the results of 
two observations m reverse positions of the axis by the preceding 

method, is tree from eirois arising fiom flexure of the rotation 
axis 


Example The following observations weie taken at Cion- 
ste t with a transit instrument in the piime vertical, the axis of 
which was reversed between the east and west transits 


1843, August 9 Cionstadt Assumed <j> — 59° 59' 5 



Circle South 

r 

II j in 

r 

IV 

V 

Level 

E 

y Caanoptse 

13™ 23* 

17™ 46* | 0* 24™ 0* 

31™ 32* 


4- 5" 36 


d Oaasiopese 

20 32 

23 6 1 0 26 21 

29 19 

32™ 44* 

+ 5 56 


Oircle North 

: 

[ 




W 

y Casnopess 


1™ 2* ‘ 1* 9™ 55' 

15™ 2G* 

20™ 21* 

f — 2" 10 


, 


| 



f— 2 08 


Id Caaatopese 

57 m 3 b' 

0 45 1 2 4 11 

7 0 

9 50 

r — i 50 

" 

1 

— - — 

I 



1 — 1 10 


bv Tan Z Z Z V ” 1 acy m ftndin S ? > since tins quantity will be affected 

err °V tUtt]ieeiTOr WlU haTe ^ct upon the cosine of 

^ €8S C 18 large It will, indeed, be d™ b mappre- 

middleThread & ° ****** ^ bestowed ordmaiy eai e upon the adjustment of the 
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The level was observed before the east transit of r Cassiop and. 
after that of dCassiop. so that the mean b = +■ 5" 46 wiU he 
used for both stars at the east transit But at the west transi 
the level was observed before and after each stai : so that foi 
r Carnap. at this transit we shall use b — — - -09, an oi 

S Cctssiop , b = — 1" 30 * . 

The threads are numbeied from the circle end of the axi , 
and thread I was first observed at both the east arid wes 
transits The equatorial intervals from the middle thread weie- 


ii 

+ 18 s 74 


iv 

— 16* 14 


V 

38*38 


the 


(Circle North) i, + 34 s 40 

The colhmation constant, as found from observations m 
meridian, was c = + 4".50 (in aie) for “cncle sout ^ 24 „. 

The chronometer correction (sidereal) was d - - 1 ‘ ’ 

its daily rate, + O’. 90 

The apparent places of the stars for this date weie 

a 

r Cassiopece, O'* 47“ 21*49 + 59° 52' 2" 8 
8 Cassiopece, 1 15 40 38 -f- 59° 25 6 2 

To reduce the observations of y Cassiopece, we first find the 
approximate value of & from the difference of the obsen ed times 
on the middle thread to be 

= O'* 22“ 54* 5 

from which we find, by (172), the reductions of the side threads 
to the middle thread to be as follows 

! II IV V 

4- 10“ 43* 2 + 6”* 19* 7 — 7-23*9 

+ __ +8 55 6 — 5 32 2 -10-26*4 


Y Cassiop. E 
1 W 


Applying these, and proceeding by (ITS), we find,- 
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} 


East W es t 


I 

0* 

24* 6* 

2 


■ • 

II 



5 

.7 


1 9 57 

6 

III 



6 

0 


55 

0 

IY 



8 

1 


53 

8 

Y 



- 



54 

6 

T = 

o’ 

24 

6 

n 

T' 

= 1 955 

"3 

aT = 


_+ 

30 

2 

aT' 

= +30 

2 

T + aT = 

o' 

24 

36 

7 

T'+ a T 

= 1 10 25 

5 


i 

10 

25 

5 

0 24 36 

7 

1 sum = 

o’ 

47 

31 

1 

f Jdiff 

= 0 22 54 

4 

a = 

0 

47 

21 

5 

l =# 

= 5° 43' 36 

ft 

x = 



9 

6 





= 0° 2' 24" 


log tan S 0 2362409 

log sec * 0 0021729 

log cos X 9 9999999 

log tan <p' 0 2384137 

<p' = 59° 59' 29" 78 

6==i (5" 46 — 2" 09) = + 1 69 

<P = 59 59 31 47 

The observations of y Gassiopeee, reduced in the same manner, 
g.ve <p = 59° 59' 30" 98, and the mean is f = 59° 59' 31".23 
The preceding methods of reduction leave nothing to be 
desired when the intervals of the threads are known When, 
however, these are unknown, we may resort to one or the other 
of the following methods, according to the nature of the obser- 
vation 

180 To find the latitude from the observed transits of a star over the 
‘prime vertical , east and west of the meridian, when the instrument is 
reversed only between the observations of different nights, the intervals 
of the threads being unknown 
Put 

® = the distance of any thread from the collimation axis, 

= i the elapsed sidereal time between the east and 
west transits over the same thread when the circle 
or finder is north, 

= ditto for the same star when the axis is reversed, 
b n , b. = the level constants in the two positions , 

then, by (169) and (170), we shall have 
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tan <p n = tan 8 sec >J„ cos A 
tan <p , = tan 8 sec cos A 
csmj^ 

4- & H + 


<P = V, + 


sm 5 
c sin y, 
sm 5 


The last two equations involve but two unknown quantities, 
<p and c, both of which may, therefoie, be determined Pu 

</>„ = 2 0 » + + <F > + 
r = i O. + 6 » - ^ ^ 


then our equations become 


9o— r + 


c sm 


<P — <p 0 = — Y 


(f 


■ — Mi 


sin <5 
sm 5 

Multiplying the first by sin <p„ the second by sin?., and adding 
them together, we find 

f sm p, - sm y.l __ _ y tan j cot i (<*>„ + «0 

Lsm + sm <P , J 

Since r is very nearly equal to <p.), the second member of 

this equation involves the square of r , and consefiuendy, an 
exceedingly small quantity, in computing which we may, evi- 
dently , P 5t r = *(f - - f .) - bstltate * for * <'» + ^ whereby 

weobtam ^ = f sin y cot f 

This method may, therefore, be expressed by the following 

equations tan ^ = tan a sec cos A 

tan <f, = tan 5 sec cos A 

ft=j(f.+».+».+V 1 (1M) 

A f = \ (? m — v,y sm 1 cot<p 

9 = 9 o — 

m which the assumed value of <p may be used in computing up 

181 In this form of the method, only fairs of observations 
of the same star made on different nights in reverse positions of 
theaxis can be reduced But it often happens that the observa- 
tion on a thread is lost, and the corresponding observation on 
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the same thiead in the reverse position of the axis becomes useless 
In order to avail ourselves of eveiy observation, we may, after a 
sufficient number of observations have been made on the same 
star, dcteimme for this star the mean diffeience between <p and 
<f H + and between y and <p H + b 8 , and these differences may be 
Used to reduce the observations on the seveial nights independ- 
ently of each other Thus, if we put 

= ?— O* + K) l (?n —?s+ b » “ O — 

<P = 9 — (?. + b 8 ) = + J O m — ft, + b n — b e ) — a? 

each complete pan* of observations on two nights furnishes a 
value of a H (p and a , 8 <p, and, the mean of all being taken, any indi- 
vidual obsenation maj be l educed by the formulse 

tan <p n = tan d sec # t cos A <p — <p n -J r b n -{- a n <p 

oi , tan <p s = tan 8 sec cos X <p = & -|- b t -)- a s <p 

This method of i eduction is given by Professoi Peirce * 

182 The quantity A, which is the difference between the light 
ascension of the star and the mean of the sideieal times of obser- 
vation on the same thread east and west of the mendian, should 
have the same oi nearly the same value tlnougkoiit the series of 
observations, since any change of sufficient magnitude to affect 
the value of cos A sensibly will give different values of <p n oi tp^ 
and, consequently also of a , n <p oi \<p, which are here supposed to 
be constant To secnie this condition, the stability of the instru- 
ment m azimuth must he secured, oi it must be verified and 
corrected from time to time by means of a terrestrial mark to 
which the middle thiead is referred 

183. The factor cos A may be omitted (not only m this, but m 
all other methods) throughout the i eduction of a series of obsei- 
vations where it can be legarded as constant, and a small coi- 
rection for the azimuth of the instiument can be applied to the 
final mean latitude If we denote this mean by (^>), found by 
neglecting the factor cos A, the true latitude will be found by the 
formula - 

tan <p = tan ( <p ) cos X 


* In. a memoir on the latitude of Camhudge, Mass , Memoirs of Am Academy (J 
Sciences, Vol IT p 183 
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01 f = ( y ) — \ A 3 sin 1" sm 2 <p ^175) 

If the azimuth deviation a is required, it may be found by the 
aecond equation of (167), which gives, very nearly, 

am a = sin A sin <p (176) 

If the azimuth of the instrument is known independently of 
the observations for latitude, we have, by substituting « for Asm?, 

sm 1" cot <p (170*) 

184 The thread intervals may also be found , for the difference 
of the equations for ?, Art 180, gives 




2 sm l (<p n + ?») cos j (<p n 
for which we may take 

_ (A-g + mO S1D f 

c Bin <p cos ± n <p 

or, in most cases, . . . 

_ (A„g> + a?) sm 8 


?.) 


(177) 


sm <p 


This will give the distance of each thread (the ^dle J^JSe 
included) from the collimation axis, whence we ca 
distance of each from the middle thread 

Example —Let us apply this method to the ^ 

obsess take, at Heligoland by Hu™, 

indl for^h thread by takmg halt the 

observed times on this thread, east and wert and eorre^ig ^ 
the clock rate in the interval, which is here + 0-28 Theval^ 
of 1 maybe found accurately enough tom the middle thread 

alone Tims we have 


Mean of times on middle thread — 17* 51* 
Clock corr = _+ 


1*9 
48 0 


Sid time = 17 52 
Star’s a. = 17 52 
A = 


49 9 
34 4 


15 5=0° 3' 52" 


„ , a w + „ n A cos A = o 0996487 , which will be used 

Hence we have log tan d -thread being 

for all tbe threads, the value of log ™s£.tor e 

subtracted from it to find log tan as 


Voi< XL— W 



s 
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T hi cad 

K 

log COS # n 

log Ian 0 n 


i 

1'* 36“ 33* 38 

9 9602592 

0 1393845 

54° 2' 25" 7ft 

ii 

1 37 25 28 

9 9595210 

0 1401227 

5 12 36 

hi 

1 38 16 03 

9 9587918 

0 1408519 

7 56 84 

IV 

1 39 8 18 

9 9580351 

0 1416086 

10 47 43 

V 

1 39 58 38 

9 9572996 

0 1423441 

13 33 16 

VI 

1 40 48 78 

9 9565540 

0 1430897 

16 21 07 

VII 

1 41 36 03 

9 9558485 

0 1437952 

18 59 87 


From tlie observations of August 3, “ enele south,” we find 

Mean of times on middle thiead = 17 s 50“ 85* 7 
Clock con =-|-2 0 6 

Sid time = 17 52 36 3 
a = 17 52 34 4 

log tan 3 cos A = 0 0996457 ) = 1 9 = 0' 29" 


Thi ead 


log COS 

log tan 0, 


i 

1* 41“ 39* 29 

9 9557996 

0 1438461 

54° 19' 11" 32 

ii 

40 49 79 

9 9565389 

0 1431068 

16 24 98 

hi 

40 0 54 

9 9572678 

0 1423779 

13 40 80 

IV 

39 8 54 

9 9580299 

0 1416158 

10 49 07 

V 

38 19 04 

9 9587483 

0 1408974 

8 7 11 

VI 

37 27 04 

9 9594958 

0 1401499 

5 18 50 

VII 

36 37 79 

9 9601968 

0 1394489 

2 40 30 


With the assumed latitude <p = 54° 10' 8, we find log £ sinl" 
cot <p — 3 9419, and the computation of &<p for each thread is as 
follows* 


Thread 


% (f,— *.)* 

log A<p 

1 

Ad 

i 

— 16' 45" 56 

6 0046 

9 9465 

0" 88 

ii 

— 11 12 57 

i 5 6556 

9 5975 

0 40 

m 

— 5 43 96 

5 0730 

9 0149 

0 10 

IV 

— 0 1 64 

0 4296 

4 3715 

0 00 

V 

+ 5 26 05 

5 0264 

8 9683 

0 09 

VI 

+ 11 2 57 

5 6426 

9 5845 

0 38 

vn 

+ 16 19 .57 

5 9820 

9 9239 

00 

o 
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We have b = — 2" 21, b,= — 1" 91. i(&»+ 6 «) “ ~~ £ // ' 06 ’ 
and hence the several values of the latitude given by the different 

threads are found as follows 


1 

Thread 

$ (<j>n + 0«) 

$0 

<P 

i 

54° 10' 48" 54 

46" 48 

45 60 

ii 

48 65 

46 59 

4619 

HI 

48 82 

1 46 76 

46 66 

IV 

48 25 

46 19 

4619 

Y 

50 14 

48 08 

47 99 

VI 

49 79 

47 73 

47 35 

YH 

50 09 

48 03 

ir 

47 19 

ACt TA 


Hence w = 54° 10' 46" 74, which agrees within 0" 03 with the 

result* found^ on p 25! The shght »*£ *£ 

small errors in the thread intervals employed in the t 

“Thfvalues of A n ? and *,<p for each thread maybe found as 
follows 


Thread 

Hf. 

-* 

.) 

£(0n— ^ 


-b.) 

M 1 

AW 

I 

— 8' 

22" 

78 

— 8' 

22" 

93 

+ 

8' 

22" 

05 

— 

8' 

28" 

81 

XX 

— 5 

36 

29 

— 5 

36 

44 

+ 

5 

36 

04 

— 

5 

86 

84 

III 

— 2 

51 

98 

1 _ 2 

52 

13 

+ 

2 

52 

03 

— 

2 

52 

28 

IY 

0 

0 

82 

— 0 

0 

97 

+ 

0 

0 

97 

— 

0 

0 

97 

Y 

4* 2 

43 

03 

+ 2 

42 

88 

— 

2 

42 

97 

4- 

2 

42 

.79 

VI 

YII 

+ 5 
4“ 8 

31 

9 

29 

79 

+ 5 
+ 8 

31 

9 

14 

64 

— 

5 

8 

31 

10 

52 

48 

4* 

+ 

5 

8 

80 

8 

76 

80 


formula (177), which gives 

Cj + 32* 1 37 -f" 21* 65 +1V0B +0^06 -1*48 -21*31 -31*51 
vM eh are the tataucee from the collimator axrs The e^ua- 
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tonal intervals of the side threads from the middle thread are, 
therefore, 

I II in v VI VII 

j, + 32* 31 + 21* 59 + 11* 02 — 10* 54 — 21* 37 — 31* 57 

which agree with those given on p 249 as well as can he expected 
when but four observations on each thread have been taken 

185 To find the latitude from the obsen'ed transits of a star over the 
prime vertical when the instrument is reversed between the east and west 
transits, the intervals of the threads being unknown — Let 

r,t' = the hour angles of the star on the same thread at the 
east and west transits, 

then, c denoting the distance of the thread from the collimation 
axis, we have 

— sin c = sin n sin S — cos n cos <5 cos (r — A) 
sin c = sin n sin 6 — cos n cos <5 cos (V — A) 

the sum of which gives 

cot n = tan & sec \ {f — r) sec [j (Y -j- t) — A] 

But by (167) we have 

oot n cos A = tan (o — /9) 

and therefore 

tan (? — j9) = tan S sec $ (Y — r) sec [} (Y -f r) —A] cos A 

in which /? = inclination of the rotation axis , and m this case, 
if b and b' are the inclinations m the two positions, we take 
0 = !(& + &') 

If now, to avoid all further consideration of the clock rate, we 
suppose all the observed times to be reduced to some assumed 
epoch (T) at which the clock correction is a T, and put 

T, T' = the clock times on the given thread at the east and 
west transits, respectively, reduced for rate to the 
assumed epoch ( T), 

T„ T 0 '= the same for the middle thread, 
we have 


r = T+ AT — a 


t'= T'+ aT—o 



IN THE PRIME VERTICAL 


261 


and, since the middle thread is very near the collimation axis, 

* = *(!?+ r„)+ 

I(y — t) — l{T' — 2 1 ) = i elapsed sid time, 

IV+t)-x =k?’+ To) 

Hence, if we adopt the following more simple notation, 

2# = the elapsed sidereal time between the east and west 
observations on the same thread == T f T, 

^—.^he mean of the observed times on that thread 

= -f- IT), 

t o = the mean of the observed times on the middle thread 

= K 27+ 2 1 .). 


and put 


y = t — t„ 




we shall have 

tan <p f = tan d sec $ sec y cos a I (178") 

<p = <p f + i (p + * 

This method of observation and reduction has the same 
advantage as that of Professor Peirce, m not requiring a know- 
ledge of the thread mteivals , and it further enables the observer 
to reduce each observation independently of all others, and thus 
to obtain a definite result from one night’s work 

Example —Let us apply this method to the observations taken 
at Cionstadt, given on p 252 

Eor the star y Cassiopem we have but three threads to reduce, 
since thread I was omitted at the west and thread V at the east 
tr ans it For the others, we proceed as follows : 

j ___ Q» 4 *jm Qt 5 log tan £ 0 2362409 

^ jt = _|_ 30 ,2 log cos ^ 9 9999999 

Sid time = 0 47 30 7 log tan S qos A 0 2362408 

n = 0 47 21 5 
A = 0 0 92=2' 18" 

Neglecting the chronometer rate, which is insensible in these 
intervals, we have 
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II 

III 

IV 

t 

0* 39“ 24* 

0* 47”* 0*5 

0* 53- 29* 

t f o = r 

0 7 36 5 

0 0 0 

0 6 28 5 


0 21 38 

0 22 54 5 

0 21 57 

log sec y 

0 0002398 

0 ooooooo 

0 0001733 

log sec 

0 0019377 

0 0021732 

0 0019949 

log tan 

0 2384178 

0 2384140 

0 2384090 

9 f 

59° 59' 30" 6 

59° 59' 29" 8 

59° 59' 28" 8 


Mean <f = 59° 59' 29" 73 
“ b= + 1 69 
P = 59 59 31 42 


For 8 Gzssiopece we find, in like mannei, k = 1' 27" loe 
= 0.2284381; and from the several thieads, 


tan 8 cos k 


I 

} 0 A 12* 

$ 0 48 32 
59 ° 59 ' 28 ". 8 


II 

0 A 3”» 20* 3 
0 48 49 5 
59° 59' 80". 1 


ill 

0 A 0 ™ 0* 

0 48 55 
59° 59' 28" 3 


n 

0 * 2 m 53 ' 5 
0 48 50 5 
59° 59' 29" 1 


V 

0 A 6 m 1* 

0 48 33 
59 ° 59 ' 28 " 2 


Mean <f = 59° 59' 28" 90 
“ b = + 2 08 
? = 59 59 30 98 


The mean result by the two stars is, then, <p = 59° 59' 31" 20 
winch differs only 0" 03 from the result found on p 254, wheie 
tne thread intervals were used 


186. Toji/id the latitude f om the observed transits of a star over the 
prim vertical, east and west of the meridian, when the instrument is 
reversed at each transit, between the observations of the stai on opposite 
sides of the prime lertical (Struve’s method ) 

When the star passes near the zenith, the intervals between 
its transits over the threads become sufficiently great to allow 
® ° bse ;7 er re T® rse the mstiument between the observations 

irrf. ? m 7 *«i at the east 

nn nf th< \ threads 011 01ie side of the middle thiead or 

on l ‘ eVe r S tll€ axh ’ secondl d, observe the star 

ffien ahl 7 °“ ae ° PP ° Site 8lde of the vertical, 

then, allowing the axis to remain in the last position, thirdly 

observe the star »t the west transit ou the same threads, and thi 
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xe versing the urns, fourthly, observe the star on the Banie threads 
on the same side of the prune vertical as at first By this mode 
of observation the same thread is alternately a noith an a sou 
thread at precisely the same distance fiom the colhmation axis 
at each of the four observations made upon it ow, in- 
equation (166) we have r — A = ■} elapsed sidereal time between 
the east and west transits ovei the same thread in the same 
position of the axis so that, if we put 

t = 1 elapsed time between the two observations on a thread 
in one position of the axis, 

t' — ditto for the same thread in the reverse position of the 
axis, 

we have, c being the distance of this thread from the axis, 

sin c = sm n sin 5 — cos n cos <5 cos^ 

sin c = sm n sm $ — cos n cos a cos V 

the sum of which gives 

cot n = tan 5 sec i (t + t f ) sec i (t t ) 

But by (167) we have 

cot n cos A = tan (<p — £) 

in which for £ we must her. emploj ^mean of fke level 
determinations m the two positions, or /3 + ) ’ 

denoting <p — y? by <p' , we find 


tan <p' = tan 5 sec 1 (t + <') see i (t - *') cos A 
<P = ¥ + ^ 


| (I? 9 ) 


where a will be the same for all the threads, and w 'tht 
with sufficient accuracy from any single threa^ y 
difference between the light ascension of the shir and mean 

of the two sideieal times of observahon on that ffire^ ^ ^ 

Dach thread thm gm. • £ " e ' ta v. nMr „ , he 

SrX'Tm hi 4. X — error m the do* .« 


latitude, as m Ait 
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once as a north, thread and once as a south thread, and the lati- 
tude will be found from it, aceoidmg to the method of the pre- 
ceding article, by the formula 

tan <p ' = tan 8 sec t cos X 

where t will be one-half the elapsed sidereal time between the 
observations on the middle thread In taking the mean, the 
value of the latitude found from the middle thread should have 
but one-half the weight of the value on any other thread, since 
it depends on two observations instead of four. 

This method is not much used in the field, as portable instru- 
ments, usually not very firmly mounted, and never provided with 
reversing apparatus, cannot he quickly reversed without risk of 
disturbing the azimuth. 


Example In the following observation, the axis was re- 
versed immediately after the star had crossed the middle thread 
\ east transit, and was then left in the same position until 
after the star had crossed the middle thread at the west transit, 

poatTon agam rOTerSed ’ and ’ eonsec Luently, restored to its 


Cronstadt, Avgust 16, 1843 


<J Casnopese 

East transit 

West transit 

©-> 

11 

+ 

-1 

4 = + 1" 2 

Circles | 
Circle N 

Thread 

Chronometer 

Chronometer 

I 

II 
hi 
hi 

11 

1 

0» 20“ 18* 5 

0 22 56 

0 26 9 

0 29 88 

0 32 45 

2* 9“ 50* 5 

2 7 16 

2 4 0 

2 0 32 

1 57 24. 


b = — 2".7 

CO 

i-H 

1 

II 


The chronometer correction at 1* 15“ was 4- 40* 1 
+ 1* 74 on sidereal time. The star’s place was * ’ 


its daily rate, 


« = 1 * 15 - 40-71 i — 590 25/ 7// 75 

*SA.VXI3CH, Pract Aairon , Vol I p 377 
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Ve find from the middle tliiead A = 3’.9, cos A = 1 The com- 
putation for the several threads may be arranged as follows 


Diff obs’d times S 
Chron Hate 
Diff obs’d times JSf. 
Chron Rate 
2 1 
2 1 ' 

i(t + O 

log see i (t + t') 
log sec$(t — t') 
log tan S cos A 
log tan <p' 

<?' 


1* 49"* 32* 0 
4 - 0 1 
1 24 39 0 
+ 0 1 
1 49 32 1 
1 24 39 1 
0 48 32 8 
0 6 13 3 

0 0098171 
0.0001600 
0 2284455 
0 2384226 
59° 59' 31" 61 
_ 0 35 


p 44 ^ 20 * 0 

1* 37“ 51* 0 

+ 01 

+ 01 

1 30 54 0 


+ 01 


1 44 20 1 

1 37 51 l 

1 30 54 1 


0 48 48 .55 

0 48 55 55 

0 3 21 5 


9243 

9722 

0466 


4455 

4455 


4164 
SO" 33 
-0 35 
29 98 


30" 60 
— 0 35 
30 25 


(p | 59 59 31 26 | 29 98 1 ^ 

Giving the value found from the middle thread but Q ® ne ‘^, t 3 ie 
weight of either of the other two, the mean is if 59 59 3U 

187 To find the latitude from stars observed at only one of their 
transits over the prime Ue r^—^otwithstanding the simplicity ot 
the preceding methods, it is not always possible to apply th 
in the field If the observer has but a short time to renma 
a station, he may fail to find a sufficient number ofbright stars 
which pass near Ms zenith, and, if he uses those wMch * 
greater zenith distances, much time is ^ ^h&mavin 

he can use stars observed at only one of i * m J**^J^ 
two or three hours obtain sufficient data , , - based 

upon that originally given by Bessel, 

which appear to me to facilitate its app > ^ stance 

If m the general equation {166 h where c j c for this 

of a thread from the e ^ ma ^ oa ^ of the thread from the 
distance, den oting now by i the distance oi __ 

~ TJann VI yes 131 M<1 183. 
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mean thread, and by c the distance of the mean thiead from the 
a xis ? we have 

1 + c — — S1C » sin <5 -f- cos ii cos & cos (r — A) 

T J® tbe bom an £ le of the star, and n and A are deter- 
mined by the conditions (167). 

Each thread gives an equation of this form The mean of 
h<®e equations may be found by the aid of our Tables VIH and 
Tl-ma’ ’ Recording to the method already explained m Art. 173. 

r t ie meau of tlie observed times on the several 
f a 6 lnterval obtained by subtracting each observed time 
8 k ^ ie mean of the several values of 

we hjr 8 teken fl ° m Table Ym wit h the argument I, 
T,= T + y 

and, smee here z is the west hour angle, 

T 1 = ^ T a 

thr!^* 0 ^ 6110 ^ the mea “ ° f the e< t ua toi'ial distances of the 
threads from the mean thread, we have 

c + l o — — sm n sin d -f- -- S n CQS 9 cos ( r i — A) 
or, putting k 

r cos 3, = ~ cos S 

k 


j + h 


,i y sin d, = sm 8 

the mean, equation is 

sin n sm S 1 -j- cos n cos ^ cos (r 1 A) 

Developing eos (r x — A), and substituting the values of sm n 
cos cos cos 7i sin from (16T), s 

m ’which h and p are determined by the conditions 

A sin /? = sm l 
A cos ,■? = cos b cos a. 

■But, since we can always nut <v» h i .1 . 

' put cos 6 — 1, these conditions give 
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P We shall here assume that the instrument can be 
brought within 20' of the prime vertical, and the * ^ 

take A = cos a = 1, and substitute a for its sine Hence 

c + V _ _ c08 ^ _fc) gin 5, +■ sin (v — b ) 008 ^ C0B T i + a 006 &l 8m ** 

r 

let <p x and z he determined by the conditions 


then 


cos# sm sin \ 
cos s cos <p x = cos ^ cos t x 
B in z = cos 5 X sin t x 

i+Ja— sm O — — A) cos 2 -j- a sm z 


where ? - ft— & must heofthe in this 

therefore may be substituted foi its sine g » ded 

method of finding the latitude no obseivahon mh bj re^ 
as having any value unless ^ ** 

mean thread have been observ , » __ x * Our equation 

no error will arise in practice by putting 7 

is, therefore, , rfn - 

fi + 1(> = O + a 8111 * 

How let 

m = the assumed latitude, 

** ZaZte required colons of these quantities, 

„ i Kfj for w and a, dividing the 
then, substituting ft + . [ [ erms by/, i e. putting 

equation by cos z, and denoting 

/ = , I + &- y -^ n2 + i » 8eC " C } 

wehave ,«,-«• »,-«+/=« (18I) 

which is the et[Uafton of ^Mt’protaWe raises of e, as, 

TeaddyhoefoundUy the equations? cob , * 
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} ( 182 ) 


fomuJ alUeS ° f * aUd ^ WiU be m08b readll J found by the 

tan fl = tan see r, = k tan d sec r t 
t&D z = tan Tj cos ^ 1 

* ” U9t b ! ? bse 7 ed tbat tan 2 Wl11 be negative when tan r, 
s , tiat 18 ’ wien the 8tar is east of the meridian The 

4 + ter “ CSeC2 mu8t also be changed when the axis of 
the instrument is reversed 

te^-The followin g observations (among others) were 
BESSEL Wltb a V6ry 8ma11 P ortable transit instrument, 
method ?' 688 PUrp ° Se ° f demonatrat mg the advantages of this 


Munich, 1827, June 27 


Circle North 

I 

II 

III 

IV 

V 

level 

n Lyras 1. 
0 Her cults W 
r Oygm E 

48” 6*4 
9 36 4 
29 38 0 

46“ 54* 4 
11 38 4 
28 47 2 

11*45*43* 2 
12 13 36 8 
12 27 55 2 

44“ 31* 2 
15 34 8 
27 2 6 

43“ 16* 8 
17 35 6 
>26 8 0 

+4“ 875 
+ 0 403 
+ 0 117 

Circle South 
(pSerculis "W 
66 Cygm J 3 

44 47 2 
48 40 8 

43 19 2 
50 5 6 

12 41 49 2 
12 51 31 2 

40 17 2 
52 59 6 

38 37 6 
54 32 8 

— 1 966 

— 1 876 


ho^whereT ! 1011 ^ 6 ^? 1 ^ 11 ^* 116 S^denofDr Steinetil’s 
e, where the assumed latitude was 48° 8' 40" 

P i >Ckel *“ “ m chronometer of 
f?= + it ^ < ?°^ l0 / ,det< ’ al tm * 34 I2 ‘ to dron) was 
per hoar ^ lte rate 0n ai ^ erea4 hme was + 9* 19 

The equatorial interrale of the threads from the mean of nil 
expressed m seooads of are, tier, as follows, “r ’ 


n 

+ 30S" 09 


in 

+ 6 " 19 


IV 

— 294" 91 


V 

— 612" 46 


-f 598" 08 

The valne of one division of the level was 4" 40 Tha „ + 


* Citron Xach , Tol II p 413 


t See the example on p 234. 
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The apparent places of the stars on the given date were as 
follows : 

1 

1 


a 

<5 

18" 

50“ 

7* 

74 

48° 

43' 

27" 

72 

15 

57 

27 

55 

46 

31 

23 

21 

20 

16 

4 

59 

39 

42 

32 

96 

16 

3 

21 

85 

45 

23 

40 

03 

19 

85 

33 

81 

45 

7 

14 

89 


TzLytce 
o Her cults 
r Oygm 
<pHei culis 
66 Cygni 

We shall illustrate the use of oui formulae by giving the 
reduction of the observations of jt Lyres nifnll - e ’ 
ploying the mean time columns of Table YEH , 


7T Lyres 

T 

i 

11* 48“ 6 s 4 

ii 

46 54 4 

hi 

1 45 43 2 

IV 

l 44 31 2 

V 

43 16 8 

Means 

11 45 42 40 


/ 

X 

log Tc 

2“ 24* 0 

— 0*04 

0 0000239 

_ 1 12 0 

0 00 

60 

_ 0.8 

0 00 

0 

+ 1 11 2 

0 00 

59 

+ 2 25 .6 

4-0 04 

244 


! 0 oo 

0.0000120 


Hence we have 

T z = T + * = 

aT = 

T, + a r = 


11*45“ 42*40 
5 1 1 12 

16 46 43 52 
18 50 T 74 


log sec t, 
log tan <5 
log A 


— — 2 

1 

0 0662574 
9 9806553 
0 0000120 


24 22 = — 30° SV S w ^ 


log tan ^ 
log cos <p x 
log tan z 
log sec z 


»9 77621 
9.82476 
«9 60017 
0 03208 


log tan Cj 0 0469247 

„ 48 o g/ 40 " a 0 = T 52", as m the compu- 

fe shall assume <p 0 = 48 » ^ > o , 

i n — - 
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Vl = 48° 5' 21" 64 
b = + 20 00 

— a 0 tan z = - f- 8 8 33 

48 8 49 97 
/ = + 9" 97 

The equation of condition from n Lyi cs is, theiefore, 

1 0767 c -f- 0 3990 a a — a <p 9" 97 — 0 

In the same manner, the equations for the other stai 
to be 


1 0269 c — 0 2336 Aa — a? + 10" 83 = 0 
1 1645 c — (— 0 5967 Act — a <p — j— 15 93 = 0 

— 1 0468 c — 0 3094 Aa — A<p — 17 01 = 0 

— 1 0504 c -f- 0 3214 Act — a <p 12 62 = 0 

From these five equations we find the noimal equa 

5 7688 c + 0 8708 Aa — 1 1709 Ay -)- 71 " 46 = 
0 8708 c + 0 7688 Aa — 0 7741 a <p + 12 16 = 
1 1/09 c — 0 7741 Aa + 5 0000 a <p 7 io 

whence 


c 12" 19 a a = — 4" 09 

== 2" 06 with the weight 4 203 


Substituting these values 
find the residuals as follows 


m the equations of con 


V 

vv 

— 2" 72 

7 40 

+ 1 33 

177 

+ 1 36 

185 

— 0 92 

0 85 

+ 0 93 

0 86 


= 12 73 


me number of 
unknown quantities ju 
tion is 


— v, auu uie 

the mean error e of a sing 
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and the mean, error of a <p is 


« = Ji-ZL — 1" 23 
0 j/4 203 

Hence we have, finally, 

9 — 48° 8' 37" 94 with mean error zh 1" 23 


The true latitude, found by refeinng the position of the in- 
strument to the Observatory of Munich, was 48° 8' 39 // 50 Thus, 
five observations, taken within about one houi with a very small 
instrument, sufficed to determine the latitude within V r 5 From 
the observations of two other evenings combined with the above, 
the latitude found by Bessel was 48° 8' 40" 08, which was only 
0" 58 m error 


DETERMINATION OP THE DECLINATIONS OE STARS BY THEIR 
TRANSITS OVER THE PRIME VERTICAL 

188 The transit of a star over the pnme vertical has been 
used in the preceding articles to determine the latitude of the 
place of observation when the stai s decimation is known 
Conveisely, if the latitude is otherwise known, the observation 
may be used to determine the star’s decimation The modifica- 
tions of the formulae given in Aits 177, &c., necessary for this 
purpose, aie obvious 

When the star passes very near to the zenith, the errors m the 
time of transit have comparatii ely small effect upon the com- 
puted declination , for, by differentiating the equation 

tan <5 = tan <p cos t 

we find 

dd = — 4 sin 2d tan t dt 


so that the effect of a given error dt in the hour angle upon the 
computed decimation diminishes with the hour angle itself 
But au eiror m the assumed latitude <p is uot eliminated, 
though m certain cases it will have less effect than m others , 


for we have 


dd = d(p 


am 2$ 
sin 2 <p 


The several values of the decimation of the same star deter- 
mined on different dates will, therefore, be affected by the con- 
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differences U P 0Q the error m the latitude, but the 

Hence the ^f 8 ® Va U€S WlU nevert heless be accurately found 
much to a ? imp ! rtlIlt U8€ of sucl1 observations is not so 
changes n f 6 , ei ' Eain 1 e tlie absolute declination of a star as the 
and parallax 8 deCmatl0n resultm S from abeuation, nutation, 

comnlete 1 m^ 1 ' t0 ® liminate t b e instrumental errors m the most 

gwen in Pr ° P ° 8ed the 8 ^ tem of observation 

this system l 186 ? an<5 ’ ln orderto facilitate the application of 

unde? hS / aV r ‘ ” form to the imminent constructed 

Ls nee hr r f01 ; thePuIkOWa Observatory, — a form which 
has since been adopted m other observatories 

vertical tiL?!^! the pn ? rapal featuies of tlie P^lkowa prime 
TTis at C , m S me 5 macle b > T *■»>«> The telescope 
VV The the horiZ01ltal axis DA which rests in Vs at 

for reversinff 16 ^ 18 + ^ a Smgle P iece of stone The apparatus 
l>ier as shnS ^ lastru “ ent 18 permanently secured within the 
being raised v> * +i ^ P f*’ tbe veitlcal rod B and its arms cm 
and K T ailk/by lueans of tbe bevelled wheels e, 

« 6 + tele r ope out of the Vs Whea tke tebscope 
semi-revoSrr i **“ Vs ’ is levoWed 180 ° (^e exact 
lowered into the v*® If 6 ™ 11164 bj a sto P ^)>_and is then again 
16 seconds .1 be time ie< 3L uu *ed m this operation is bat 

tion with the + R f the astronomei bas commenced an observa- 
the instrume ? & llortb ’ be caa cont mue the observation with 
seconds r« n + * ’ tabe 8 ° Uth ’ after 1 mi ™te and 20 

unelamnJ T ^ ™ & ™ Qt for tbe observei to rise, 

the rT' ’ reVerS€ *’ and re8Ume h,s P° slti0 » for 

sinna +u ° D ‘ Tbus ’ eveu with an instrument of large dime i- 
out. ’ 6 8JStem ° f obserTation S lven in Alv t 186 is easily earned 

po^ Wactingrv/ 3 “ “ *** removed b ? tk co * nter - 

t r at o;rtewp: quah2ed by piacmg at * a 

The ^ r , emai \ u P oa the axis during reversal 

ihe finder F is similar to that described in Art 120 

CUle at tbe focus m contains 15 vertical threads and 


1846h pTeT * l ’°* termt0lre a «ronmiqu, central de Poulkova (St Petersburg, 
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two horizontal threads, as shown in Pig 2 All the transits over 
the vertical threads should be made to occur exactly niid’W ay 
between these two horizontal threads, the telescope being made 
to follow the star’s change of altitude by a fine motion screw 
(not shown in the plate), the handle of which is within reach o 
the observer’s hand The equatorial interval between the ex* 
treme vertical threads is 15' 15' ' or 61 s of time 

Theie is also a movable micrometer thread parallel to the 

transit threads 

The field is illuminated by light thrown through the horizontal 
axis and reflected by a mirroi at JE towards the reticule. 

190 Example — The following observation was taken by 
Struve with the instrument above described * 


1842 January 15 

East Vertical — 5° .6 R 
Tube S 

Level -|- 40“ 35 — 35 J 8 

40 4 35 8 

40 4 35 8 

40 4 35 8 

Threads. 


I 

17* 54“ 

30*7 

II 

55 

8 65 

III 

55 

44 4 

IV 

56 

22 25 

V 

57 

0 6 

VI 

57 

40 9 

VII 

17 58 

19 5 


Tube If. 

VII 

18* 1” 

■ 4*0 

VI 

1 

45 5 

V 

2 

29 8. 

IV 

3 

12 7 

in 

3 

57 6 

n 

4 

39 8 

i 

18 5 

26 35 


level -f 37*2 -80“ 0 

87 2 39 0 

37 2 39 0 

37 15 39 1 


oDraconis 

West Vertical — 5° 4R. 
Tube S 

4- 40 5 — 35 35 

40 55 35 35 

40 5 35 4 

40 45 35 4 

19* 42* 51*4 
42 13 65 


19 


41 

40 

40 

39 

30 


38 0 
59 85 
21 7 
41 4 
2 7 


Tube S 

19* 36" 17*85 


19 

+ 37 4 25 
37 25 
37 3 
37 25 


37 0 
52 35 

9 3 
24 7 
42 1 
55 6 

— 38 4 7 

38 7 
38 7 
38 7 


35 

34 

34 

33 

32 

31 


* ArtronomuduJfachnAtcn, Vol XX p 209- 


Voi. U— 18 



transit instrument 


274 

The value oi one division of the level was 1" 002. The lati- 
tude <p = 50° 46' 18".00. The coirection of the intei val between 
the east and west transits for the late of the clock was -f- 0.09. 
The temperature of the aii is recorded at the time of the obser- 
vation (in degrees of Reaumui), as the value of a division of the 
level depends m some degree upon it 
According to formula (179), the decimation will bo found 
from these observations by the formula 

tan $ = tan p' cos }(t + f) cos l(t — f) 

where, ft being the mean inclination of the axis, we have <p'~<p — ft, 
i = i elapsed time between the observations on the same thread 
for “tube south,” t' =the same for “tube north ” We omit the 
factor cos 1, because a fixed instrument can always be adjusted 
so accurately that we can put cos A = 1 
But, instead of computing 8 directly by this formula, we may 
find an approximate value by using the constant value of <p in 
the second member, and then apply a correction for the incli- 
nation ft. Thus, we find* 

tan 8' = tan <? cos i(t + f') cos i (t — £') 

sin 2p 
S=d'J r e k S 

in which we make ad additive by supposing ft to be positive 
when the south end of the axis is too high. 

The distance e of any thread from the collimation axis may be 
found from the two equations 

— sin c = cos v sin 5 — sm p cos S cost 
sm c = cos p sin 5 — sm p cos 8 cos t' 

the difference of which gives 

am c = — 8m p cos 8 sin l(t + <') sin J (t — t') (184) 

• * • tan $ tan 

“ T * ’whence ire readily deduoe 

sm (8 — <T) = sm (*' — d) 8m ( J + j[) 
sm (0 -j- f) 

7^^'“ the f0muls for A<) U8ed » *he text, when its sign is ohanged for the 


(183) 



IN TIIE Pill ME VERTICAL - To 

The computation of the preceding observation may be arranged 
in the following form 



I 

IT 

III 

IV 

V 

VI 

vn 

r2t 

KH-* 0 

log cos i (if + t) 
log cos £ (V — <) 
log tan 0 
log tan fi ' 
£' 

1* 48** 20* 79 

1 20 29 34 

0 48 42 53 

0 5 27 86 

9 9901167 

9 9998765 

0 2345728 
0.2245660 

59° 11' 39" 00 

47 ** 5*09 
28 2 39 

48 46 87 

4 45 67 
0871 
9063 
5728 
5662 

39" 04 

45** 53* 69 
29 27 19 
48 50 22 
4 6 62 

0642 
9301 
5728 
5671 

39" 23 

44** 37* 69 
30 56 69 
48 53 60 
3 25 25 
0411 
9516 
5728 
5655 

38" 90 

43*‘ 21* 19 
32 22 64 
48 55 96 
2 44 64 
0249 
9689 
6728 
5666 

39" 12 

42*» 0*59 
33 51 59 
48 58 05 
2 2225 

0106 
9828 
5728 
5662 

39" 04 

40^43*29 
35 "3 94 
48 59 31 

1 22 34 
0020 
9922 

5728 

5670 

39" 21 


Mean S' =59° 11' 39" 077 

£ — -u 0" 806 n<5 — + 0 81 _ 

5 = 59 11 39 892 

By comparing the mean value of 8 ' with the several values 
found from the different threads, we find the probable error of a 
single determination by one thread m the foui positions is m 
this case only 0" 08. This observation, however, was taken 
when the atmosphere was unusually steady Prom a iscussion 
of the observations of 29 days on this star, Struve n s e 
probable error of a single determination by one thread to be 
0" 125, and that of the mean of seven threads, consequently, only 
0" 047. To this is to be added the piobable error of the level 
determination, which, from the above example, is evidently ex- 
ceedingly small Struve concludes that, under the most favorable 
conditwns of the atmosphere, the decimetre i. letemmed by 
this method with a probable error of not more than 0 .05, a 
average circumstances with a probable error un er^ 

191 If we wish to compute the time of the transit of the star 
ovei the meridian of the instrument from ^ 
with the utmost rigor, we must take into account .the 
of level at the east and west transits over the P^e vertical. 
The effect of a difference of level is the same as that of a diffe - 
ence of latitude: hence, differentiating the equation 

cos t == tan d cot 9 

in which r is the hour angle atthe west transit, we have 

a 9 tan 5 A^sm-S 

15 AT = sin 2 <p sint ~ sin 9 l/C 81 * O + *> 8m ( * “ 3)] 
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The mean of the times of transit ovei the east and west vertical, 
or Tm will be increased by Putting then fi f — ft for a tp , the 
correction of the time T 0 will be expressed by the formula 


(,5 — /S') sin S 

30 sm if |/[sin ( <p ■+ d) sm (<p — <5)] 


Thus, m the preceding observations, we have at the east transit 
ft = -j- 0" 689, and at the west transit ft = + 0" 924, and 


( T 0 ) = 18* 48 w 41*09 
/3 — /3' = — 0" 235 *T 0 = — 0 08 

Coirected T 0 =18 48 41 01 

We can now find the exact azimuth of the instiunieiit The 
clock correction at 18 h 48 ,A was + 8^ 31, and the appaient light 
ascension of o Dracoms was 18 A 48 m 50 s 17 hence 


Sid time = 18* 48 m 49* 32 
a = 18 48 50 17 

X = — 0 85 = — 12" 75 in arc, 

where X is the angle which the meridian of the instrument makes 
with the true meridian Hence, a being the azimuth of the 
rotation axis, we have, by the formula a — l sm <p, 

a = — 11" 0 


Finally, if we wish to determine the effect of the azimuth upon 
the observed declination, we have the foimula 


tan d = 


tan d 1 
cos A 


m which is the decimation deduced by assuming cos X = 1, 
and d is the true decimation. From this we leadily deduce 

d — = (JA) 2 sm 1" sm 2d (1861 

and hence, m the above example, 

d — d l = 0" 00017 
which is altogether insignificant 

192 The extreme precision of the method is evident from the 
above example Nevertheless, there remains yet a doubt as to 
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the perfect accuracy of the declination deduced arising from the 
possibTty of a change of azimuth between the east and west 
transits It is evident from the formula 

sm c — _ sin n sin 8 + cos n cos 8 cos (- — A) 

that an increase of A by the quantity aA has 
equal decrease of the hour angle r, and a change o 
produces a change of-W in the hour angles ™ed in c °m 
putmg d To find the effect of this upon the computed S, wc 
have, by differentiating the equation 

cob t = tan d cot <p 

with reference to r and 5, 

= — at cos 2 d tan <p sm r 

or, putting £aA for - at, and eliminating r. 


cos S i/rsin O + 8) sin (y — Q] 

— — — ^7 


(187) 


cos 8 -«/[sin (<p + 8) sin (y — ^)] 

= * a 

The following table, computed by this formula, is pven by 
Struve to exhibit the effect of a change o azmrn > 

diffeient values of <p — 8 


(j> — 6 

Ar? 

© 

o 

© 

0" 000 

0 20 

0 042 

0 40 

0 060 

1 0 

0 074 

2 0 

0 108 

3 0 

0 136 

4 0 

0 162 


The values of a 8 here increase very nearly as V<p-S^ For 
Zb lm the correction would be a«J = 0" 055. Struve inves- 
tigated the probability of a change of 

instalment He found that the fluctuations of the azimuth durm 0 
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a whole year had not probably exceeded one second of arc on 
either side of its mean value, and that men the extreme change* 
of temperature from winter to summer had not piodueed anv 
sensible effect upon it Hence he concludes that since the tem 
peratures at the east and west tiansits of a star on the same dav 
nevei differed by more than 2° R or Fahr , and generally but 
a fraction of a degree, the vanations of the azimuth could not 
have produced any error which amounted to even 0" 01 it is 
unpoitant to observe that, during the period referred to the 
screws for adjusting the azimuth weie not touched 


193 Micrometer observations m the prime vertical —When a star 
passes within a few minutes of the zenith, its lateral motion 
(across the threads) becomes so slow that the observation of the 
transit over the side threads would occupy too much time The 
star may indeed be within tlio limits of the extreme threads 
dunng the whole time from its east to its west transit In such 
cases, the movable micrometei thread takes the place of the 
tuied threads This may he used m two ways eithei by setting 
the micrometer successively upon round numbers, identical 
e ore an after reversing, m which case the observations are 
i educed piecisely as those made on fixed threads , or by setting 
a p easure and as often as the time permits, in which case the 
observations are reduced as follows 

1D Th + ? miC ™ meter rea dmg for the case when the movable thiead 
vaWK aX1S 18 known approximately let its assumed 

nose tb^ 110 ^ u 7 M ’ ai \ d ltS trU0 value h'M+c Let us sup- 
thp thr« a ° r SOutk ” tlie micrometer leadings increase as 

at an nh 18 * owar d 8 noith, then, if m is the reading 

north of rV ra r’ th ® thread 18 at the distance m —(M+ c) 
for c m nr, C f 10n ax * 8 ’ and ^is distance is to be substituted 

Z, ~ ( 166 ,l In thls equalion ’ r 

azimutK JnA i ’ n — ~ <p, on the supposition that the 

?” at,m ° f 4119 9X18 ”• «», s.nce the 

eiplainfd We'w” Sen ^ oolr9ct9d b -'' the methods above 

— M ci— . . 

) cos tp 8m S -)- Bin <p cos S cos r 

= sin ( ? _ i) _ 2 sin y cos S sin* i r 
"■ ta. eoneidered , - , „ hut a few nunutes. 
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2 s in (f COS 8 s in* fe * 

m _Jf — c = ? — « m r 


2T9 


For convenience in computation, let us put 


e =M 
z =<P — 

R = 


m 


2 8m3 ll sm ? cos a 


sin 1" 

2 Bin 8 £ r . e 

in which sm <p cos d will be constant, and og S1D 1" 
taken directly fiorn our Table VI , then the equation becomes 

z + c = R-e C188) 

in which e is given by the observation for tb/lb- 

to he computed for the several value, • * ^ 

served sidereal times and the stai s ug i ,, -\vh en w e 

This equation applies to the case of tube soutn 
have “tube north,’ ’ the equation becomes 

2 am <p cos £ sin 2 h t 
— m + 3 £+ c = <P ~ s " 

so that, puttmg m this case 

e' = m — M 

we have g _ c _ B __ e r ( 189 ) 

, w miee The first series of ob- 

declination is then ^ ___ z 

*£2 ^dant that to ”£-£*£££ 
whose declinations are somewhat greater man 

tu-io fbllowms observations are given by Strove 

fc„^“g'ho,6 take, with the Poltowa moment-* . 


■# Astr N'aeh , Vol XX p 


217 
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1842, January 15 v Urea Majors 


East Vertical 

(- 

6° 5R ) West Vertical 

Tube S 


Tube iV* 

Level -f- 40*25 

— 37**3 

+ 38“ 0 

— 39“ 7 

40 3 

37 35 

38 0 

89 7 

40 3 

37 35 

38 0 

89 7 

40 3 

37 35 

38 0 

39 7 

Transits 

Microm 

Transits 

Miorom 

9» 30* 29* 

9 r 315 

9* 48* 42* 5 

14-771 

30 56 5 

9 550 

48 14 

14 527 

31 24 5 

9 775 

47 46 

14 276 

32 0 

10 083 

47 17 

14 068 

32 28 

10 298 

46 44 

13 825 

32 54 

10 470 

46 9 

13 597 

33 29 

10 691 

45 85 

13 361 

34 4 

10 879 

45 11 

13 232 

34 37 

11 062 

44 40 

13 077 

9 35 11 

11 226 

9 44 12 

12 942 

Level + 40*3 

-37* 25 

+ 38“ 0 

— 39“ 7 

40 35 

37 3 

38 0 

39 7 

40 35 

37 25 

38 0 

39 7 

40 25 

37 3 

38 0 

39 7 

P 

= + 0" 323 

= + 0" 324 



In these observations, m order to avoid any possible error of 
jst motion in the micrometer screw, the thread is always set in 
dvance of the star by a final positive motion of the screw, that is, 
y that motion which increases the readings 

The value of a revolution of the micrometer screw was found 
y the formula 


r = 28" 682 + 0" 000292 (9 6 — T) 

i which T is the temperature indicated by the Reaumur ther- 
lometer, and, smce m this example T= — 6° 5, we employ 


r — 28" 6867 log r = 1 45768 


■he apparent position of the star 
scordmg to Argelander’s Oatalogu 


on January 15, 1842, was, 
e, 


a = 9* 39* 46* 1 


d = 59° 46' 24" 


,S e c !? ek was jj-*’®' 3 ’ and hence the clock toe of the star’s 

£7 * 3 39 “ 37 ‘;?’ for - hlck ™ -ay, for simplify! 
38 , since a small error in this quantity will not affect 
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the final value of z when the hour angles on the opposite sides 
of the meridian are so nearly equal as in the present cas 

With the value ® = 59° 46' 18", we find log sin <p cob 8 = 9 68846 
The assumed valle of M = 12' 000 , and hence the ohseivations 
may be reduced as follows 

Tube S 


. 2 sin*ir 

log Bin i~ 


-9 m 9* 
8 41 


18 

88 

10 

44 

9 

84 

1 

27 


2 21581 
2 17118 
2 12325 
2 05842 
2 00363 
1 94946 
1 87075 
1 78420 
1 69385 
1 58974 


, m—M 


71" 49 
64 51 
57 77 
49 76 
43 86 
88 72 
32 30 
26 46 
21 49 
16 91 


2 r 685 


log (ttl — If) 


450 
226 
917 
702 
630 
809 
121 
0 938 
0 774 


0 42894 
0 88917 
0 34733 
0 28262 
0 23096 
0 18469 
0 11694 
0 04961 
9 97220 
9 88874 



E — e — z + c 

Diff from mean 

02 

_ 6" 63 

_ 0" 09 

28 

5 77 

_0 38 

83 

6 06 

— 0 62 

99 

5 23 1 

+ 0 21 

82 

4 96 

+ 0 48 

89 

6 17 

+ 0 ?I 

55 

6 26 

+ 0 19 

16 

6 70 

_ 0 26 

91 

6 42 

+ 0 ?! 

20 

6 29 

+ 0 15 


Mean — 5 438 




-4-4 m 34* 

1 61222 

5 2 

1 69673 

5 S3 

1 78160 

5 57 

1 84204 

6 31 

1 92106 

7 6 

1 99551 

7 39 

2 06031 

8 8 

2 11362 

8 36 

2 16198 

l 9 4 5 

2 20867 


Tube N 



M—ra 


17" 81 

O' 942 

9 97405 

21 64 

1 077 

0 03222 

26 31 

1 232 

0 09061 

30 23 

1 361 

013386 

36 27 

1 597 

0 20330 

43 05 

1 825 

0 26126 

49 98 

2 068 

0 31555 

56 49 

2 276 

0 35717 

63 16 

2 527 

9 40261 

1 70 33 

2 771 

0 44264 



z — e 

27" 02 

— 9" 21 

30 90 

9 26 

85 34 

9 03 

39 04 

8 81 

45 81 

9 54 

62 36 

9 30 

59 32 

9 34 

65 29 

8 80 

72 49 

9 33 

79 49 

9 16 


Mean — 9 178 


— 0" 03 
_0 08 
+ 0 15 
4-0 87 

— 0 86 
_0 12 
— 0 16 
40 88 
— 0 16 
+ 0 02 


Hence we have 


Tube S 
“ XT 


z + c = - 5" 488 
2 __ c== __9 178 


2 _ _ 7 308 c = + 1 " 870 
- = 59° 46' 18" 000 
s = - _ 2 = 59 46 25 308 

r t fi Q94 

Corr for incl of the axis = + " -g- 

5 = 59 46 25 632 

W * of observation and die error of die mierc* 
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The probable erroi of fom obseivatious of o Uisce Majons is 
0" 194 — 2 = 0" 097, which is somewhat greatei than 0" 08, 
apparently because it involves the additional euoi of the nncio- 
meter. 

The probable erroi of the mean value of z oi of the value of <J 
found by the preceding micrometei observations is 0".194 — j/20 
= 0" 043 The results obtained by the micrometer have, there- 
fore, very nearly the same degiee of piecision as those obtained 
by the fixed threads, when each method is skilfully applied 

The extreme precision of the obseivatious with this instrument 
in the hands of Struve is stiikmgly exhibited in the accordance 
of the values of the aberration constant determined fiom the 
changes of declination of seven stars, which have already been 
cited in Vol I Art 440 


CHAPTER VI 

THE MERIDIAN" CIRCLE 

194 The Meridian Circle , or Tiansit Cucle , is a combination ol a 
transit instrument and a graduated veitical circle This circle 
is firmly attached at right angles to the honzontal axis, and is 
read by verniers or microscopes (see Arts 18 and 21), which aie 
m some cases attached to the pieis, and m others to a frame 
which rests upon the axis itself 

By means of this combination, the instrument serves to'detei- 
mme both co-ordinates of a star’s position, — the right ascension 
from the time of its transit, and the decimation from the zenith 
distance measuied with the circle , or, if the star’s place is given, 
it serves to determine either the local time oi the latitude of the 
place of observation 

For the measurement of decimations, it takes the place of the 
Mural Circle , which consists of a circle mounted upon one side 
of a pier, the circle being secured to the end of a horizontal axis 
which enters the pier As the lattei instrument cannot be re- 
versed, and its axis is not symmetrically supported, it is not suited 
to the accurate determination of right ascensions, and is to be 
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legarded as designed solely for the measorement of d^toatio™ 
irL foi this purpose the mend.au cole is preferable, as it 

It is not probable that any more instrument, of that fom. wl 
hereafter be eonstrueted, and the method of using those ‘hot 

exist will readily be undeistood by any one who has mute 
the meridian circle 

195 Plates YII , Yin , and IX represent a meridian circle of 

mendian nrcles const! noted by the same a,t„t for Srauvs and 
at the I>ulhow. only one 

bides of the frame cairy two spirit lev els l, , y 
of inclination of the fiame with aspect to the horizon m y 

between the “'“Xob preve nts the possibility of any appreoiable 
torcffoe ho^onta" axis, a, the same time that the procure 

“The Sunoco? fte mSoZdsTmeiuredwith a 

teV t^L FG « J^^^te^on^tic 

T^lTt^mg a screw, the head of which is at ff, the tele- 
axis By ton g collar? and then a screw (not seen in the 

scope is clampe _ ,, q „ ives fine motion to the 

drawing) acting horizontally near tr gives 

Sescopi by acting upon the vertical arm 
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Another arm fg , nearly similar m its form and arrangement to 
FGr , receives a vertical arm attached to the microscope frame 
Screws acting horizontally at g upon the vertical arm serve to 
adjust the frame 

These arms are shown m Plate VIH as they appear when 
thrown down and out of use while the instrument is hemg 
reversed In this plate is also seen the arrangement of the 
vertical arms and the friction rollers by which the countei- 
poises act upon the horizontal axis, together with the form of 
the Vs 

The field is illuminated by light thrown into the interior of the 
telescope through tubes at AA and reflected towards the reticule 
by a mirror m the central cube The quantity of light is regu- 
lated by revolving discs with eccentric apertures «at the extremi- 
ties of the tubes nearest to the Vs These discs are revolved by 
means of a cord to which hangs a small weight S 

The reticule at m contains seven transit threads and three 
micrometer threads at right angles to the transit threads These 
three threads have a common motion, their distance from each 
other being constant This distance being known, an observa- 
tion on eithei of the extreme threads can be i educed to the 
middle thread The micrometer thus arranged is intended for 
the measurement of small differences of decimation, and also for 
the measurement of absolute decimations when used m con- 
junction with the graduated circle, as will be fully explained 
hereafter 

The graduated circle of this instrument is nearly 30 inches m 
diameter, and reads directly to 2" by the graduations on the 
micrometer heads of the reading microscopes , and by estimating 
the fraction of a graduation of the micrometer head, the reading 
is carried down to 0".2 This is a sufficiently great degree of 
accuracy of reading to correspond to the dimensions and optical 
power of this instrument , but m larger instruments the reading 
is sometimes carried down to 0" 05, or even less 

The discussion of the errors of the circle of this instrument is 
given m Arts 28, 32, and 33.* 


* The errors of the circle may not he constant, since they may fluctuate with the 
temperature of its various parts We may, however, assume that the errors at 
different temperatures will be the same, provided the expansion of the circle for an 
increase of temperature is uniform throughout all its parts For the greatest pre- 
cision, therefore, we should endeavoi to secuie this condition of uniform te/iiperdlure^ 
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A mercury collimator should he placed permanently beneath 
the floor directly under the centre of the instrument, covered by 

a movable trap-door , 

I proceed to consider the methods of observing with the m n- 

dian circle Its application as a transit mstiumen wi 
eiently cleai fiom the preceding chapter It is necessaiy to ti . < 
heie only of the use of the circle and micrometei m the m 
surement of nadn distance, zenith distance polar ^tance or 
altitude of a star, from which either the decimation of the star 
or tlie latitude is found. 

196 Nadir point —The first of the methods of using the instru- 
melwSVshan feat of is that .a which .11 obaervat.on.tnft 
the circle are .efe.red to the nadir Let us first suppose fte 
instrument to he perfectly adjusted in the niendia ,, ^ 

observation of a star to be made at the instant o 
nadn point is obtained by directing the telescope vertica ly 
towards fte mercuiy collimator To take ft. 

„s suppose the sight hue to he dete, mined hy a fined 
thiead (at nght angles to the temsit thread.) Let tins tl sre-^d 
be brought into coincidence with its leflected im g *- 

line is then vertical, and the reading of the circle (hy which « 
always understand the mean of all the microscopes added to the 
degiees and minutes under the first microscope or wncroseope 

A freoresentB the nadir point of the circle Let this reading 
denoted hy C 0 The telescope being then directed towar s a 
star and the fixed honzontal thread being made to isee 
star at the instant oi the transit over the m.ddle vsrtmal thre , 
let fte circle reading he O' Then fte apparent nadir distance 
of the star, which I shall denote hy N , will be 

jsr = G'—c a 


to. ma, IW , « i.^ r 

protect the whole circle, for, since thorn will tend to produce unequal tem- 

from that of the circle, the radiation from them v 11 I W lly e xp08e d to 

p.„»« „ ,h. ««». p.«. .f «>• 1. sf ... ■' >“• 

this radiation throughout But ere - th mus t be protected against 

temperature of the piers is not uniform , ^therefrre ^ coatmg Aem 

fluctuations of temperature as muo as p ’ ’ t j, en wrapping them m cloth, 

with oil or some other preparation ° Dr. Gould for the meridian circle 

and finally encasing them m wood, as proposed by ur. or 

of the Dudley Observatory 
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and this distance is usually reckoned from 0° to 360° from the 
nadir, through either the south point or the north point, accord- 
ing to the direction m which the graduations increase This 
direction is different m the two positions of the lotation axis 
Supposing the position of the axis to be indicated by tliat of 
the circle itself, let us assume that the nadir distance is reckoned 
through the south point for circle east, and through the north 
point for circle west If we denote the appaient zenith distance 
of the star south of the zenith by z', we shall then have 

i = ± (l 80° — 2V') / + for circle oast \ 

v \ — for circle west J 

In obtaining the circle readings C 0 and G Y/ , the correction for 
error of i uns , when such error exists, must be applied as explained 
m Art 22. But, with the aid of the telescope micrometer, we 
can avoid the *rror of runs, as follows In observing the nadir 
point, set the circle so that an exact division is under or nearly 
under the zeio of one of the reading microscopes, that is, so 
that all the microscopes will read nearly 0" their mean will not 
require any sensible correction for runs But the fixed thread 
will then not be m coincidence with its image Measure the 
distance of the fixed thread from its image by the micrometei 
One-half this distance, being applied to the circle leading, will 
give the reading for absolute coincidence In like manner, in 
observing the star, set the circle again upon an exact division, 
and bisect the star with the micrometer thread , the distance of 
the micrometer thread from the fixed thiead, being applied to 
the circle reading, will give the required reading G r 

But, when the micrometer is employed, it is altogether prefer- 
able to dispense with the fixed thread and to depend solely upon 
the movable one Thus, to determine the nadir point, having 
brought the circle division which is nearest to the nadir point 
reading under microscope A, let the mean reading obtained 
from all the microscopes be called (7 0 Bung the micrometer 
thread into coincidence with its image, and let the micrometer 
reading be which we shall suppose to be converted into arc 
by multiplying by the value of a revolution found accoiding to 
Art. 46 or 47 It is now evident that when the telescope is 
directed upon a star, if the miciometer reading remains while 
the thread bisects the star and the cncle leading is C", the nadir 
distance is C C Q , precisely as if the micrometer thiead were 
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fixed But the reading C' will, in geneial, involve an error of 

runs, to avoid which, set the circle as before upon a 

exact division, and let the reading e 8 * reading be M' , 

the star with the micrometer thread, and let the lead g 

the nadir distance of the star will he 

N>=CC'-C a ) + C190) 

f practice, 

wTsTthe finder to tie came exact dmsion J”j’“thcnS 
the star, we compute its approximate nadir distance 

" to 

increase with the circle readings 

the circle reading 

O a = 359° 59' 54" 70 (or — 0° 0' 5" 30) 


The micrometer thread was then brought eachhme 

- - 


Image N 

s 

Means 

5 r 33 4 4 

40*8 

b r 37“ 10 

32 9 

40 4 

36 65 

38 0 

40 3 

36 65 

33 5 

40 5 ! 

37 00 


Df*= 5 r 36 4 85 

so that M„ was the reading when the micrometer thread was in 

telescope was d|[ ,^ ted t0 potom at ita upper colmi- 

nation by sethng the finder at 229° 82' (the latitude being 88 , 
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the decimation 88° 32', and the refraction 1', approximately), 
and at the time of the star’s transit, the micrometer thread 
bisecting the star, there were found 

Circle reading O' = 229° 32' 7" 47 
Microm c M f = 5 r 50* 6 

The value of one division of the micrometer was 0" 927. Hence 

C" ■— <7 0 = 229° 32' 12" 77 
M f -M 9 = + 13 d 75 = + 12 75 

(A') = 229 32 25 52 

This is the apparent nadir distance upon the supposition that the 
position of the reading nncioscopes (which rest on the axis of 
the telescope*) remained absolutely fixed while the instrument 
revolved fiom the nadir to the star To determine this, the 
spirit level was applied to the microscope fiame At the nadir 
leading, the inclination of the fiame was i 0 — — 1" 23, and at the 
observation of the star it was i' = — 1" 54 , and hence we have 

(A') = 229° 32' 25" 52 
i' — i 0 = — 0 31 

A' = 229 32 25 21 

In this observation, the cncle was east, and the nadir distance 
was reckoned through the south point 

197. Since C 0 and M 0 will be applied m reducing all the obser- 
vations made on the same day, or so long as these quantities are 
regarded as constant, it will be convenient to combine them once 
for all Ve may either convert the micrometer reading into 
seconds of arc and add it to the cncle reading, which will give 
the circle reading when M 0 = 0, or conveit the seconds of the 
circle reading into divisions of the micrometer and add it to the 
micrometer reading, which will give the micrometer reading 
when C 0 = 0 Thus, if we take the latter method m the pre- 
ceding example, we have C 0 = — 5" 30 = — 5 d 72 of the micro- 
meter We then take (M) = C 0 + M 0 = 5 r 36 d 85 — 5^.72 = 

* As this construction involves the necessity of an additional observation, and 
thus introduces another source of error, it appears to be preferable to attach, the 
reading microscopes peimanently to the piers, provided the piers are well guarded 
against changes of temperature which might alter the relative positions of the 
microscopes 
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S' 31* 13, which, we may call the micrometer zero, and in any 
observation of a star when the circle reading is O' and mu»- 
meter reading Jf», the nadir distance will he simply^ ) - 0 
+ if' — (if) In this example, therefore, we should have 

0> — 229° 32' 7" 47 
M' — (if) — + 194 47 = + 18 05 

(jy 7 ) = 229 32 25 52 

198 Instead of a single micrometei thread Bessel used a 
double one, consisting of two very close parallel 
sight line is then a line which bisects the angle between the 
threads, and a star is always observed when it is estimated to b 
midway between them. It was the opinion of Bessel that even 
greater 7 accuracy was attainable m this way than m ^sectmg a 
ftai by a single thread Although there may be some doubt of 
this being true for all observers, still the method has advantages 
in determining the nadir point The sight line determined by 
the middle point between the threads will be vertical when each 
thread is m coincidence with the image of the other thread But, 
as we cannot depend upon such directly observed coinmdences 
the micrometer reading for coincidence is found by taking th 
mean of two observations, at one of which the 
image of one of the threads is placed midway 
between the threads, and at the other the image 
of the other thread is so placed Thus, at one 
observation we make the observation a, Jig 47, 
and at the other the observation 6, and take the mean of the 

corresponding readings 

199 mu ebon lo He rueruim -In the above method 1 of obser- 
vation, the determination of the nadir point is m J7 P 
by repeating the readings of the circle and micromrter, b^e 
reading for the star depends upon a single 
to give both measnres at least equal precision, w . . 

Ifral bisection, of the star by the micrometer toead tog 
the nassag-e of the star across the field But, sine 
%SS “Scribe. a smail circle in the Sold, all the 
Ither side of the meridian will require a correction I^mves 
ti gating this correction, I shall suppose that 

precisely m the meridian, in order to see what effect its errors 
have upon the observed decimation 
V oil 11—19 
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Eig 48 


In Fig 48, constructed as in Art 123, let 0 be the position of* 

the star The great circle described 
by the telescope is N'Z'S', and Z’ is 
the zenith of the instrument The 
arc AO drawn from the pole of the 
great circle N'Z'S' to the stai inter- 
sects this circle in O', and GO ' re- 
presents the micrometer thread whieli 
bisects the star, since this thread is 
also perpendicular to the plane of the 
instrument, and 0'0 = c is the dis- 
tance of the star from the collimation 
a-sna If the telescope weie directed to the pole, the thread 
would coincide with PP', P' being the point m which the grea/t 
circle AP intersects N'Z'S' Hence, P' is the apparent pole of 
the instrument, and the apparent polar distance of the star, as 
given by the instrument, is P'0' = 90° — 3' (denoting the in- 
strumental decimation by o') But, since the triangle P'AO' is 
right angled at P' and O', the angle P'AO' is measured by 
P'O' We have, therefore, in the tnangle PA 0 (with the nota- 
tion of Art 123), the sides PA — 90° — n, AO — 90° + c, PO 
= 90° — 3, with the angle APO = 90° + r — m, and the ang] o 
PAO = 90° — 3' Hence, by Sph Trig , 



sm i = 
cos 8 sin (r — m) = 
cos 6 cos (r — m) = 


sm n sin c cos n cos c sin S' 
cos n sin c -j- sin n cos c sm S' 
cos c cos S' 


(191) 


in which 3 is the corrected declination,* r is the east hour angle 
of the star, and m and n are the instrumental constants as deter- 
mined by transit observations (Art 151) But, since n is exceed- 
ingly small (seldom more than 0’ 5 ~ 1" 5) and c not more than 
15' even when the star is observed neai one of the extreme 
transit threads, the product sm c sm n will be insensible, and we 
may always put cos n = 1 The first and third of these equa- 
tions, therefore, become 


whence 


sin 8 = cos c sin 8’ 
cos 8 cos (r — m) = cos c cos 8' 

tan 8 = cos (t — m) tan S' 


(192) 


* That is, <5 is the apparent declination (affected by refraction and pniallax) as it 
would be given by an observation m the meridian with a perfectly adjusted instrument- 
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from which it appears that the only correction for the enoi of 
the instrument with respect to the meridian is the suhti action 
of the constant m from the hour angle The value of d will be 
found more conveniently by developing it m series by PI Trig 
Art 254, we find 

,, , q f Bin 

i = i+ 7ml" + 2 sin 1" 

in which 

sm 3 — _ _ tan „ j ( T _ 

1 _ sin 2 J (t — m) 

As it is more convenient to employ sm 2 J (r 
tan 2 1 (r 


ff = — 


m) instead of 

ULUX'C wuvvluvui- x 4/ — > 1 

iau _. t _ m ), because tables of the former quantity are m com- 
mon use (see Tables V and VI ), we develop q in the form 


q = — sm 2 ] (r - m) [1 — sm 2 ] (r 
_ oin s 1 (r — in') — sm* ] (t — 


■«)]■ 


= — sm 2 ] (j — m ) 
and, substituting this value, we find 


i* i (r — m) — &c 


8 = 8 ' 


Bin* J ( t- m) 2 , , _ 2sm*i(r-m) am 2 a , Kn , ( y ( i 9 8) 


sin 1" 


sin 1" 


sin 2 1 (r — ffl) 

where the last term is usually insensible, and the teim gm y, 

sm 2d' is called the reduction to the meridian * In computing 
this teim, we may use d for d' The coirection is always sub- 
tractive from the instrumental decimation If, however, we wish 
to apply it to the observed nadir distance N', we must observe 
the sign of N f m (190) For circle east, the reduction wall he 
additive to N ', and for circle west, subtractive from N ’ 

Example —In the obseivation of Polaris on May 4, 1856, p 
287, the star was not only observed at the time of its transit, but 
it was bisected by the micrometer thread a number of times 
during its passage ovei the field, the clock being noted at each 
bisection, as m the following table, which contains also the re- 
duction of the observations . 

* The last term of the senes becomes a maximum iorj given ralue of r - » 
when <5 = 60°, in which case the value of the term is gm ^ 4 W 

amounts to 0' 01 only when r - » = 6- 23* For 3 = 88° 80', the term amounts 
to O' 01 only when r — wi — 12 m 
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f 


M'—M q 

= M” 


r - 

T a* 

- m 

r 

M” + 

R 

Diff from 
moan 

1A 51, 

5 r 50 d 

! 5 

+ 13< 

1 65 = 

+ 12" 

r 65 

4-2” 

1 52* 

1—0" 

41 

+ 12" 

24 


0" 

20 ! 

2 

17 

50 

9 

14 

05 

IS 

02 

o 

26 

0 

30 

12 

72 

+ 

0 

28 

2 

49 

50 

8 

1 13 

95 

12 

93 

1 

54 

0 

18 

12 

75 

+ 

0 

31 I 

3 

16 

50 

5 

13 

65 

12 

65 

1 

27 

0 

11 

12 

54 

+ 

0 

10 1 

3 

35 

50 

2 

13 

35 

12 

38 

1 

8 

0 

00 

12 

32 


0 

12 

4 

0 

50 

4 

13 

55 

12 

56 

0 

43 

0 

03 

12 

53 

+ 

0 

09 

4 

30 

50 

8 

13 

95 

12 

93 

+o 

13 

0 

00 

12 

93 

+ 

0 

49 

4 

57 

50 

4 

13 

55 

12 

56 

— 0 

14 

0 

00 

12 

56 

+ 

0 

12 

6 

11 

49 

4 

12 

55 

11 

63 

1 

28 

0 

11 

11 

52 


0 

92 

6 

37 

50 

4 

13 

55 

12 

56 

1 

54 

0 

18 

12 

88 



0 

06 

7 

0 

49 

8 

12 

95 

12 

00 

2 

17 

0 

20 

11 

74 



0 

70 

7 

24 

51 

2 

14 

35 

13 

30 

2 

41 

0 

30 

12 

94 

+ 

0 

50 

7 

55 

50 

9 

14 

05 

13 

02 

—3 

12 

— 0 

51 

+ 12 

51 

+ 

0 

07 


Mean +12 44 


The column T contains the observed clock times M' the miero- 
metei reading at each bisection of the stai , 31’ — 3f 0 is found 
fiom the observation of the nadir, which gave Jf 0 = 5 r 36 rf 85, 
and 31" is the value of 31 ' — 3I 0 m aie, the value of a division 
being 0" 927 To find r — m, we observe that the hour angle t 
is found by the formula 


T — a — (T + A T) 


a being the right 
tion, and hence 

or, putting 

we have 


ascension of the star and a T the clock correc- 

r — m = a — aT — m — T 
* — a — a T — m 


t — m = a — T 


In the present example, the value of m was + 0* 42, and A^Twas 
+ l m 2 s 85 The apparent place of the star, from the American 
Ephemens, was 


a = l h 5 m 46' 29 o = 88° 82' 26" 00 


Hence, oJ = 1* 4” 1 43*. 0, the difference between which and each 
T is given in the column r — m 
The reduction to the meridian, here denoted by _R, is conve- 
niently computed by the aid of Table VI , under the form 


1 


2 Bin 2 ^ (t — m) 
sm 1" 


cos 8 sm 8 


(194) 


This reduction is here to be applied to the observed nadir dis- 
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twice with the same sign as to tlie decimation, for the finder wae 
vest, and the nadir distance, being reckoned through the south 
point over the zenith, increases with the declination The two 
quantities M" and R hemg applied to the difieience of the circle 
readings for the nadir point and the stai, we have the apparent 
nadir distance of the stai in the meridian The sum , M> +JB 
should then be the same for each obseivahon, and we have heie 
found its value for each in order to determine the probable erroi 
of observation. From the “difl'eiences from the mean in the 
last column, we find that the probable eiror of a single obseiva- 
tion was 0" 28, which includes the error m bisecting the star by 
Til, 2 error armmg from rmsteadmese of tire far, aad 

*Tele“~ce of tie far from ». — - * 
the observations is then found as follows 

(From page 288) O' - C, = 229° 32' 12" 77 

V M" + R= +12 44 

Corr formal of mrcrofope, = .'-1,= 

The observation was taken to determine the latitude, and, in 
order to find the refraction, the barometer and thermometer 
were observed both before and after the observation, as follows . 


At 1* 0 m 

At l k 12 m 

Means 

30*'“ 176 

30* n 210 

30** 193 

56° 

56° 5 

56° 3 

54 9 

54 .6 

54 75 


Barometer 
Attached Therm 
External 11 
Hence, using Bessel’s Refraction Table, we find 

— z'= 49° 32' 24" 90 
Refraction = 1 8 05 

_ 2 = 49 33 32 95 
fl = 88 32 26 00 
<5 = 38 58 53 05 

200 Horizontal point -Observation of a S ter 6y ^cto -The 
second method of using the instrument is that in which the 
apparent altitude of a star is determined by taking half th 
angular distance between the star and its image re 
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basin of mercury. The direct observation of the stai is usually 
made before the meridian transit, and that of the reflected image 
after the transit, or vice versa, and each is reduced to the meridian 
The difference of the two reduced circle readings (plus the dif- 
ference of the micrometer readings if the observations are made 
on the movable thread) is twice the meridian altitude The half 
sum of these readings is the reading when the sight line is hori- 
zontal, and represents the horizontal point of the circle.* 

In observing equatorial stars by this method, the circle is set 
approximately for the direct observation, and the microscopes 
read off before the star comes into the field Then one or more 
bisections of the star are made, with the micrometer thread, 
before the star arrives at the middle transit thread The teles- 
cope is then quickly turned towards the mercuiy and clamped at 
the approximate position of the lefleeted image, several bisec- 
tions are made with the micrometer, and finally the cucle is 
again read off That no time may be lost in setting the circle 
upon the reflected image, a spirit-level finder attached to the 
tube of the telescope is previously set to the approximate depres- 
sion of the image , the telescope is then revolved until the bubble 
plays 

In the case of stars near the pole, the circle may be read off a 
number of times during the transit, as in the following example 
from Bessel 


Example —The following observations of a Ursa Minons were 
taken by Bessel with the Repsold meridian circle of the Konigs- 
berg Observatory in 1842, April 22 The star, oi its reflected 
image, was brought in the middle between the two close threads 
of the micrometer by moving the telescope by the tangent screw, 
the micrometer thread being used as fixed, and the circle was 
read off after each observation Five direct observations are 
preceded and followed by three reflection observations. 


* The determination of the horizontal point by reflection observations should be 
used, m conjunction with the other methods given in the text, foi the sake of verifi- 
cation Indeed, it is desirable that all the instiumental constants should be found 
by at least two independent methods The construction of the instrument so that 
this shall always be possible presents difficulties, which, however, have been success- 
fully overcome by Da B A Gould in the large meridian circle constructed unde, 
Ais direction for the Dudley Observatory 
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a Urtte Minoru — Upper Culmination 


Clock 

r - 

- m 

Circle 

R 

Meridian 

0* 45 flt 

54* 

17“ 

20* 

146° 15' 

11" 

0 

+ 15" 

8 

146° 

15' 

26" 

8 

49 

1 

14 

13 



16 

9 

+ 10 

6 



27 

5 

51 

6 

12 

8 



20 

2 

+ 7 

7 


44 

27 

9 

54 

9 

9 

5 

33 

44 

44 

0 

- 4 

8 

33 

39 

7 

58 

58 

4 

21 



41 

5 

- 1 

0 



40 

5 

1 2 

54 

0 

20 



40 

5 

0 

0 



40 

5 

7 

28 

4 

14 



42 

8 

— 0 

9 



41 

9 

12 

6 

8 

52 



45 

6 

— 4 

1 

146 

15 

41 

5 

18 

25 

15 

11 

146 

15 

15 

4 

+ 12 

1 

27 

5 

21 

27 

18 

13 



10 

4 

+ 17 

4 



27 

8 

23 

46 

20 

82 



5 

4 

+ 22 

1 



27 

5 








Mean Dnect 


44 

40 

82 


« Eefleet 146 15 27 50 
App mend zen diet 38 44 36 66 
Barom 29“ 808 Att Therm 47° IF | Eefractl0n + 38 76 

Correction of the circle giaduation + 0" 470 
Corr for distance of mercury + 0 018 + 0 49 

Star’s polai distance 1 81 53 53 

Complement of latitude 35 17 9 44 

v = 54 42 50 56 

In computing r-m by the form a' — T, we have assumed 
a t _ p 3 >» phe circle readings are the means obtained from 

the readings of four microscopes 

The reduction to the mendian B is computed for the l ejection 
observations by the same formulae as for direct ones, only 
changing its sign 

The correction of the circle graduation was derived by Bessel 
from a special investigation of the errors of those divisions which 
come into use in the observation of Polaris by direct and reflection 
observations at its upper culmination Bor a given zenith dis- 
tance 2, the four divisions that come into use in the direct obser- 
vation by the use of the four microscopes are 2, 90^ + 2, 
1800 z 270° + z , and m the reflection observation, 360° — z, 
90° _ 2 , 180° — 2, and 270° — 2 The coirection 0" 470 is here 
the mean of the corrections of these eight divisions for 2 = 33° 44', 
the sign of the correction for the reflection observations being 

changed.* 


* See Bessel, m Astron Xaeh , Nos 481 and 482 
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The correction for the distance of the mercury from the 
instrument is simply the difference of the latitude of the mercury 
basin and the centre of the telescope For in this method we 
really measure the angle between the direct and leflected rays 
which is formed at the surface of the mercuiy, and, consequently 
the latitude determined is that of the mercury The basin was 
here north of the instrument, and the deduced latitude would 
require a subtractive correction, or the zenith distance an additive 
one 

To find the horizontal point of the circle corrected for the 
division errors, we have, according to Bessel, foi z = 38° 44' m 
the direct observation, the correction + 0" 156, and for the sup- 
plement of this the correction — 0" 784, the half difference of 
which is the correction + 0" 470 used above, and the half sum 
— 0"314 is the correction of the honzontal point found by 
taking the mean of the circle readings m the direct and reflected 
observations Thus, we have 


Mean of circle readings = 90° 0' 4" 16 
CTorr of graduations = _ o 31 
Horizontal point = 90 0 3 85 


The zenith point of the circle is, theiefore, 0° 0' 3" 85 So lone 
as the state of the instrument is unchanged, this is the constant 
correction of all zenith distances observed, additive oi subtract- 
ive, according as the object is south or noith of the zenith 


201 The nadir, honzontal, and zenith points of the circle are 
all determined when any one of them is determined,* and there- 

t0 + be abl V° combme the results obtained by the 
S, T and by refleetlon observations of stars 
betw^Tfh 88 ’ , ° b9erve f have sometimes found disci epancies 

wluc h appeared to be greate* than 
sources of ^ as ® nb J e<i to errors of observation Among the 
here men* T W 1Cb ma ^ P loduce ®uch discrepancies, we maj 

,n Tf 18 ,* - * * 

existence nf a .^i “ ® CoPFiNf has demonstrated the 

Srant oWe ^ eqUatl ° n ’ m ° re or less C0U8taut > between 
different observers, by comparing the decimations of the same 


* the errors of division 

t Astronomical Journal, Vol m. 


end of flexure hate been duly eliminated 
p 121 
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star obtained by tlie different observers using tlie mural circle of 
the Washington Observatory during the years 1845 to 1849 
inclusive, the declinations having all been reduced to the same 
epoch He also found a constant difference between the decli- 
nations of zenith stars observed by himself when they weie 
observed as southern stars — i e with the body fronting south — 
and when they were observed as northern stars, and this under 
conditions which excluded the hy pothesis of a paiallax resulting 
fiom a maladjustment of focus This difference amounted to 
nearly ©".5 

A really constant error m bisecting a star will affect the zenith 
distances of all stais alike, but will have opposite effects upon 
the deduced declinations of stars north and south of the zenith 
It will also have opposite effects upon the declination of the 
same star deduced from direct observations and by reflection , 
and hence the discoi dance between the lesults of these two 
kinds of observations will be twice that erroi It will also cause 
the zenith points determined from north and south stars to differ 
by twice the error of bisection 

Piofessoi Coirasr also suggests that the disci epancies ref ei red 
to may possibly be produced, in part at least, by a habit of 
making the bisection constantly before or constantly after the 
instant for which it is recorded, m which case the error will vary 
with the decimation Thus, if the observation is lecorded as 
made at the time the stai passes the middle thread, and the 
observer always makes the bisection at a constant time before oi 
after the transit, the erroi will be simply the reduction to the 
meridian for this time, and, consequently, proportional to sin 2o, 
but if he observes at the constant distance c from the middle 
thread, the error in the time being csec£, the corresponding 
error in the decimation will be proportional to c 2 sec 2 8 sin 2 5, 
that is, proportional to tan 8 

Inclination of the micrometer thread is another source of error, 
which should always he attended to and removed J>y adjustment 
if possible, or by computing the correction for it. It is evident 
that the error m the observed decimation will be proportional 
to the distance of the point at which the observation is made 
from the middle thread The inclination will he determined by 
bisecting a star at two extreme points on the right and left of 
the field The difference of the two observations, when both 
have been reduced to the meridian, will give the required eorree- 
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tion for inclination A star neai the pole will be preferable for 
this purpose, as a number of bisections may be made at each 
-extremity of the field 

202 Example — As an example involving all the vanous cor- 
rections, I extract the following from the Greenwich Observa- 
tions 


Zenith distances observed with the Transit Circle — Greenwich, April 16, 1862 


Otyect 

Pointei 

Microscopes of Circle 

Telescope 

micrometer 

jst 

A 

B 

C 

D 

E 

E 

1 1 Bootis (Reflected) 

147° 20' 

>173 

>130 

>.270 

1** 802 

> 085 

>160 

1>110 

1 

ij Bootis (Direct) 

32 0 

0 942 

0 901 

1 038 

0 612 

0 820 

0 903 

20 163 

7 

Isadir point 

179 40 

0 753 

0 712 

0 818 

0 420 

0 636 

0 743 

21 364 



At the observation of yBootis there were also obseived 

Barom 29 to 86, Att Therm 33° 2, Ext Therm 36° 8 

The pointer, which is used in setting the circle for an observe 
tion, gives the degrees and next preceding 5' of the circle 
reading 

One revolution of a circle microscope is called a “ nominal 
minute,” and the mean value of 4 r 902 corresponds to 5', so that 
the nominal minutes are reduced to tiue minutes of aic by in- 
creasing them by their part Smce the mean of the micro- 
scopes is to be found by dividing then sum by 6, and the deci- 
mal part of the quotient is then to be converted into nominal 
seconds by multiplying by 60, the nominal seconds in the mean 
are obtained at once by simply adding the decimals of the 
several microscope readings (making the integers the same in 
a ) and removing the decimal point one place Thus, m the 
rst observation, making 2 the common integer, the sum of the 
decimals is 610, and hence the mean is 2' 6" 10 (nominal), 
which increased by its part is 2' 8" 62 of arc This 

requires a further correction for variation of the value of a 
microscope revolution from its mean value, that is, for error of 

^-*0" f i correetlon for runa on the given date was 

j> , ,, or , nominal seconds, and, therefore, the correction 

oi tne first observation is + 0",576 X 1 261 — -f 0",73, 
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There is next to he applied the correction for error of gradua 
tion and of flexure These are combined m a table given m 
the introduction to the observations, from which their values, as 
used in the following reduction, are taken with the argument 
“ Pointer reading.” 

The value of one revolution of the telescope micrometer was 
29" 626, and the reading multiplied by this number is always 
additive to the circle i eading 

The distance of the star from the meridian is expiessed by 
the number m the last column o ' the above table, here denoted 
by N, wlncli is the number of the tiausit thiead at which the 
bisection is made The middle thread is assumed to be m the 
meridian ,* and, Bince the average distance of two adjacent 
tin eads was 207" 31, the numbei of the middle thread being 4, 
the distance of the star from the meridian is represented by 

e = 207" 31 (N — 4) 

The formula for l eduction to the meridian is put under the ap- 
proximate foim 

R = | t 3 sin 1" sin 2 S = } r 2 sin 1" sin d cos 5 

and r is also found approximately by the formula r = c sec S • 
hence, according to this (rather inaccurate) method, we have 

R = \ c 1 sin 1" tan d 

which for the Greenwich mstiument gives 

R == 0" 1042 tan <S X — 4)* 

as given in the explanations of the observations 

The micrometer thread was inclined so that an observation at 
one of the side threads required the correction — 0" 776 X 
(2V— 4). 

The complete i eduction of the above observations is, there- 
fore, as follows In computing the reduction It we have as- 
sumed d = 19° 8' 


* I am here stating the method employed at the Greenwich Observatory, not re- 
commending it For stars near the pole it is not sufficiently accurate, as will he 
found by reducing some of the observations of ct and A Ursa Minoru by our com- 
pile formula (193) A difference of 0" 2 or 0" 3 occuis in some cases 
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Boot is (R) 

7j JBootis (D) 

INadir Pt 

Kean of microscopes 

+ 

2' 6" 

10 

+ 

0 

52" 

16 

+ 

0' 40' 

'82 

Redaction to arc = 

4 - 

2 

52 

+ 


1 

04 

4 - 

0 

82 

Correction for runs 

+ 

0 

73 

+ 


0 

30 

+ 

0 

24 

Division error 

+ 

1 

51 

+ 


1 

24 

4 

0 

86 

Telescope micrometer 

4- 

9 26 

15 

+ 

y 

57 

35 

+ 

10 32 

93 

Reduction to meridian 

— 

0 

62 

+ 


0 

32 




Corr for inclination of thread 

+ 

2 

33 

— 


2 

36 




Pointer 

147° 

20' 


32° 

O' 



179° 

40' 


Corrected mend circle reading 

147 

61 69 

02 

32 

10 

50 

08 

179 

51 15 

~67 


Hence, by r t Bootis, we have 


App zenith (list (R) 32° 28' 20 98 


it u 

“ (D) 

32 

10 

50 

08 

Mean app 

zen dist 

32 

19 

35 

53 

Refraction 



+ 

38 

01 


z = 

32 

20 

13 

54 


9 = 

51 

28 

38 

20 


d = 

19 

8 

24 

66 


The half difference of the apparent zenith distances (R) and 
(D) is evidently the zenith point correction, and is here + 8' 45" 45 
additive to all cirele leading, Accoidmg to the nadir point 
observation, it is + 8' 44- 33 The piactice at the Greenwich 
Observatory, howevei, is to emploi foi a n.miboi of consecutive 
days a mean value of the zenith point collection obtained fiom 
the values determined duimg the period Thus, the mean 
value employed from Apnl 12 to April 24, 1852, a penod m- 
c^dmg ihe above observations, was + 8' 45- 1G The piactice 

Z™^1S’^ SEL J >f 1 empl0y1 ^ the point leadings 
termmed at the time of the obseivation is preferable 

?° 1 ?i of the ' lrcle ”‘7 ^ stemmed bv 

lf mie roseopes rest on the axis and, con- 
A' J ’ " ,ev ™ e ; 1 ™1‘ « Let a collimating telescope be 
SrSSS S » Wk * « diwoted 2!I 

with . « aS ZVf " bc “ 
tonimator, and bring the mie, on, ete? ,T» ,, AV 8 " ! ’ 0 “ tt6 

Of the O,o» thread' Ud CU ( ‘ ' A "T the '"Action 

e leading coriectecl foi 
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the inclination of the microscope frame, micrometer leading, &c. 
ITow reverse the rotation axis, and make a sinnlai observation 
upon the collimatoi Let C f be the coriectecl reading Then it 
is evident that J((7 — G l ) is the true zenith distance of the colli- 
mator (supposing the readings to commence at the zenith), while 
} (C + C') is the tine reading when the telescope is vertical, and 
xepresents the zenith 'point Tins method may occasionally be 
used foi the purpose of comparison with the methods already 
given, but it is too tioublesome foi constant use Moieovei, 
observations depending on the spmt level are not so reliable as 
those made from the suiface of mercury, which, when at rest, 
must be perfectly horizontal 

Anothei method, suggested In the ever-mventive Bessel 
(before the introduction of the meicury collimator, howevei), is 
also dependent on tlie spmt level, but admits of greater accuracy 
than the above, because a level of laigei dimensions may be used 
The level is applied to the collimating telescope, which is placed 
in the horizontal plane of the axis of the meiidian circle When 
the bubble is m any given position, the sight line of the colli- 
mator makes a given angle with the vertical If, then, the colli- 
mator with its level is fiist placed south and then north of the 
circle, and the bubble of the level brought to the same leading 
m each case, the zenith distance of the cioss thread observed by 
tire cncle must be the same, but on opposite sides of the zenith 
The mean of the two cncle leadings will theiefore be the zenith 
point reading Instead of bunging the level of the collimator 
to the same reading, it will he pieferable to observe the inclina- 
tion in each position north and south, by reveising the level in 
the usual mannei , then the difference of the inclinations will 
be applied as a connection to the mean of the circle leadings to 
obtain the tiue zenith point This method has the advantage 
of not requiring a leversal of the axis of the meridian circle. 
Plate III Pig, 2 represents a collimator with its spmt level, as 
requned m this method Two piers, one north and one south 
of the cncle, aie each provided with Vs, which leceive the col- 
limating telescope alternately 

Finally, to complete the enumeration of methods depending 
on the spirit level, the collimating telescope may be placed ver- 
tically over or under the telescope of the meridian circle The 
level is then attached to the collimator at right angles to its 
optical axis Two observations are made upon the cross thread 
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of Hie collimator an before, the collimating telescope bemg 
between the two observations) .evolved 180° about the vertical 

.V the 1 “T * C ClroIe readlll <l s > corrected foi difference 
m fte inclination of the collimator as shown by the level, mil 
be the zenith or nadir point leading 

Jf Fl t mr ^ —Notwithstanding the conical form which is 

-, U ° 16 el ® SC0 P e tubes of large instruments, their weight 

the ontmsn Se - 1S1 f eX T’ w ^ 10 ^ ma y change the position of 
optical axis of the telescope with respect to the zero points 

nrrtrt & + js * 18 1IG P or t ar| t, therefore, to investigate the 

un o t ns flexui e The following is Bessel’s method 
Iwo collimators, such as that represented m Plate III Fig 2 

honzoutal P lan * of the axis of the circle, one 

admn S d rq he ? /? Ut:h The Cr ° 8S threads of the collimators 
dmit of adjustment (by a micrometer screw, foi example), so that 

. ma *^ e roil ght to coincide with each other, the meridian 
circle bemg raised upon the reversing apparatus during this 
adjustment The two intersections of the cross threads of the 

“ + Q ° W iepresent two ^finitely distant points whose 
angular distance is exactly 180°. The mendian cncle being 
leplaced observe this angular distance m the usual manner It 
is evident that the errors of division of the circle will not enter, 
ince e same two divisions come under the opposite reading 
microscopes m the two observations m reverse positions. The 

“T? ° f he ^ ° lrCle readings Wl11 ’ tberefoie, be exactly 
180 if there is no flexure But if the difference is less than 

, . a quantity x, then is the correction for flexure m the 

Irrr rr of the teiescope - in airy found 

that when the Greenwich transit circle was directed upon the 
uth collimator, the circle reading was 89° 46' 15" 52 and 

C0llimat01 ’> 269 ° 46' 16" 35, the difference 
“V V i 3 18 tae apparent distance of the two opposite points 
measured through the nadir, and hence one-half of 0" 83, or 0" 41 

“ ^ l ^ m lncreasmg apparent nadn distances or 
m diminishing apparent zenith distances 

A! T di ^® Qt Portions of the telescope, the mechanical effect of 
each partide of metal, supposing it to act simply as a weight 

f a i eV ^ Wl11 Vary 88 the sme of the zenith distance, 
so that if/ is the horizontal flexure, /sm* expresses the flexure 

m general. It is not quite certain, however, that the flexure 
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always follows this simple law, and to determine the law expert* 
mentally, we should have the means of mounting a pair of col- 
limators m a line making any angle with the vertical 

The flexure detei mined by the above method is properly 
called the astronomical flexure, as it gives the deviation of the 
optical axis, which becomes a direct connection of oui astro- 
nomical measures It is evident, however, that it docs not 
express the absolute flexuic of the tube If when the tube is 
honzontal both ends drop the same distance, the optical line 
detei mined by the centre of the objective and the micrometer 
thread will merely be moved parallel to itself, and no flexure 
will appear from the cncle leadings, for the collimators do not 
determine meiely a single fixed line in space, but rather a 
system of parallel lines, or simply a fixed direction 

The effect of the flexuie upon an obseivation is, then, zero 
if the absolute flexures of the two halves of the telescope aie 
equal, and when these aie unequal, the effect is pioportional to 
then difference This leads dnectly to the method of elimi- 
nating flexuie, fiist suggested by the eldei Repsold m 1823 or ’24, 
by interchanging the objective and ocular of the telescope Let 
us suppose that at any given zenith distance the centre of the 
objective drops the linear distance a, and the horizontal thread 
m the focus drops the distance a ', so that a and a f represent the 
absolute flexuies of the two halves of the tube Then, if the 

whole length of the tube is denoted by 2 r, the angles of depres- 

a a! 

sion of the two portions may be expressed by — and — respect- 
ively If then y is the angle which the sight line now makes 
wntli the dnection it would have had if no flexure had taken 

a oj 

place, we have y = — — , that is, the astronomical flexuie is 

proportional to the absolute flexure How let the objective and 
ocular be interchanged, and the telescope i evolved 180°, so as to 
be again directed upon a point at the same zenith distance as 
before The absolute flexures being the same as before , that of the 
object end is now a ', and that of the eye end is a so that the 

astronomical flexure is now — — = — r Hence the mean of 

2r ' 

two observations of the same star made with the objective and 
ocular reversed will be free from the effect of flexure More- 
over, the half difference of the measured zenith distances will 
be the astronomical flexure. It is here assumed that the abso- 
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lute flexures of the two halves remain the same when the ob- 
jective and ocular are interchanged For a discussion by Hansen 
of the conditions necessary m the construction of the telescope in 
order to satisfy this condition (if possible), see Astr Nach , Vol 

xvn p. 70 * 

As to the effect of gravity upon the form of the cncle, see 
Bessel’s paper, Ash Nach , Vol XXV. 

205 Observations of the declination of the moon with the meridian 
circle. In these observations, the micrometer thread is usually 
brought into contact with the full limb, and a correction is 
to the deduced decimation of the limb for the moon’s 
parallax and semi diameter When the observation is not made 
in the meridian, the reduction to the meridian (194) is also to bo 
applied, together with a correction for the moon’s proper motion 
The most precise formula for making these reductions is that 
given by Bessel, which is deduced as follows 

In Fig 46, p 290, let 0 now repiesent the apparent position 
of the moon s centre, and suppose the observed point of the 
moon s limb to be designated by M (not given m the figure) 
Conceive an arc to be drawn from A tangent to the moon’s limb 
The point of contact M, and the points A and 0, form a triangle, 
right angled at M \ of which the side MO is the moon’s apparent 
semidiameter = s', the side AO = 90° -f c , and the angle at A 
may be denoted by d We have then 

sin s' = sin d cos c 
Let 

1=3 the observed decimation of the limb, corrected for re- 
fraction, 

S' = the apparent decimation of the moon's centre, 

then m the triangle A OP we have the sides AO = 90° + c, 
PA = 90° n , PO = 90° — S', and the angles FAO = =p d 7 
APO = 90° + (r — m) , whence, as m Art 199 

t 9m ** = — sin n sm c -f- cos n cos c sm qz d ) 
cos S sin (r m) = cos n sm c -f sin n cos c sm C8 zp d ) 
cos S cos (r m) = cos c cos ^ -- ^ 


* See also Dr Gould's remarks on the meridian circle of the Dudley Observatory, 

Proceedings of the Am Association for the Adv of Science, 10th meeting, p 116 
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But, as before, we shall neglect the insensible term sin n sin c, 
and put cos n — 1, and then the first and third of these equa- 
tions will suffice to determine 8' Moreover, since m the case 
of the moon r will not exceed l m , the neglect of m will cause 
no sensible error m cos(r — m) Hence we take 

sin $ f = cos c sin (d x d ) 

cos d f COS r = COS C COS H 1 d) 

or, developing the second members, 

sin d' = cos c cos d sin \ q: sin s' cos 8 X 
cos d f cos t = cos c cos d cos zh. sm s' sin d x 


whence, by eliminating cos c cos d, we find 

zp sm s' = sin d f cos d x — cos S' sm d x cos r (195) 


If now we put 

d — the moon’s geocentric decimation, 
s — “ “ semidiameter, 

t r = “ eq hor parallax, 

<p r = the geocentric or reduced latitude of the place of 
observation, 

p = the earth’s radius for the latitude % 

J, A' = the moon’s distance from the centre of the earth 
and from the place of observation, respectively, the 
equatorial radius of the eaith being unity, 

we have, by the formulae of Art 98, Yol I , 

A f sm <$' = A sm <5 — p sm <p f 
A f cos d' = A cos 8 — p cos <p' cos r 


this last "being equivalent to the more rigorous one m (133) of 
Yol I , when the moon is near the meridian, and by Art 128, 
Yol I , we also have 

A f sm s' = A sin s 

Substituting these expressions in (195), after multiplying it by 
J', we find 

q= A sm s = A sin (8 — d x ) + 2 A cos d sm 8 X sin 1 i r 
— p sin — p cos <p' sin 8 X sin 3 r 


Yol. II —20 
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Dividing; by A = — — i this becomes 

° J sin 7r 

+ sin s = sin ( d — + 2 cos 5 sin d 1 sin 2 & r 

— p sm 7r sin (y — d x ) — p sin n cos <p' sin (\ sin 2 *■ 

where the last term is evidently insensible If then we put 

sm p = p sin 7r sm (/ — 8 X ) (196; 

we have 

sin (5 — = sin p q= sin s — 2 cos 5 sin (\ sm 2 1 r 

The last term (which is the reduction to the meridian) will 
seldom exceed 1", and may be put under the form 

sm E = | ^ j sm 2 1" sin 2 5 r 2 

The quantity r is here the true hour angle of the moon, to 
find which, let 

fx x = the sidereal time of the observation, 

[x = “ “ moon’s transit, 

X = the increase of the moon’s right ascension m one 
sidereal second , 

then 

r = (1 — A) (/x — fi x ) 

and hence 

90K 

It = ~ sm 1" sin 2 5 (1 — A) 2 {p — /xj 2 (197) 

The first two terms of the value of sm ( § — d x ) differ but little 
from sm ( p q= s) To find their exact value, we have 

sin p ip sin 5 = sm (p qr $) -f sm p (1 — cos s ) =f sin 5 ( 1 — cos p) 
= sm (p =p 5) -f- 2 sin p sin 2 $ s =p 2 sm 5 sin 2 

The last two terms of this will seldom amount to a tenth of a 
second, and therefore the formula may be regarded as peifectly 
accurate under the form 

sin p =p sm s = sm (p qi 5 ) =f i (p =p 5 ) sm 1" sm p sin 5 

TSTow, since £ — and p + s differ by so small a quantity, the 
ratio of the sine to the arc will be the same for both of them * 
hence we shall have, with the utmost precision, 

5 = 5 1 +^?ih5=f } (p q= S) sm p sin 5 — B 


( 198 ) 
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as given by Bessel * The upper or lower sign is to be used 
according as the north or the south limb is observed. 

The decimation thus found is reduced to the time /i x of the 
observation But if we wish its value at the time of the meri- 
dian passage, we must add to it the correction (jjl — y x ) A', in 
which A' is the increase of the declination m one sidereal 
second^ or 


60 1643 


where a<J = the increase of declination in one minute of mean 
time, as now given m the American Ephemens The value of 
1 — A is found as m Art 154 namely, taking agc = the increase 
of the moon's right ascension in one minute of mean tune, we 
have * 


60 1643 


so that, putting 



we shall have 


log (1 — A) = ar co log B 


and log B may be taken from the table on page 179. 

In practice, it will generally be most convenient to apply the 
several reductions directly to the observed zenith distance, as in 
the following example 


Example, — The decimation of the moon was observed with the 
meridian circle of the Washington Observatory, 1850, September 
17 The nadir point was first observed as follows • 


Nadir point 
at 20* 5 

Circle Microscopes 

Micrometer thread m co- 
incidence with its image 
mean of 10 readings = 
38 r 934 

A 

B 

c 

D 

Means 

0" 9 

0 7 

1" 9 

1 4 

2" 2 

2 0 

1" 4 

1 6 

1" 60 

1 42 

Means 

0 80 

1 65 

2 10 

1 50 

1 51 


The value of one revolution of the micrometer = 34" 856, or 


* Tabula Regiomontanse , Introd p LV 
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1" = 0 r 0291 , and hence, by the method of Art 197, the micro- 
meter zero (or leading of the micrometer when the circle reading 
was 0° 0' 0") was 

(. M ) = 38* 984 + O' 0291 X 1 51 = 38' 978 

The observation of the moon was as follows, S L denoting 
south limb 


Moon, S L 

Circle Microscopes 

Clock = jUj 

Micro- 
meter 
= A/ 

A 

B 

c 

D 

Mean 

55° 52' 45" 7 

Barom 30" 1 114 

42" 8 

Att Tht 

45" 2 

irm 64° 

• 

46" 1 

Ext T1 

44" 95 

term 52° 8 

21* 17“ 21* 

32 

43 

39 r 956 

39 904 

39 875 


The circle was west , m which position the readings are zenith 
distances towards the south The conection for runs was 
— 0" 75 for 3', and since the excess of the reading over a multiple 
of 3' is V 44" 95, the proportional correction for runs is — 0" 43. 

The clock time of transit of the moon’s centre over the meridian 
was p — 21^ 17 m 16 s 80 

The latitude of the observatory is <p = 38° 53' 39" 25, and 
therefore <p — <p f = 11' 14" 54, log p = 9 9994302 The longitude 
is 5* 8 wl 12* west of Greenwich 

For the date of the observation, we take from the Nautical 
Almanac 

d = — 16° r 7 

= -|- 0" 377 in l m mean time, n = 54' 9" 64 

. Aa= 2* 0150 “ “ “ “ s = 14' 45" 49 

whence log (1 — A) = 9 98521 and A' = 0" 1060 

The correction for the micrometer, or M — ( M ), converted into 
seconds, is additive to the circle reading The reduction to the 
meridian, or J2, found by (197), is also algebraically additive to 
the cncle reading, attention being paid to the sign of 5, and the 
coirection for change of declination to be added to the circle read- 
ing will be — (p — Since the sum of these three con ections 

should be the same for each miciometer observation, the pi ecision 
of the obseivations will be shown by computing this sum for 
each Thus, we find 
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V — ft 

jr— (if) 

R | 

— (/*— !h) r 

Sums 

— 4*2 

33" 60 

— 0" 00 

+ 0" 44 

34" 04 

— 15 2 

31 82 

_ 03 

+ 1 61 

33 40 

— 26 2 

30 82 

— 09 

+ 2 78 

33 51 


Mean = 33 65 


Hence we have 

Circle reading = 
Corr foi iuns = 
Mean con foi micioni , &c = 
Apparent zenith distauce = 
By Tfible II Refraction = 

f <p' — 6^=9— \ — 1 9 — s i = 

=55° 43' 29" [ —(.P + s ) = 

[By (196),j5=44' 41" 75 ) — i (j> + *) sin p sins = 

<p — <5 = 
9 = 


55° 

52' 

44" 

95 


— 

0 

43 


+ 

33 

65 

55 

53 

18 

17 

+ 

1 

25 

60 

55 

54 

43 

77 

— 

59 

27 

24 

— 


0 

10 

54 

55 

16 

43 

38 

53 

39 

25 


8 = — 16 1 37 18 


206 Observations of the declination of a planet, or the sun —The 
larger planets aie observed m the same manner as the moon, 
that is, by making the mierometei tlnead tangent to the limb, 
and when the planet is treated as a spherical body the observa- 
tion is also reduced 111 the same mannei 

In the case of the sun, both limbs may be observed The 
reduction to the meridian may be facilitated by a table giving 
the logarithm of the factor 

5 = — sin 1"(1 — rpBin23 
4 

for each day of the fictitious year (Vol I Ait 406), such as 
Bessel’s Table XII of the Tabulae Regiomontanoe This table 
also gives for each day of the year the value of 

a — increase of the sun’s decimation in 100 sidereal seconds, 

so that the reduction of the observed decimation to the meridian, 
including the correction foi the change of decimation in the 
interval r, is 
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The correction, for parallax may be put under the form 

8" 57116 , , 

j?== Bin (?'--<5) 

in which r = sun’s distance from the earth, the mean distance 
being unity, and in each observatory this quantity may be com- 
puted for the latitude, and for each day of the year, and also 
inserted m the table In order to embrace every thing necessary 
for the complete reduction of the observed declination, the table 
contains also the sun’s semidiameter for each day of the fictitious 
year. 


207 Correction of the observed declination of a planet's or the moon's 
limb for spheroidal figure and defective illumination — Let us con- 
sider the most general case of a spheroidal planet partially 
illuminated The correction to reduce the observed decimation 
of the limb to that of the centre is equal to the perpendicular 
distance from the centre to the micrometer thread, which is 
tangent to the limb and perpendicular to the meridian The 
formulae for computing this perpendicular m general are (Vol I 
p 580) 


tan & = 


tan & 
c 


sm x = sm sm V 




s sm & cos x 
sm 


m which s" is the required perpendicular, # the angle which it 
makes with the axis of the planet (reckoning from the north 
point of the disc towards the east), c is a constant depending upon 
the eccentricity of the planet’s meridian, V the angular distance 
of the earth and sun as seen from the planet, and s is the equa- 
torial radius of the disc, or greatest apparent semidiameter at the 
time of the observation The perpendicular here coincides 
with the decimation circle, and consequently we have at once 
# = - P, or 180° — p, according as the north or the south limb 
is observed , p denoting, as m the article referred to, the position 
angle of the axis of the planet Trorn the discussion m Vol I 
Art 354, it follows that (putting — p for #) the north limb will 
be full (and, consequently, the south limb gibbous) when sm p 
and sm T^have the same sign We shall, therefore, here change 
the sign of sm j£, and take 
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sin x = 8111 P ' sm ^ ) 

(199) 

s. sm p l 

-7 COS X ] 

r sm p ! 

m which s 0 =the greatest apparent semidiameter at the mean 
distance of the sun from the earth, and r' = the planet’s geocen- 
tric distance ¥e then have the rule the north or the south limb 
is the full limb according as sm % is positive or negative The foimulse 
for computing p,V, and c aie given mVol I Arte 848 et seq , 

and s 0 is given on p 578 , 

The gibbosity of Saturn, however, is wholly insensible, and 
even that of Jupiter at the north and south points of the limb 
cannot exceed 0" 05, which is so much less than the usual [errors 
of declination observations that it may be disregarded Hence, 
for Saturn and Jupiter the correction will depend only upon the 
figure of the planet, and will be computed by the equations 

, tanp So sin p cs, cos p_ 

tan P — c j’ sin p' r' cos / 

in which for Jupiter we take log c = 9 9672, and foi Saturn 
e = v(1 _ ee cos 2 Z) = v / (l — [9 2706] cos 2 1), l and p being taken 
dnectly from the tables foi Saturn’s Riug given m theEphemens 
A further simplification may be peimitted m the 

Saturn, foi, on account of the small values of p, the^ratio cog y 

will be very nearly unity, and if we take s" = -jr we shall 
have the true value of s" within less than 0" 05 

It is hardly necessary to remark that when we neglect the 
gibbosity of Jupiter or Saturn, the mean of the observed decli- 
nations of the north and south limbs gives at once the decimation 

of the centre » 

Bor Mars, Venus, and Meicury the correction will be only tor 

defective illumination, but in this case we can avoid the separate 
computation of p and V, as follows Substituting m the equa- 
tion for sm y (199) the values of sinp and sin V given in Vol 1 
p 577, and moreover observing that, since these bodies are 
regarded as spherical, we have c = 1, and, consequently, p =p, 
there results 

mn / _ JL [cos S’ sm D — sm S' cos D cos (•' — -d)] (200) 

m r 
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in which 


o', «V = the planet's right ascension and decimation, 

A, D = the sun's “ a “ 

j R, E' = the earth's and the planet's distances fiom the sun, 


and a positive value of sin will here also indicate that the north 
limb is full and the south limb gibbous, and a negative value 
the reverse. Adapting this formula for logarithms, we have, 
therefore, 


tan F = tan D sec (a' — A) 



sin (F — $') sm D 
sin F 


( 201 ) 


or, more conveniently, perhaps, 


tan E = tan S’ cos (o' — .4) 


sm X 


R sin (Z) — JE) cos 5' 
R’ cos E 


( 201 *) 


E being taken less than 90°, with the sign of its tangent 
Then we find the reduction to the centre of the planet by the 
formula 

s" — cos x (202) 


If the dechnation of a cusp of Venus or Mercury has been 
observed, we must find p by the foimula (Vol I p 577) 

tan p = cot (o' — A) sin ( F — S’) sec F (203) 

m which J’has the same value as above, and then the reduction 
to the centre of the planet will he 

s" = — cosp 

r 

For the moon, when the gibbous limb has been observed, the 
formulae (201) may be used for computing y_ , but on account of 
the small difference of R and R 1 , we may put their quotient = 1 
Since the dechnation of the gibbous limb will not he observed 
except when the moon is nearly full, it will he best to reduce 
the observations as if the observed limb were full, according to 
Art 205, and then to apply a small correction for gibbosity 
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This correction will be as = s — s cos % — s versin % Hence the 
formulae for the moon will be 

tan E — tan S' cos (a' — A) 

sm (D — E) cos S' 

sm y = — 

* cos E 

AS = s versin / 

Example 1 — The apparent declination of the southern cusp 
of Venus, at its transit ovei the meridian of Greenwich, July 16, 
1852, observed with the transit circle, was 

S' = 15° 0' 45" 60 

Erom the Nautical Almanac, we have 

a' — 8* ll m 1* 46 log / — 9 467 5 

A= 7 48 42 80 D = 21° 19' 8" 



and fiom Vol I p 578, 

s q = 8" 55 

Hence, by (203), we find log tan p = 0 0031, and, consequently 
s" = — cos v = 20" 53 

i r 


and the apparent 
fore, 


decimation of the planet’s 
d = 15° r 6" 13 


centre was, tnere- 


Example 2 — The apparent decimations of Jupiter s north and 
Bouth limbs, observed at Greenwich, March 18, 1852, were — 

N L S'= — 17° 21' 57" 36 
S L t’= — 17 22 37 61 


To illustrate the complete forniulee, let us take the gibbosity 
of the planet into account For this purpose, we take from the 
Nautical Almanac 

a! = 230° 56' 4 A — 224° 25' 0 

— 17 22 2 e = 23 27 5 log/ = 0 6783 

and from Vol I p 574, 


n = 357° 56' 5 i = 25° 25' 8 
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Hence, by the formulae (619), Yol I , 

F= 201° 23' 5 X = 234° 52' 3 

Y=A — X — — 10° 27' 7 
F'—~ 20° 47' 5 log tan p = 9 4281 

Then, by (199), taking log c = 9 9672, we have 

log sin x = ^8 7025 

from which it follows that the south limb was full Hence, 
taking s 0 = 99" 70, we find 

For full limb (s") = ^ Bin — = 19" 50 
r' sin p' 

For gibbous limb s" = (a") cos / =19 47 

The decimation of the centre was, therefore, according to 
these observations, 

From XL 5 = — 17* 22' 16" 83 
“ SL « “ 18 11 

Consideiing the difference of these results, which is by no 
means as great as often occurs in the Greenwich observations of 
Jupitei, it appears that the practice there followed of always 
applying the polar semidiameter (which is the one given m the 
Xautical Almanac) is quite accurate enough for these observations 
Our more exact method will not be without application, however, 
in cases where greater refinement both m observation and 
leduetion are attained. 

Example 3 — At Greenwich, Eeb 6, 1852, the decimation of 
the moon’s centre deduced from an observation of the north 
limb, on the assumption that this limb was f ull, was 

«'= + 13° 17' 0" 58 

For the time of the moon’s transit on this date, we have 

a! = 158° 18' 6 A = 319° 56' 1 

s = 16' 31" D = — 15 36 3 

whence, by (204), 

/ -= — 2° 58' 
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which shows that the noith limb was gibbous. The correction 
was 


as =s versm / = 1 " 33 


and the true decimation was, therefore, 

$ = + 13° 1 7 1" 91 


# 


CHAPTER YU 


THE ALTITUDE AND AZIMUTH INSTRUMENT 

208 This instrument may be legarded as a tiansit instrument 
combined with both a vertical and a honzontal circle, by means 
of which both the altitude and the azimuth of a star may 
be observed at the instant of its tiansit through the vertical 
plane described by the telescope This combination is not often 
used for the higher purposes of astronomical reseaich, as every 
additional movement introduced into an instrument diminishes 
its stability and increases the usk of erroi However at Green- 
wich, a regular series of extra-meridian observations of the moon 
is carried on with such an instrument, for the sake of comparison 
with meridian observations The instrument has there received 
the name of the altazimuth In other places, it has been called 
the astronomical theodolite , and, m fact, the genera t eoiy o e 
instrument, which will he given hereaftei, will he found to he 
directly applicable to the common theodolite employed in geo- 
detic measurement 

Still another name is the universal instrument, so called on 
account of its numerous applications, but this name is ' usua y 
given only to the portable instruments of this class The small 
universal instruments of Ertel are well known 

209 Sometimes the horizontal circle is reduced to small 
dimensions, and designed simply as a finder, or to set the mstru- 
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merit approximately at a given azimuth , while the vertical circle 
is made of unusually large dimensions, and is intended for the 
most refined astronomical measurement The instrument is 
then known simply as a lerUcal circle Such is the Ertel Vertical 
Circle of the Pulkowa Obseivatoiy, the telescope of which has 
a focal length of 77 inches, and its vertical circle a diameter of 
43 inches * 

This instrument is permanently mounted upon a solid granite 
pier (?, Plates X and XI , which is insulated from the walls and 
floor of the building It stands upon a tupod which is adjusted 
by foot screws The three feet are so placed that two of them are 
m the east and west line hence, hut one of these two is seen in 
Plate X , which is a projection of the instrument upon the plane 
of the mendian, while all three aie seen in Plate XI , which is 
a projection upon the plane of the prime vertical The mendional 
foot screw co carries a small circle y graduated into 360°, the index 
of which is attached to the foot One revolution of this circle 
changes the inclination of the instrument m the plane of the 
meridian 318" consequently, one division corresponds to 0" 88 

The centre of the instrument is held m place by the support 
a attached to the pier 

The veitical stand consists of a hollow cone of brass, m which 
turns the steel axis b The lowei extremity of this axis is convex 
and smoothly finished, and is supported by a system of tluee 
counterpoises c, suspended upon levers which relieve the pressuie 
upon the bearing points of the veitical axis, and thus diminish 
the friction At the top of the conical stand is a 13 inch azimuth 
circle, the verniers of which are attached to the axis This is 
provided with a clamp and tangent screw which is moved bj the 
rod d m giving the upper portion of the instrument a small 
motion m azimuth 

The uppei extremity of the vertical steel axis cairies the strong 
oblong bar e, which may be called the bed of the instrument 
On this bed rests the adjustable frame i fgv, which supports the 
horizontal axis i in the Vs at vv This axis should be perpen- 
dicular to the vertical axis, and its adjustment m this lespect is 
effected by means of two opposing screws at h 

The axis i has two equal cylindrical pivots of steel at vv It is 
hollow, to admit light from the lamp x, which is reflected upon 


* See Description de Vobse) cent , Ac , p 130 
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the threads of the reticule of the telescope by a mirror m the 
interior of the tube at u The telescope and pnncipal vertical 
circle o are firmly and invariably attached to one extremity of 
this axis At the opposite end of the axis is a smaller vertical 
circle m, which serves as a findei From the centre of this 
finding circle radiate foui conical aims terminating in ivory 
balls n The telescope is swept in the veitical plane solely by 
means of these balls, never by touching the telescope or prin- 
cipal vertical circle 'When the telescope is approximately 
pointed and clamped, fine vertical motion is given to the tangent 
screw by the rod k The instrument is swept m azimuth by 
means of an ivory ball at I, the fine azimuthal motion being 
given by the rod d 

The circle is read off by four micioscopes attached to a squaie 
frame a, which is fixed to the frame vfqv The level ft attached 
to this frame indicates its inclination with lespect to the honzon 
The circle is divided to 2', and the microscopes lead directly to 
single seconds, and by estimation to 0" 1, or even less The 
probable erroi of reading of a single micioscope is given by 
Peters as only 0 /; 090 m obseivations by da\ , and 0 ,/ 098 in 
observations by night 

The friction of the horizontal axis in the Ys is diminished by 
the single counterpoise p, which, by means of a level, the fulciuin 
of which is at q, supports the principal part of the weight of the 
telescope, vertical circles, and horizontal axis, by exciting an 
upward pressure at r The point r being at suitable distances 
from the two Ys respectively (neaiei to the principal circle than 
to the finder), the faction in both Ys is equally lelieved, while 
the whole weight of the movable portion of the instrument is 
transferred to a point q, veiy near to the vertical axis of rotation 

The striding level s iests upon the pivots of the horizontal 
a.via ) and, by reversal in the usual manner, serves to measure the 
inclination of this axis to the hoiizon 

The reticule at t is composed of three horizontal threads, two 
of which aie close parallel thieads (the clear space between them 
6emg only 6"), which seive foi the obseivation of objects which 
present sensible discs, oi of those which aie too faint to be 
observed by bisection (see Art 198) The third thread is 18' 7 
from the others, and is used in observing stais by bisection 
The unequal distances prevent mistakes m the choice of tlneads 
These horizontal threads aie crossed by two vertical ones, the 
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distance of winch is P of arc The middle point between these 
determines the optical centre of the instrument, and all obser- 
vations are made as nearly as possible at this point 

The extreme accuracy attainable in the observation of zenith 
distances with this mstiument may be inferred from the follow- 
ing values of the zenith point Z (see Art 219) of the circle, as 
cited by Struve, from observations by Peters upon Polaris at its 
upper and lower culminations : 


1843 

Upper transit 

Z 

Diff from 
mean 


Lower transit 

Z 

Diff from 
mean 

April 18 

0° O' 33" 13 

— 

0" 32 

April 14 

0° O' 33" 64 
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33 

26 

— 
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16 

33 
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45 
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22 

20 

33 
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+ 
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30 

22 

33 

48 

— 
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24 

22 

33 

17 
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0 

28 

24 

33 

50 

— 

0 

22 

24 

33 

45 


0 

00 

25 

33 

94 
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0 

22 

25 

33 

68 

+ 

0 

23 

26 

33 

98 

+ 

0 

26 

26 

33 

29 

— 

0 

16 

27 

33 

82 

+ 

0 

10 

27 

33 

68 

+ 

0 

23 

28 

34 

12 

+ 

0 

40 


Mean 0 0 33 45 Mean 0 0 33 72 


Hence, assuming that the zenith point of the circle was constant, 
the probable error of an observed value of Z was, foi either 
series, = 0" 22 This error, however, is the combined effect of 
error of observation and variability of Z But the probable 
error of observation was obtained from the disci epancies between 
the several values of the latitude deduced from these same obser- 
vations, and was = 0" 17 so that the probable error of Z 
arising from variation m the instrument was = i/[(0" 22)2 
— (0" 17) 2 ] = 0" 14 The means for the two transits differ by 
0".27, which results from the use of different divisions of the 
circle and different parts of the micrometers To compaie them 
justly, it would be necessary first to eliminate especially the 
division errois 

In order to eliminate the effects of flexure, the objective and 
ocular are made interchangeable (see Art 204) 

The dimensions of the various parts of the instrument may be 
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taken from tlie plates, which are accurately drawn upon a scale 

of A* 

210 The portable universal msti uments are usually so arranged 
that the vertical eucle may be removed altogether from the 
instrument when honzontal angles only are to be measuied 
One of these instruments is repiosented m Plate XII In Fig 1, 
the instrument is arranged for measuring honzontal angles 
exclusively In Fig 2, the telescope of Fig 1 is replaced by 
another which is connected with a vertical circle and (unlike the 
azimuth telescope) is at the end of the honzontal axis The 
weight of the telescope and veitieal cucle is counterpoised by a 
weight at the opposite end of the axis The focal length of the 
telescope m insti uments of this kind seldom exceeds 24 inches 
The following discussion of the theory of these insti uments 
will apply to any of the forms above mentioned, as I shall con- 
sidei then two applications— to azimuths and to altitudes— 
independently of each othei 

211 Azimuths —Let A 0 II, Fig 49, represent the true horizon, 
Z the zenith Let us suppose the vertical Flg 49 

axis of the instrument to be inclined to the 
hue vertical line, so that when produced it 
meets the celestial sphere m Z 1 Let A a H' 
be the gieat circle of which Z' is the pole 
The plane of this circle is that of the gra- 
duated horizontal circle of the instrument 
Let us suppose, further, that the horizontal 
rotation axis, which should be at light 
angles to the vertical axis, and, consequently, parallel to the 
horizontal circle, makes a small angle with this circle As the 
instrument revolves about its vertical axis, this rotation axis will 
describe a conical suiface, and the prolongation of this axis to 
the celestial spheie will describe a small circle A A' paiallel to 
A S' Let A be the point in which this axis produced tluough 
the circle end meets the sphere at the time of an observation, 
and 0 the position of a stai observed on any given vertical thread 

^ F 0r a u the particulars of the use of this instrument in the determination of the 
declination of a circumpolar star, consult the memoir of Dr C A F Pubes, 
Aatron Hack , Vol XXII , Resultate aua Beolachtungen des Folar sterna am Ertelschen 
V*rtic(dkreise der Pulkowaer Sternwarte 
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in the field As the telescope revolves upon the horizontal axis, 
its « via of collimation describes a great circle of which A is the 
pole, and the given thread describes a small circle parallel to 
this great cncle Let 

c = the distance of the thread from the collimation axis, 
positive when the thiead is on the same side of the 
collimation axis as the vertical circle, 
b = the elevation of A above the horizon as given by the 
spuit level applied to the horizontal axis, positive when 
the circle end of this axis is too high, 
i = the inclination of the vertical axis to the true vertical 
line, 

t' — the inclination of the honzontal axis to the azimuth 
circle, 
a = AZS, 
a! = AZ'S, 

A — the azimuth of the star 0, reckoned from A # as the 
ongin, 

z = the zenith distance of the star , 

then, in the triangle AZZ' , we have AZ — 90° b, ZZ' = i, 
AZ' = 90° — i', AZZ' — 180° — a , AZ'Z — a', and hence, by 
Sph Trig, 

sin b = cos a' cos i' sin i -)- sin i' cos i 

cos b cos a — cos a! cos i' cos t — sin >' sin i 

cos b sin a — sin a' cos %' 

But, i, i', and b being always so small that we can neglect their 
squares, these equations may be reduced to the following 

a = a ' , l (205) 

b = i cos a' + »' = f cos a + t' J 

In the triangle AZO, we have the angle AZO = A 0 ZO + A 0 ZA 

= A + 90° — a, and the sides A 0 = 90° -|- c, AZ = 90° b, 

ZO — z, and hence 

— sin c = sin b cos z — cos b sin z sin (A — <t) 
or, since c and b are small, 

sin (A — a) 

Hence sin (A — a) is also a small quantity, and the angle A — a 
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is either nearly 0° or nearly 180° When the vertical cucle at 
the extremity of the horizontal axis is to the left of the observei, 
as supposed in the above diagram, it is evident that A and a are 
nearly equal, and A — a is nearly 0° But if the instrument be 
revolved about its vertical axis, the azimuth circle remaining 
fixed, and the telescope be again directed to the same point 0, 
the vertical circle will be on the right of the observer, and the 
angle a will be increased by 180° In this case, therefore, 180° 
— (A — a) will be a small quantity Puttmg, then, A — a or 
180° — (J. — a) for sm (A — a), we have 

A = a -)- b cot z -f- c cosec z [Circle L ] 

A — a -(- 180° — i cot 2 — c cosec z [Circle B] 

Dow, a is not read directly from the azimuth circle , but if we 
put A ' = the actual reading and A 0 = the reading when the 
point A m the diagram is at A' (in which case the telescope, 
when horizontal, is directed towards the point dL 0 ), we have 

a = a' = A' — A 0 [Circle L] 
a + 180°=d'-d„ [Circle B] 

and, therefore, 

A = A* — A a ± b cot 2 ± c cosec z 

We have supposed the azimuths to be reckoned from the point 
A 0 , but it is indifferent what point of the circle is taken as the 
origin when the instrument is used only to determine differences 
of azimuth, since the constant A a of the above equation will 
disappear in taking the diffeience of two values of A Pop 
absolute azimuths, let us denote the azimuth of the pomt A 0 iron* 
the south point of the honzon by A l , then the azimuth of the 
star, also reckoned from the south point, will be equal to the 
above value increased by A x If, therefore, we add A x to the 
second member, and then write aA for the constant A x — A 0 , we 
shall have 

A = A' + ad. ± b cot 2 ± c oosec z ^ ^ J (206) 

where A now denotes the absolute azimuth of the stai, and a A 
is the index correction of the circle, or reduction of the readings 
to absolute azimuths The readings for cucle right differing by 
180° from those foi circle left, we shall always assume that the 
former have been increased or diminished by 180°, when two 

V ol 11—51 
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olwervationx in different positions »l tin- uHniiiuMit are '** 
pared. We nm**t now determine the ipumtitics • . win* *•* 

212. To find e and k— The most rom.ni. nl method of *••»* 
<• with « fixed instrument i** n* emphn it ...llimuting tcU**«* 
placed on a level w ith the hnmnutal »\i«. *u. h «- that •if * 
UK Kijr- 2. Tito oroKH tlimul nf tin* »* oWrviMl ***■ 

inlinitelv distant point or Mar. whose /.enith diMiuue is i«»' . 
hence c.’.t , «, eoxcc : I. < >h»er\ mg it both w ith . tieU- 

and circle right, let .!' and .1" he the reading of the ar.nn 
circle (the latter reading hcinif changed l#»* It then we hu* *’ 


whence 


A t‘ A t i • 

A r a \ . 
. Jtd" d’i 


t 


which will give r with itx proper sign for left. 

If, however, the collimator ix below the level of the ImrU" 
axix, ho that the telescope niUHt he depressed to observe it 
ahall have 

A A' i Ad i h cot „• | . Cfn.ec 

A A" t A I h cot i < cure ; 


in which t the r, enith dixtanee of tin* collimator bit” « 
proiwion of the telexcope, hh given hv the vertieal eireU’ 
then 

c 4td" d'»»hi.* fceoa.* . 

and h must bo observed with the striding level applied t« 
axia, aa in the case of the tramdt inxtrumeiit. 

When the teleaeope in furnished with a micrometer, the v 
of e can l>e found with Mill greater accuracy, by intMtta «»t 
collimators, aa in Art. 143. 


218. In some coses tin* spirit level cannot be reverse*! 
the axia, but ia permanently attached to it or to the frutiu* « 
aupporta it. It ia then reversed only when the ihMruin*' 
reversed, and it becomes necessary to know the level r.« i 
that ruuding of the level which eorresjamds to a truly lion* 
poRition of the axia. Lot this reading ho denoted by l* an 
l be the reading at any obaorvation j thon wo have 
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where l is the mean of the readings of the two ends of the 
bubble, the readings towards the circle end being always 
reckoned as positive Then to find l a we have recourse to the 
observation of two stars, one near the zenith and the other near 
the horizon, or of the same star at different times Let A' and 
A" be the circle readings, z' and z" the zenith distances of the 
high star for circle left and circle right, 1 espectively , V, l" the 
level readings , then, A 1 and A 2 being the true azimuths, we have 

A t = A’ -f a A -|- ( l ' — l 0 ) cotz’ + c cosec z' 

A 2 — A" — a! - (l" — l') cot z" — e cosec z" 

The difference between A l and A 2 may be accurately computed 
from the known place of the stai, and a small error in its 
assumed place will not sensibly affect this difference If the star 
is near the meridian (which will be advisable), the change m 
azimuth will be sensibly proportional to the interval of tim e 
between the two observations . so that if T' and T" are the 
sidereal clock times, and oA the change of azimuth in one 
second, we shall have 

A a — A 1 = dA( T" — T') (209) 

in which T" — /’ is in seconds ; and SA may be found by the 
differential formula 

^ dA^ 15" cos <5 cos q 

dT sin z 


where d — the star’s decimation, and the parallactic angle q is 
found by Art 15 of Vol I The difference of the above equa- 
tions will then give us the equation 

— ml 0 -f- nc —p (210) 

where, to abbreviate, we denote the known quantities as follows : 


m = cot z -)- cot z" n = cosec z! -)- cosec z" 

p = A" — A' — (A a — Aj) — V cot / — l" cot z" 



In like manner, the low star gives a similar equation, 


— m’l a + n'c = p’ (212) 

and from the two equations the unknown quantities l 0 and c are 
found by the usual method of elimination If a greater number 
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of stars have been observed, the equations may be combined by 
1 rS of least squares Where there » a oolluuator, .. 
may always be used as the low star of this method 

214 To determine the index correction aA, observe any 
i 21 JL fl t«r in either position of the instrument, then, having 

I A.t 14), we have 

__ a — (A' ± b cot z ± c cosec z) (213) 

215 With a portable instrument, such as is described in Art 
210 tiie use of a collimator is impracticable, since the telescope 
* ai of the axis, aud, therefore, cannot be dnreeted 
towal aTcolhmator m both pos,t.ons We must then employ 
stars as in the preceding aiticle , but, as in portable instruments 
the inclination^ is usually found directly by the striding level, 
a single star observed in both positions of the instrument will 
suffice If we take the pole star when near the mendian, we 
can suppose z to have the same value foi both observations, and 
we shall have the two equations 


A — A' + aA + b' cot z + o cosec z 
2 — A" -f aA — b" cot z — c cosec z 


whence 


c = j [A" - A' - (A, - A,)] sin * - W + >") cos * 


(214) 


and it will then be expedient to determine aA at the same time 
from either A, or A 2 

216 If instead of a single vertical tluead there aie several 
Buch threads, the horizontal transit of the star is observed ov i 
each by the clock, as in ordinary transit obseivations, the loading 
of the^honzontal circle remaining constant If the star is not 
too far from the equator, the intervals of time be ween 
transits over the threads may be assumed to be proportional to 
STItTnces of the threads, and then the mean of the time 
will be the time of the star’s transit over the mean thread The 
collimataon constant e, determined from stars as in the precet u g 
articles, will then be that of the mean thread 
If some of the threads have failed to be observed, let f v f v k 
be the distances of the threads from the mean tluead, positive 
for threads on the same side of the mean as the vertical circle. 
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and let/, be the mean of the distances of the threads observed, 
and T 0 the mean of the observed times Then/, + c is the dis- 
tance of the mean of the observed threads from the collimation 
axis ; and the azimuth at the time T 0 is found by the formula 
(206), substituting/, + c for c 

217 If, however, we wish to proceed rigorously, we can 
reduce each thread to the mean thread by the complete formula 
(138), 

sm I = 1- 2 tan t sin 1 i I 

cos 9 cos n cos t 

where I is the interval of time in which the star describes the 
distance /, and i = r — m, r being the east hour angle of the 
star, and m and n being determined by (78) But we can sim- 
plify this formula for our present purpose as follows Let A, 
Big 60, be the point in which the horizontal axis of the 
instrument meets the sphere when pioduced through p 
the circle end (as in Fig 49) ; Z the zenith , P the pole , 

0 the star when in the collimation axis of the telescope o 
Since the small inclination of the honzoutal and verti- 
cal axes will not sensibly aflect the thread intervals, we 
can here regard A as the pole of the vertical ciicle ZO, 
and the triangle OPD may be regarded as right angled 
at D In this triangle we have, accordmg to the de- 
finitions of m, n, and r in Art. 123, the angle OPT) = OPZ 

— APZ — — t — (90° — m) = — 90° — t, and the side PD 

— AP — 90° = (90° — ») — 90° = — n We have also OP 
=3 90° — <5, and the parallactic angle POD = q Hence 

cos n cost — — cos q 

tan t = tan q sm 9 

and our formula becomes 

sm 1 — 1- 2 sin 9 tan q sin’ } I 

cos 9 cos q 

Tbis applies for circle left * Foi cncle right it is only necessary 
to change the sign of the fiist term, so that the complete for- 
mula is 

sin I ss= =f — f- 2 sin 9 tan q sm* $ J (215} 

cos S cos q * ' J 
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mwtaeh,. — GSa-f^CSSl be the 

correction algebraically additive to the observed time on a thread 
to reduce it to the mean thread The angle q is found by the 
formula . „ 


sin q = 


sin A cos <f 


where q will have a negative value for a negative value of sin A, 
that is, for a star east of the meridian 

It is evident that, except for stars of considerable declination, 
the last term of (215) will be inappreciable, and that we may 
usually take 

+ (2H) 

cos 9 cos q 

which amounts to assuming that I is proportional to/, as in the 
preceding article 

218. To find the equatorial values / of the thread intervals 
we observe the transit of a slow moving star near the meridian 
and from the observed intervals I we deduce 

Bin/ = + sin I costf cos q 

219. Zeraih distances — Let Z, Fig 51, be the zenith , Z' mi u 
the points in which the veitical and houzontal axes meet th 

celestial sphere, BB'O' the great circle o 
“ which A is the pole, and, consequently, th 

So cucle which represents the veitical ciicle o 

/ \ the instrument This circle is also that whic 

I r \ is desenbed by the collimatiou axis of tl 

I Jf~ X telescope Let tlie stai 0 bo observed on 
\\f Y horizontal thread OO, which lsperpendiculi 

\\[ y to the great circle BO' and coincides wil 
^ the arc AO' produced The point B', 
which AZ' pioduced meets the cucle BB', represents the e 
tremity of that diametei of tlie alidade circle which is in tl 
plane of the vertical axis of the instrument The die B' O', < 
the angle B'AO' which it measures, is then the zenith distanc 
as given directly by the circle when the cucle readings for j 
and O' are given Let the reading of the circle, when the threi 
ib at B\ be denoted by Co. and reading on the star by C» “ 
put B' O' or B'AO = , then, for circle left, 

* -r- r r 

— *0 w 


■o 
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the graduations of the circle being supposed to mciease fiom 
right to left Now, for different azimuths the relative position 
of B and B' is different , and they coincide only when the point 
A is m the plane of the circle ZZ' Then lelative position at 
any time is given by the level attached to the alidade circle , for 
let l 0 be the reading of the level when B and B' coincide, and 
l the reading in any other case , then, denoting BB' by a z v we 
have 

where we take the left-hand end of the level as the positive end, 
the observer facing the circle, and l is half the algebraic sum of 
the readings of the ends of the bubble 
Let us now denote the arc BO' by s', then we have 

/= *! + **! 

and m the triangle A OZ we have the required true zenith dis- 
tance ZO = z, the angle OAZ = z’ , and, in accordance with 
the notation befoie employed, AO = 90° + 00' = 90° + c, 
AZ = 90° — b Hence 

cos z — — sin c sin b -f- cos c cos b cos z' 

Substituting cos z' — cos 2 i z' — sinks', we obtain 

cos z — — sin c sin b (cos* } z' -(- sin 1 i z f ) 

+ cos c cos b (cos’ J s' — sin 2 i s') 

— cos (c b) cos* i z' — cos (c — b ) sin* i s' 

cobs' — coss = 2 Bin } (z - |- s') sin i(z — s') 

= 2 sin 2 i (c + b) cos 2 J s' — 2 sm 2 i (c — i) sm 2 i z 

The second member involving only the squares of the small 
quantities c and b, the correction z — s' is very small, so that for 
the factor sinj(s-t-s') we may take sin s'— 2 sinks' costs' 
Hence, substituting the arcs for the sines of the quantities J (s — s'), 
- l( c + &)> i( e ~ fy, we find 

s — s' = | - | sm 1" cot J z' — | — - - j sin 1" tan } s' = e (218) 

and e will denote the correction for collimation and the inclina- 
tion of the horizontal axis Substituting the value of s' above 
given, we find as the value of the zenith distance given by the 
observation circle left, 

S = C, — C + — l s 
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In this equation the constants Co and l 0 are unknown , but if we 
now revolve the instrument 180° in azimuth, and observe the 
zenith distance of the same point, we shall have 

? 0 az,= — Go— O 

where c'and l' denote the new readings of circle and level ; and 
hence, for circle right, 

z == C' — C„ — l 0 4- l' + d 

in which e' is computed by the formula 

= sm l"cot iz' — (~ 9 — ) sm ■^ ,, ^ an ^ ** 

c' and b' being the collimation and the inclination of the hori- 
zontal axis in this second observation The mean of the two 
values of z is 

z = £(c'-O + K*'-0 + K e ' + O ( 219 ) 

Their difference gives the constant quantity 

Co + i (C ' + 0 + i (*'+ *) + i ( e ' - e ) ( 22 °) 

If the observed point is moving, as in the case of a star, the value 
of z obtained by (219) is the zenith distance at the mean time 
between the two obseivations, and, in general, if a senes of zenith 
distances is taken, one half in each position of the circle, and if 
C denotes the mean of all the readings of the circle m the first 
position, C'the mean of all the readings in the second position, 
l and V the corresponding means of the readings of the circle 
level, the value of z given by (219) will be the zenith distance at 
the mean of all the observed times, provided always that the senes 
is not extended so far as to introduce second differences of the 
change of zenith distance The correction for second differences, 
when necessary, may be found byVol I Art 151 
The corrections e and s' are, however, usually lendeied insen- 
sible in practice by observing the stai only in the middle of the 
field, or as near the middle vertical tlnead as possible, which is 
effected by giving the instrument a slow motion m azimuth while 
the star passes obliquely across the field, and thus keeping the 
middle thread constantly upon the star until it is bisected by the 
horizontal thread, 
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220 Tl e equation (220) gives the constant Co + 4 only when 
the observed point is fixed The cross thread of a collimating 
telescope, or a distant terrestrial object, may be used as such a 
fixed point , and, making the observations m the two positions of 
the circle only in the middle of the field, we shall have s' — e = 0 : 
so that if we denote this constant by Z we shall have 

£=J(C + CO + !(* + *') ( 221 ) 

"With this constant thus detei mined, a single observation of a star, 
in either position of the instrument, will suffice to determine its 
zenith distance, since we shall then have 

z — Z — iZ + l) for circle L 1 , 22 ~. 

s = (C' + 0 — z “ E ) K 1 

The constant Z expresses the zenith point of the instrument, since 
in any position of the mstiument it is equal to the corrected circle 
reading when the observed object is m the zenith 

If we wish to deduce Z from the two observations of a star, at 
the tim es T and T', we must compute the difference between the 
zenith distances for the interval T' — T, which, when the interval 
is small, may be done by the differential formula 


A~’ = ( r'- T)g = (!T'- 


T) cos <p sin A 


in w hi ch T f — T is supposed to be reduced to seconds of arc ; 
and then we shall have 


z=\(f + co + 

It should be remarked that when £' is numerically less than 
{ we should increase it by 360°, both in finding z and Z 

When the two observations, in opposite positions of the axis, 
are made very near to the meridian, it will be advisable to reduce 
each to the meridian by applying the correction for circum- 
meridian altitudes, Vol I equation (289) or (290) 


Example — To determine the zenith point of an Ertel uni- 
versal instr um ent, the telescope was directed towards a distant 
terrestrial object, and the horizontal thread was brought into 
coincidence with a sharply defined point in the object, twice m 
each position of the veitical aide The leadings of the circle 
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and level were as below The graduations of the level proceed 
continuously from the right to the left end of the tube, so that 
the values of l are simply the arithmetical meanB of the readings 
of the two ends of the bubble The value of one division = 2" 0 


Circle L 
Circle R 


Circle leadings 

Level leadings 

1 

180° 2' 30" 

40 2 14 6 

27 4 

180 2 35 

40 4 14 5 

27 45 

859 56 20 

38 2 12 8 

25 5 

359 56 30 

38 5 12 9 

25 7 


Hence, taking the means, we have 

C = 180° 2' 32" 5 l = 27 43 

C'= 359 56 25 V == 25 60 

C 0 = 269 59 28 75 l a = 26 52 = 53" 04 

l 0 = + 53 04 

Z— 270 0 21 79 


A senes of zenith distances of the sun’s lower limb near the 
mendian was then taken, as follows 


Circle L 


Circle R 


Circle 

reading 

Level 
i eading 

Cncle reading cor- 
rected for level 

Observed zenith 
distance 

/ 229° 

50' 

50" 

38 

4 

12 

7 

229° 

51' 

41" 

1 

40° 

8' 

40' 

7 

I 229 

57 

15 

38 


12 

3 

229 

58 

5 

3 

40 

2 

16 

5 

j 230 

2 

5 

37 


11 

5 

230 

2 

53 

5 

39 

57 

28 

3 

230 

5 

15 

37 

6 

12 


230 

6 

4 

6 

39 

54 

17 

2 

230 

7 

0 

37 


114 

230 

7 

48 

8 

39 

52 

33 

0 

I 309 

52 

15 

33 

4 

7 

9 

309 

52 

56 

3 

39 

52 

34 

5 

l 309 

54 

10 

33 


7 

4 

309 

54 

50 

4 

39 

54 

28 

6 

j 309 

57 

50 

33 

6 

8 

0 

309 

58 

31 

6 

39 

58 

9 

8 

( 310 

2 

40 

33 

8 

8 

3 

310 

3 

22 

1 

40 

3 

0 

3 

\ 310 

9 

15 

34 


8 

8 

310 

9 

57 

8 

40 

9 

36 

0 


Here we have, at the first observation, 

div 

C = 229° 50' 50" Z = + 25 55 = + 51" 1 


and hence the corrected circle reading is 
C 4 - 1 = 229° 51' 41" 1 
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The correction e being neglected, as- all the observations were 
made near the middle vertical thread, we obtain the observed 
zenith distance by subtracting this number from the above read- 
ing Z of the zenith point, whence z — 40° 8' 40" 7 
In like mannei, the fifth observation gives C' + ^ 

56".3, from which Z is subtracted to obtain the observed zenith 
distance The results are given in the last column 

These observations have been employed in Vol I Art. 171, as 
circummendian zenith distances for deteimimng the latitude 

221 In the methods of observation above adopted, a know- 
ledge of the deviations i and i' of the lionzontal and vertical axes 
from their normal positions is not required it is only necessary 
that they should be small Their values, however, can be readily 
investigated In the triangle AZZ ', Fig 51, we have the angle 
ZAZ' =BB' = l 0 — l, as given by the level of the vertical 

circle , and this triangle gives, with the notation of Art 211, 

sin i sin a 1 


or, taking a for a', 


i sin a = l a — l 


At the same time, we have, from the level b of the horizontal axis, 


i cos a + i' =b 


Now, revolving the instrument 180°, the angle a becomes 
a + 180°, and if the level reading of the vertical circle alidade is 
now l and the inclination of the horizontal axis is b', we have 

— i sin a = l 0 — Z' 

— icos a + i' = b' 


Hence, combining these equations with the former ones, we find 

} (223) 


i sin a = ^ ( V — Z) 
i cos a = \ (b — b') 


which determine i and a; and for i' we have 

i'= £(& + &') ( 224 ) 

We can, also, find i and %' from the inclinations of the horizontal 
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axis alone Let the alidade of the azimuth circle be set at any 
assumed reading A', and then also at A! + 120° and A' + 240°, 
and let b, b', b ", be the inclinations of the horizontal axis given 
by the spirit level in the three positions Then we have 


i cos a -f- i' = b 

i cos (a -f 120°) i' = b' 
i cos (a -|- 240°) -f t' = b" 


the sum of which, since cos (a + 120°) -f- cos ( a + 240°) = — cos a , 
gives 

*' = i (b + b'+b") (225) 

This, subtracted from the 1st equation, gives 


i cos a — 


2 b — b' — b” 
3 


(226) 


and the difference of the 2d and 3d equations gives 


V — V 

i sin a = 

l/3 


(227) 


which determine i and a This method may be used for instru- 
ments intended only for the measurement of horizontal angles 
In other instruments, both methods may be used, and the 
accordance of the results will indicate the degree of perfection 
in the workmanship of the vertical pivots of the instrument. 


222 If there are several horizontal threads, the vertical ti ansit 
of the star over each may be observed, revolving the instrument 
slowly in azimuth, so as to make the ti ansit occur in the middle 
of the field The level of the alidade should be read both 
before and after the observation, and the mean taken as the 
value of l at the mean of the times of observation When the 
star is not near the meridian, the zenith distance represented by 
the mean of the threads may be assumed to correspond to the 
mean of the observed clock times , but when near the meridian 
a correction for second differences will be necessary 
In Yol I Art 151, we have found that if T v T 2 , T s , &c are 
the several clock times, and T their mean, the corrected time 
corresponding to the mean of the zenith distances is 


T a =T + J z ki\ 


(2231 



CORRECTION FOR DEFECT 1% F, ILLUMINATION. 


SOT 


m Which, t being the hour angle, A the azimuth, and q the par 
kllactic angle of the star, 

co s A cos q 
Bin t 


k = 


and m 0 is the mean of the quantities 

2 8in»i(2 7 1 -r) 2BinM(r,-r) | 


sin 1" 


sin 1" 


which can be taken from Table V 
For the moon, the correction will be 

, km a 

tV C 1 — A ) 3Am » — 155 j 

log B being found as m Art. 154 « 

If the tiansit is defective, that is, if only a P 0rtl0tl ' 
threads have been used, it will be necessary to apply to the cncle 
leading a correction winch will bo *0 difference bot^njfco 
mean of the threads observed and the mean of all the tin cads. 
Thus, f denoting the distance of any thread fiom the mean of 
all, and n the number of threads observed, the collection of 

circle reading will be \ Sf The value of / for each thread will 
be most readily found from complete vertical transits of stars 
which are not so near to the meridian as to 
for second differences, since we can then use the differentia 

formula 

f = 15 1 X — = 15 1 cos V sin A 
J dt 

m which Jib the interval between the obseived time on a thread 
and the mean of all the times 

To compute /with regard to second differences, see vol 1. 
Art. 150 

228 Correction of the observed azimuth and zenith distance of the 
limb of the moon or a planet for defective illumination —I shall here 
consider only the case where the defective limb of a sphencal 
body has been observed The formulae for the more general 
case of a spheroidal planet may easily be deduced from those 
given in Yol I (occupations of a planet) , but they are rarely 
if ever required We can obtain the formulae necessary for our 
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present purpose from those given in Arts 157 and 207 of the 
present volume It is evident that in computing the apparent 
outline of the disc of a planet as illuminated by the sun, anj 
system of co-ordinates may be used, provided the places of the 
sun and planet are expressed in the same system If, then, we 
here substitute the zenith for the pole, and, consequently, the 
horizon for the equator, we have only to substitute zenith dis- 
tance for polar distance and azimuth foi right ascension, or 
rather the negative of the azimuth, since the azimuth is reckoned 
from left to right, while light ascension is reckoned from right 
to left Putting, therefore, 

d = the sun’s zenith distance, 
a = “ azimuth, 

A = the planet’s azimuth, 
s = the planet’s apparent semidiameter, 

B, B! = the heliocentric distances of the earth and planet, 
respectively, 


we have, hy (124), for computing the horizontal perpendicular 
from the centre of a planet upon the vertical thread in contact 
with the defective limb, the formulae 


& 

sin / = — sin d sin (a — A ) 


$" = s COS / 


(229) 


The value of sm^ will be positive or negative according as the 
2d or the 1st limb is defective The value of s may be found 
from its mean value given m Vol I p. 578 
For the moon we can put B = JR' 

Since we wish to deduce from the observed azimuth of the 
defective limb that of the true limb, the correction of the circle 
reading will evidently be 


5A — 


s — s 


tt 


sm z 


s versm % 
sm z 


(230) 


Again, for computing the vertical perpendicular from the centre 
of a planet upon the horizontal thread in contact with the 
defective limb, we deduce from (200), by changing the co-ordi- 
nates, 


a 

sin x = — [sm z cos d — cos z sin d cos (a — it)] (231) 
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or, by introducing an auxiliary, 


tan E == tan d cos (a — .4) 




R sm (a — JE ) cos d 
R' cos E 


(231*) 


and the correction to reduce the observed zenith distance to 
that of the true limb will be 


ds = s vei sin / (232) 

A negative value of sin ^ will indicate that the upper limb is 
defective 


Example 1 — The following observations of the azimuths of 
Regulus and of the moon’s 1st limb were made at Greenwich 
with the “Alt-azimuth,” May 8, 1852 



Vertical 

circle 

Clock time of 
transit 

Circle reading 
= A' 

Level 

=* ! 

i 

Clock 

corr 

3> 1L 

Left 

IP 26™ 12* 95 

140° 39' 39" 71 

— 19" 

79 

+ 11*46 

D1L 

Right 

12 3 11 30 

328 45 10 76 

— 20 

14 

11 51 

Regulus 

Right 

12 31 55 37 

62 54 43 04 

— 21 

49 

11 55 

Regulus 

Left 

12 45 26 33 

246 34 47 08 

— 19 

28 

11 57 


The clock time is the mean of the transits over six vertical 
threads The clock correction is the reduction to sidereal time. 
The circle readings are the means of four microscopes. The 
level rea ding is the mean of the indications of six levels, per- 
manently attached to the instrument, parallel to the horizontal 
axis The level zero, found by the method of Art 213, was 


1„ = — SO" 16 

The collimation constant for the mean of the threads was, for 


circle left, 


« = + 2 " 68 


The observations being taken for the purpose of determining 
the moon’s azimuth, we shall first find the index correction of 
the circle from the known star Regulus From the Nautical 
Almanac, we take 

Regulus, E A = 10*0™ 29* 32 

« Decl = + 12° 41' 16" 6 
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The hour angles of the star at the two observations are, there 
fore, 

Circle E * = 2* 31“ 37* 60 
Circle L t — 2 45 8 58 

with which and the latitude <p = 51° 28' 37" 84 we find, by Yol 
I Ait 14, the stais’s true a"i mthand approximate zenith distance, 

Circle E A — 62° 10 13" 10 s — 49° 2*2' 

Circle L A = 55 50 39 25 2 = 51 4 

The zenith distances are apparent, 1 e affected by refraction 
The instrumental corrections for the star are then as follows 



b = 1 - 1 , 

b cot z 

± c cosec z 

Circle B 

+ 8" 67 

— 7" 45 

— 3" 53 

Circle L 

+ 10 88 

+ 8 79 

+ 3 45 


The corrected circle leadings are, therefore (adding 180° to 
the reading for Circle R..), 

I Corrected A' j 


Circle E 242° 54' 32" 06 
Circle L 246 34 59 32 

which, compared with the true azimuths A above found, give 
the index correction 


Circle E 
Circle L 
Mean aA = 169 15 40 48 

In the next place, to reduce the observations of the moon 
there were given the moon’s apparent zenith distances (affected 
by parallax and refraction), 

Circle L J 2 = 77° IV 
Circle E J 2 = 73 17 
« 

whence we find the instrumental corrections to he as follows r 


a A 


169° 15' 41" 04 
169 15 39 98 




ALTITUDE AND AZIMUTH INSTRUMENT. 


337 



b = l - l 0 

dfc b cot z 

db c ooseo 2 

Circle L 

+ 10" 37 

+ 2" 36 

+ 2" 75 

“ B ! 

+ 10 02 

— 3 01 

— 2 80 


Applying these and the above found index correction, the true 
azimuths of the limb, as observed, were 

Circle L At 11* 26” 24* 41 Sid time, A — 309° 55' 25" 30 
« E “ 12 3 22 81 “ “ A = 318 0 45 43 

But the moon’s limb was slightly gibbous ; and we must yet 
apply the correction given by our formulse (229) and (230) As the 
correction will not be sensibly different for the two observations, 
we may compute it for the middle instant between them, which 
corresponds to the mean solar time 8* 57” 16*. F or this time, we 
- find 

Sun’s a = 2* 44™ 15* 74 
“ 8 = + 15° 54' 6. 

from which we deduce the sun’s azimuth and zenith distance 
a 136° 4' 9 d = 102° 8' 1 
and hence, taking A = 313° 58' 1 (the mean value), we find 
log sm x = ft 8 5570 

Since sin y is negative, the first limb is defective Then, since 
s — 16' 36".5, and the mean value of z = 75° 14', 

^ = S versing =0 " 67 
sm z 

which is to be added to the above values of A to obtain the 
azimuths of the true limb 


Example 2 — The following observations of the zenith dis- 
tances of the collimator and of the moon’s lower limb were 
made at Greenwich with the “Alt-azimuth,” Sept 21, 1852. 



Circle reading 

= C 

Level reading 

f + * 

Collimator Circle L 

315° 47' 57" 53 

74" 63 

315° 49' 12" 16 

“ E 

160 23 30 34 

82 46 

160 24 52 80 


Z= 58 7 2 48 


V ol XX . — 22 
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The vertical transit of the moon was observed on six horizontal 
threads, as follows 


DLL Circle L 


Thiead 

Clock 

T n -T 

2sin a J( 2 ’«- J ’) 1 

i 

19* 38“ 11* 5 

— 8“ 43* 4 

27" 22 

ii 

39 47 0 

— 2 7 9 

8 93 

iii 

41 16 0 

— 0 38 9 

0 83 

IY 

42 42 5 

+ 0 47 6 

1 24 

Y 

44 5 5 

+ 2 10 6 

9 30 

YI 

! 45 27 0 

+ 3 32 1 

24 53 


T = 

19 41 54 92 

Clock corr = 

+ 

7 90 

Sid time = 

19 42 

2 82 

Circle reading £ = 

341° 

27' 

12" 55 

Level “ l — 


+ 

80 90 

C “t~ l *= 

341 

28 

33 45 

z = 

58 

7 

2 48 

z = 

76 

38 

29 03 


m Q = 12 01 


This zenith, distance does not correspond precisely to the mean 
time T, on account of the moon’s proximity to the meridian To 
obtain the correction for second differences by our foimula (228), 
we have found above the differences between the several clock 
times and T, and also the mean (m 0 ) of the corresponding values 
of m Then, to compute the coefficient k, we have the approxi- 
mate azimuth of the moon at the time of observation, 


A = + 8° 58' 8 
and the moon’s declination, 


S = — 23° 34' 5 

Hence, with <p = 51° 28' 6, by the formulas 


we find 


sin q = 


sin A 
cos d 


cos <p 


log sm q = 9 0257, 


, sm A 

sm t = sin z 

cos $ 


log sin t = 9 2194 


and then 


log k = 0 7727 
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The change of the moon’s right ascension m one minute of 
mean time was 2*.40 ; and hence, by the table m Art. 154, 

ar co log B = log (1 — ;) = 9 9823 

W e have, therefore, the correction 


T*5 C 1 — *)* = + 4* 37 

which, being added to the sidereal time above found, gives 
19 A 42™ 7M9 as the sidereal time corresponding to the apparent 
zenith distance 76° 38' 29" 03 

It should be observed that in the observation of the collimator 
one of the horizontal threads is made to bisect the cross thread 
of the eollimatoi, and, therefore, m order to make the circle 
readings correspond to the mean of the threads, they must be 
inci eased by the distance of the horizontal thread employed 
from the mean In the above observations the 4th thread was 
employed, the distance of which fiom the mean of the six 
threads was 1' 0" 46 This quantity is included in the circle 
readings above given, so that they repiesent the leadings that 
would have been obtained if the fictitious thread called the mean 
thread had actually been observed in coincidence with the 
threads of the collimator 

In conclusion, it is to be remarked that stars may be observed 
both directly and by reflection in a mercury horizon, in which 
case the difference of the readings of the vertical circle (corrected 
for any change m the alidade levels, &c ) will be twice the alti- 
tude The combination of the reflected observations in both 
positions of the axis gives the nadir point of the instrument, 
precisely as the zenith point is obtained from the direct obser- 
vations The method of conducting such observations will be 
readily mfened from what has already been said under Meridian 
Ciicle, Art 200 

[For an example of the use of a portable instrument in de- 
termining the longitude of a place by the moon s azim uth, see 
Vol. I. p. 380.] 
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CHAPTER Yin 

THE ZENITH TELESCOPE. 

224. The zenith telescope is a portable instrument specially 
adapted for the measurement of small differences of zenith dis- 
tance It is essentially the invention of Capt Andrew Talcott, 
of the U S Corps of Engineers (in 1834) , but, having been exclu- 
sively adopted in the U S Coast Survey foi the determination 
of latitudes, it has there leceived several improvements, winch 
have given it a moie general character than it possessed at fiist 
As now constructed, it can be used at all zenith distances, and 
may be regarded as designed for the comparison of any two nearly 
equal zenith distances in any azimuths The method of finding 
the latitude by this mstiument, now known as Talcott’ s Method, 
is one of the most valuable improvements in piactical astronomy 
of recent years, suipassing all previously known methods (not 
excepting that of Bessel by prime vertical tiansits) both in sim- 
plicity and in accuracy 

Plate XTTT represents one of the zenith telescopes of the 
U. S Coast Survey The telescope is attached to one end of a 
horizontal axis Q, and is counterpoised by a weight 0 at the 
other end, which is so connected with the telescope by the 
curved lever P, P, P as to tend not only to equalize the pressuie 
of the axis Q upon the two Ys, but to pievent the flexuie of the 
axis The Vs of the hoiizontal axis, one of which is seen at N, 
aie connected with each other by the horizontal bai M, and 
thereby to the vertical column C This column revolves about 
a vertical axis and carries a vernier and clamp e, by means of 
which it may be set at any reading of the horizontal circle BB 
The vertical axis and horizontal circle are secured to a tripod, 
the feet of which, A, A, A, are levelling screws for adjusting the 
verticality of the axis The striding level S is applied to the 
horizontal axis, as in the case of the transit instrument 
We now come to the distinctive featuies of the mstiument, 
the spmt level L and the micrometer E. The level L is at right 
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angles to the horizontal axis, and, consequently, m the plane of 
motion of the telescope, and is firmly connected with the bai H, 
which revolves upon a centre secured to the telescope so that 
it may be placed at any angle with the optical axis of the tele- 
scope. In older to set the level at any given angle appioximately, 
the bar H carries a vernier, which by the clamp I can be fixed 
at any reading of the vertical circle K. and this cnele is perma- 
nently connected with the telescope This circle, being giaduated 
fiom 0° at its middle point to 90° m each duection, will, when 
pioperly adjusted, give the zenith distance of a star towards 
which the telescope is dnected when the bubble of the level is 
in the middle of the tube , and it thorefoie serves as a finder by 
setting the vernier upon the given zenith distance of a star and 
then revolving the telescope until the bubble plays When the 
telescope is thus appioximately set, it is clamped by the screw 
G, which acts upon a circular collai around the horizontal axis, 
and then a fine motion in zenith distance can be given to the 
telescope by the tangent seiew F This fine motion is required 
only in bringing the bubble of the level nearly to the middle of 
the tube 

E is a filar micrometei with one oi more movable threads 
earned by a single micrometer screw with a graduated head 
reading dnectly to hundiedths of a i evolution, and by estima- 
tion to thousandths In the instruments m use, one revolution 
is usually less than 50", and lienee each obseivation is read off, 
by estimation, within less than 0" 05 Theie are usually added 
seveial fixed vertical threads, so that the instrument can be used 
as a transit instrument when requited 

In the preliminary adjustment, when setting up the instru- 
ment, the test of the vertically of the axis C is that the reading 
of the striding level S is not changed while the instrument makes 
a complete revolution* m azimuth The perpendicularity of the 
honzontal and vertical axes Q and C is proved when, after 
having made C vertical, Q is horizontal , and the latter is proved 
1)V leversing the level S upon the axis 

' Tk e middle transit tlnead can be approximately adjusted by 
causing it to coincide with a very distant terrestiial point in two 
positions of the telescope foi which the readings of the hori- 
zontal circle differ exactly 180° This, however is but an 
appioximation , for there will be a parallax m the apparent 
position of anj teirestnal point as observed in the two positions, 
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since the absolute position of the centre of the telescope is 
changed by twice its constant distance from the vertical axis 
"We can easily compute the amount of this parallax in a given 
case and allow for it ; for if d = the distance of the centre of the 
telescope from the vertical axis, D = the distance of the object, 
and p — the parallax, we have 

d 

P ~ D Bin 1" 

but, as the horizontal circle is not designed for very accurate 
measures, it will not usually be worth while to use this method 
further than to make a first adjustment A perfect adjustment 
can be directly effected by the use of two collimating telescopes 
(Transit Inst , Art 145), for which we can temporarily use the 
telescopes of two theodolites or other field instruments at hand 
When the instrument is used as a transit, the collimation con- 
stant can be determined from a number of stars observed in the 
two positions of the axis by the method of least squares, sup- 
posing two different azimuths but the same collimation in the 
two sets of equations of condition, as in the example, p. 202 

The verticahty of the transit threads is proved by the methods 
used for the transit instrument 

In finding the latitude by meridian observations, the mstiu- 
ment is frequently revolved m azimuth 180° foi the alternate 
observation of north and south stars, and, to save time in this 
operation, two stops, b, b, are provided, winch can be clamped 
at any points of the limb of the honzontal circle, and, conse- 
quently, at such points that the telescope shall be in the meri- 
dian when the clamp e bears against either stop 

225 Talcotl’s method of finding the latitude — Two stars are 
selected which culminate at nearly equal* zenith distances, one 
north and the other south of the zenith The difference of their 
zenith distances must be less than the breadth of the field of the 
telescope, and it is better to have it less than half this breadth, to 
avoid observations near the edge of the field Then right ascen- 
sions should be neaily equal, so that then tiansits may occur 
within so short a period that the state of the instrument may be 
assumed to have remained unchanged , but a sufficient interval 
should be allowed for making the necessary observation of the 
level and micrometei and foi leversingm azimuth The stops 
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having been previously set (by means oi some known star) so as 
to mark the mendian, the finding circle K is set to the mean 
zenith distance of the tvro stars, and the telescope is pointed so 
as to make the reading of the level L nearly zero The tele- 
scope can now be directed upon either star by revolving the 
instiument about the vertical axis, and this axis is supposed to 
he so nearly vertical that the reading of the level will not 
be greatly changed, since for accuiate determinations with a 
spirit level it is always important to make the inclinations which 
it is to measure as small as possible, and not to use the extreme 
divisions The chronometer times of the transits of the stars 
have been previously computed fiom their right ascensions and 
the chronometer correction The instrument being set for the 
star which culminates first, when the star comes into the field 
an assistant calls the seconds of the chronometer, and the 
observer bisects the star by the micrometer thread as nearly as 
possible at the computed time of transit, or, failing in doing 
this satisfactorily, he bisects it soon after, and records the actual 
time of the observation He then leads the level and micro- 
meter, revolves the instrument 180°, and observes the second 
stai in the same manner 

Several bisections of the star might be made while it is passing 
through the field, and each could be reduced to the meridian, 
but in the Coast Survey a single deliberate meridian observa- 
tion is regarded as preferable to several circummeridian obser- 
vations* 

We must not fail to remark that, since the excellence of this 
method depends upon the invariability of the angle which the 
telescope and level make with each other, the observer must not 
touch the tangent sciew I after having set for the proper zenith 
distance, until the observation of the two stars is completed. 
The same 1 estriction* does not apply to the tangent screw F, 
which moves the telescope and level togethei , and, m case the 
vertical axis is not very well adjusted, it may be necessary to 


* The single observation is prefeiable on the seoie of simplicity m the subs^uen 
reductions, hut it cannot be regaided as more accuiate than the mean of 
properly taken observations The best reason for pieferung the sing e °bserva 
is found m the present state of the star catalogues, for even the , sm f 
with the zenith telescope is snbject to a less probable error than the 
ul most of the catalogues that have to be used It is, 
simplify the individual observations and to multiply observations by king 


pairs of stars 
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use thi s screw, after turning to tlie second star, in order to bring 
the bubble of the level near the middle of the scale 

Now let m be the micrometer reading (reduced to arc) for the 
southern star Let be the micrometer reading for any point 
of the field arbitrarily assumed as the micrometei zero , and let 
z 0 be the apparent zenith distance represented by m 0 when the 
level reading is zero Let us also suppose that the micrometer 
readings increase as the zenith distances decrease. Then, if the 
level reading were zero, the apparent zenith distance of the star 
would be 

*0 + (*» — 

Let l be the equivalent in arc of the level reading, positive when 
the reading of the north end of the level is the greater , let r he 
the refraction Then the true zenith distance of the southern 
star is 

z = z 0 + m 0 — m + Z + r 

The quantify z a -|- wi® is constant so long as the relation of the 
level and telescope is not changed We shall, therefore, have 
for the northern star 

Hence we have 

z — z' = m' — m + l' + Z + r — r 1 


But, if d and d f are the declinations of the south and north stars, 
respectively, and <p the latitude, we have 


and, therefore, 


<p — 6 — (- z 
<p = S' — s' 



? = *(*' + «)- HC'-O 

= *(*' + *) + i (»'- «) + i(*'+ 0 + iC' - r ') 


} ( 288 ) 


Thus, to the mean of the declinations we have to add three cor- 
rections, which I shall consider separately 


226 The correction for refraction — The observations being 
na n all y restricted to zenith distances less than 25°, and the differ- 
ence of zenith distance being necessarily less than the breadth 
of the field of the telescope, the difference of the refractions is 
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so h^iall that the variations depending on the state of the barom- 
eter and thermometer are not sensible, and we may employ the 
equation 

dr 


in which, if 2 - 2' IS expressed m minutes, the differential 
quotient ^ will denote the change of the mean refraction cor- 
responding to a change of one minute of zenith distance If 
we take Bessel’s formula for the refraction, 


t = a tan z 

m which a may be regarded as constant for small variations of 
e, we have 

dr a sin V 

dz cos 2 z 


by which we readily form the following table : 


z 

dr 

dz 

0° 

0" 0168 

5 

0169 

10 

017S 

15 

0180 

20 

0190 

25 

0205 


The 

may 


principal term in the value of z - z' is m'-m, and we 
m practice take (m' - m being expressed m minutes) 


i(r — r') = K nl '— 


dr 

dz 


(234) 


The correction for refraction then has the same sign as the cor- 
rection for the micrometer * _ 

* If we wish to consider the actual state of the air”as given by the barometer and 
theimometer, we have only to multiply the values of £ by B and y, whose loga- 
ntlims are given in Table II 
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227 The correction for level — If we denote the leadings of the 
north, and south ends of the bubble by n and s, the inclinations 
observed at the obseivations of the south and north stars, re* 
spectively, expressed m divisions of the level, or, as I shall call 
them, the level readings, will be 



and, putting D = the value of a division of the level in seconds 
of arc, we shall have 

l = ZD l'= I/D 

and the correction for the level will be 

i <}' + 1) = K-fr + -S) D = ( ~ - W) ~ (5 ' + S) - j D (235) 

Thus the correction for the level is found with its propel sign by | 
subtracting the sum of the south end readings fioiri the sum of 1 
the north end readings, and multiplying one-fourth the remamdei 1 
by the value of a division 

228 The correction for the micrometer — If we denote the actual 
micrometer readings for the south and north stars by M and M f , 
expressed m i evolutions of the screw, and put H = the value of 
a revolution m seconds, we have 

i ( m ' — m ) = i (jfcf ' _ M) B (236) 

We have supposed the leadings to increase as the zenith dis-, 
tances decrease, or, which is the same thing, that the readings | 
increase from the upper pait of the field towards the lower pait. I 
This is desirable only on account of the sjmmetiy it gives to the * 
reductions, the proper sign of the correction being detei mined, as 
in the case of the level, by always subti acting south leadings 
from north readings But it is well to reverse the instrument 
occasionally, using the telescope sometimes on the light and 
sometimes on the left of the veitical axis, in order to eliminate 
any unknown peculiar error of the mstiument, and in conformity 
with the general principle of varying the circumstances under 
which different determinations of the same quantity are made* 
This reversal, of course, reverses the sign of the readings, and 
therefore when the readings are the leverse of those above sup- 
posed i + will be sufficient to mark them all with the negative 
sign, and then to proceed by the same formulse as befoxe. 
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229 Reduction to the meridian — "When fiom any cause the 
observer fails to obtain the meridian observation, a single extra- 
mendian observation is usually substituted This observation 
may be taken in either of two ways 

First The instrument is left clamped in the meridian, and the 
star is observed at a certain distance from the middle vertical 
thr ead, the time being noted The reduction to the meridian is 
then the same as for the meridian circle (Art 199), namely, i 
bemg the hour angle of the star in seconds of time, 

\ (15r) a sin 1" sin 2 8 

This is to be added to the observed zenith distance of a southern 
star, or subtracted from that of a northern star, and in either case 
one-half of it is to be added to the latitude. The correction to 
the latitude is, therefore, 

x = |(15 rf sin 1" sin 2 5 == [6 1347] r s sin 2 d (237) 

when one of the stars of a pair is observed out of the meridian 
If both are so observed, two such coirections, sepaiately com- 
puted for each, must be added If the star is south of the 
equator, the essential sign of the correction is negative 

Secondly We may follow the stai off the meridian b\ revolving 
the instrument in azimuth, keeping the star neai the middle 
vertical thread The reduction is then the same as that of 
circummendian altitudes (Vol I Art 170), namely, 

(15 t) 2 sin 1" cos <p cos S 
2 sin z 

which is always subtractive fiom the observed zenith distance, 
and therefore the coirection to the latitude in this case will be 

(15 r) 2 sin 1" cos <p cos d (238) 

X “ 4 sin z 

the upper sign for a northern and the lower foi a southern stai’ 

230 Selection of stars — The fundamental stars whose declina- 
tions are determined with the highest degree of precision are too 
few to afford suitable pairs for this method, and hence we must 
have recourse to the smaller stars. Those of the 6th or 7tli 
magnitude are the smallest that can be easily observed 'With a 
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portable instrument But, as the declinations of these stars are 
not very precisely determined, we are obliged to employ a large 
number of pairs m order to eliminate their eirors as far as possi- 
ble by taking the mean of all the results The British Associa- 
tion Catalogue will generally furnish from fifteen to thirty pairs 
tor any given latitude on almost any night in the year, but, as 
the decimations of the stars selected will often he found to rest 
upon a single observation, or upon a single authority, these ought 
to be rejected unless they can be found also in more lecent 
catalogues In order to secure every available pair, the catalogue 
should be consulted from the earliest right ascension which the 
daylight at the time of the beginning of the senes of observa- 
tions permits, to the latest hour at which it is desirable to observe. 

It is found expedient to prepare a table m which all the stars 
which culmmate within 25° of the zenith, both north and south, 
are arranged in the order of their right ascensions From this 
table suitable pairs are selected to satisfy as nearly as possible the 
following conditions 1st, The difference of the zenith distances 
in a pair should not be more than 10' , in order not to have to 
observe either star near the edge of the field, and also in order 
to lessen the effect of an error m the determination of the value 
of the micrometer screw 2d, The difference of the right ascen- 
sions of a pair should not be less than one minute, so as to give 
time to read the micrometer, and to revolve the instrument to 
be prepared for the second star; and not greater than about 
twenty minutes, to avoid changes in the state of the instrument. 
3d, The interval between pairs should afford time for reading 
the micrometer and level, and for setting the instrument for the 
next pair 4th, The greater zenith distance should be as often 
that of the northern as that of the southern stai, as an error in 
the value of the micrometer screw will thereby be lendered less 
sensible The effect of such an error would evidently be wholly 
insensible m the case of a pair whose zenith distances were 
exactly equal ; and, in general, for any numbei of pairs the effect 
of such an error upon the final result will be the more nearly 
insensible the more nearly we approach to the condition 

2z — 2z , = 0 ( 239 ) 

231. Example — To illustrate the preceding method, I extract 
from the lecords of the U S. Coast Survey, by the kind permis- 
sion of the Superintendent, a portion of the obsei\ations taken 
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at the Roslyn Station, Virginia, in July, 1852, and shall give them 
very nearly m the form in which they are recorded and reduced 
upon the survey After selecting the most suitable pairs of stars 
by the process above described, a list is made out foi the use of 
the observei in preparing for each observation, as follows 

V\ ogiamme for Zenith Telescope 


XJSCS Roslyn Station, Ya Approx lat = 37° 14' 


Stai 

Mag 

AR 

Dec 

Zen Dist 


Setting 

BAC 4843 

6 

14* 33”* 21* 

+ 45° 3' 

7° 49' 

N 

7° 55' 

“ 4902 

6 

14 43 37 

29 14 

8 

0 

S 

« 4902 

6 

14 43 37 

29 14 

8 

0 

S 

8 0 

“ 4965 

54 

14 57 55 

45 14 

8 

0 

V 

“ 4991 

6 

15 2 2 

26 52 

10 22 

S 

10 21 

“ 5092 

7 

15 20 21 

47 35 

10 21 

N 1 

“ 5092 

7 

15 20 21 

47 35 

10 21 

N 

10 24 

“ 5192 

&c 

5 

15 36 33 

&c 

26 46 

10 28 

S 


The following are some of the observations taken by Mr Dean: 


Date, 

1862 

Star 

Micrometer 

Level 

Mend 

dist 

No 

BAC 

N 

S 

Reading 

Diff Z Dust 

N 

s 

N — S 




Rev 

Rev 





July 9 

4843 

IT 

29 590 


32 4 

35 0 




4902 

S 

12 340 v 

+ 17 250 

34 0 

35 3 

— 89 


“ 9 

4902 

s 

12 340 


34 0 

35 3 




4965 

IT 

13 990 

i+ 1650 

33 8 

37 0 

— 4 5 


-77— <r 

4991 

S 

23 810 • 


312 

39 5 




5092 

IT 

25 525 

+ 1715 

39 2 

33 0 

— 21 


“ 9 

5092 

IT 

25 525 


39 2 

33 0 




5192 

S 

14 800 

+ 10 725 

32 8 

41 0 

_ 20 


“ 19 

5911 

JST 

14 805 


48.5 

43 6 


lO 9 


5922 

S 

26 675 

_ 11 870 

43 0 

49 0 

— 11 


“ 20 

6453 

S 

8 225 


444 

49 4 


20 5 


6530 

N 

5 360 

_ 2 865 

50 2 

43 5 

+ 17 
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The stars 5911 and 6453 were observed out of the meridian 
the hour angles 10*9 and 20*5, respectively, the instrument 
remaining in the meridian. 

The next step is to deduce the apparent declinations for ti«« 
dates of the observations from the catalogues, using for this pur 
pose not only the BAG, but also any later catalogues m whi* 1 
the stars can be found 

The value of a revolution of the micrometer was JR = 41", -lit 
and that of one division of the level was D = 1" 65 The con* 
putation of the latitude is then as follows 


Latitude 


87° 14' 24 
2ft 

2ft 1 
2ft It* 
26 :i 
2ft Hf 
i7"l4~2A 9 * 

232 Discussion of the results —In combining the results i*U 
tamed by this method, we should have regard to their respect!* « 
weights The weight of any result from a pan is a function **• 
the probable error of the declinations of the stars and of t)i« 
probable error of observation 

The probable error of an observation of a single pair, w!»i« I- 
may be denoted by e, is found by comparing all the observation* 
on the same pair with their mean, where a sufficient number t*f 
observations have been taken. Assuming that the probutil* 
enor of observation is the same for every pair of stars, we iwti 
find its mean value from all the pairs, as follows If v 1 denote* « 
the lesiduals obtained by comparing the mean of the results l»% 
the first pair with n x individual results from that pair, v % t)*~« 
residuals obtained m like manner from a second pair on whU'li 
there are ^ observations, and so on, to m pairs, we have, acconl 
ing to the theory of least squares, 


Star 

« and S' 

*(*+*) 

4843 

4902 

+46° 2' 56'' 56 
+29 14 1 86 

87° 8' 29" 21 

4902 

4965 

29 14 1 85 
45 18 43 64 

87 18 62 75 

4991 

5092 

26 52 24 78 
47 85 16 37 

87 18 50 65 

5092 

5192 

47 85 16 87 
26 46 18 52 

87 10 44 96 

5911 

5922 

48 28 22 47 
26 13 41 86 

87 18 81 92 

6458 

6530 

22 27 47 81 
52 8 0 81 

37 15 28 81 


Corrections 


Miciom 

Level 

+5' 57" 

08 

— 1" 

61 

+0 84 

15 

— 1 

86 

+0 35 

60 

-0 

87 

+8 42 

01 

— 0 

83 

—4 5 

71 

— 0 

45 

— 0 59 

31 

+0 

70 


Refr 


+ 0 " 10 


+0 01 


+0 01 


+0 06 


-0 07 


— 0 02 


Mend 


+0 02 


+0 04 


Mean = 
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(n, — 1) m = q' [»,«,] 

(n a — 1) ec = q 1 [»,»J 

(n m -l)ee=? J K»J 

where [o,®,] &c denote the sums of the squares of the values 
of i\, &c , and q is the factor for reducing mean errors to pro- 
bable errors. (See Appendix, Art 15.) The sum of these equa- 
tions gives 

(n — »i) ee = q a [to] 


where n denotes the whole number of individual results, or n 
— ih + w* + • + n m , and [to] the sum of the squares of all 

the residuals, or [to] = [iy;,] + [?; 2 u 2 ] + + [w ro » J. Hence 

we have 

e — q yj q = 0 6745 (240) 


Example — The individual results of the whole series of ob- 
servations at Roslyn m July, 1852, from which the above are 
extracted, were as stated in the following table, in which only 
the seconds of latitude are given 


To find the erf or of observation 
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To find the error of observation —Continued 


26 " 26 
25 42 

25 .96 

26 01 
25 98 
25 96 

25 47 
24 97 
24 95 
' 25 30 

24 99 

25 38 


25 " 93 


25 18 


25 17 

25 64 

26 00 
26 45 
26 17 


25 89 


25 92 
25 46 

25 70 

26 09 


25 79 


25 15 
24 24 
24 43 
24 29 


24 53 


26 18 


103 

10609 

24 17 

25 15 

98 

9604 

25 10 


.05 

0025 

25 73 


51 

2601 

25 78 


56 

3136 

24 12 

25 22 

110 

12100 

25 23 


01 

0001 

24 86 


02 

0004 

24 55 

o A Q.i 

29 

0841 

25 16 

24: o4 

32 

1024 

24 80 


04 

0016 

25 91 


55 

3025 

25 00 


36 

1296 

25 18 

2D 00 

18 

0324 

25 35 


01 

.0001 
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To find the error of observation — Concluded 



n — m = 5 * 


Hence, <- = 0 6745 = 0 " 1'C 

This small probable error is a pioof both of the great supe- 
riority of this method over all previously known methods of 
finding the latitude, and of the skill of the observer Possibly 
an unusually favoiable state of the atmosphere may have con- 
spired to give this senes an unusual degree of precision, as the 
average experience of the observers of the Coast Survey gives 
the value of e somewhat greater Not to assume too high a 
degree of precision for the observations, the adopted value upon 
the Survey is 

e = 0" 50 

Vofc II— 2S 
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and. even this value justifies us in asserting that the results by 
this method compare favorably with those obtained by first class 
fixed instruments of the observatory, where the measures depend 
upon graduated circles 

But the precision of the results is impaired by the defective 
state of the catalogues of the smaller stars, and the necessity for 
using such stars in order to find suitable pairs is the only “weak 
point of the method ” The facility of multiplying the number 
of pairs, on account of the extreme simplicity of the observations, 
in a great degree compensates for this defect 

If now we denote the probable enor of an observed zenith 
distance by e„, we have the probable error of the obseived differ- 
ence z — z' — i/2e/, and the above value of e is the probabla 
error of ^ (z — z'). Hence we have the relation 

\/2eJ = 2e 

and, taking e = 0" 50, 

e,= gj/S = 0" 71 

which represents the combined effect of the enor in bisecting 
the star, the culmination error, or error peculiar to a culmina- 
tion arising from an anomalous variation in the refraction and 
affecting differently the two stars of a pair, the errors in the 
values of the micrometer and level divisions, and errors arising 
from changes in the instrument (resulting chiefly from changes 
of temperature) between the two obseivations of a pair Of 
these, the most important is the erroi m bisecting the star, 
which is strictly the enor of observation 


233 Having found the probable error of observation, we can 
determine that of the decimations employed For it e is the* 
probable error of observation of the mean value of <p deduced 
from all the observations of a pair, E s the pi obable error of the 
mean of two declinations, E$ the probable error of the latitude, 
composed of the errors of observation and decimation, we have 


whence 


EJ = E? + s 2 
E s * = EJ — 


(241) 


The mean value of E, for the stars employed (or for a given 
catalogue when all the declinations are taken from the same 
catalogue) will be obtained from this equation by employing m 
the second member mean values of E? and e 2 A mean value 
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of will be obtained from the several means obtained flow 
the several pairs (without here attempting to assign different 
weights to the observations) by the usual method from the 
residuals The value of s may be obtained for each pair from 
the single observations, when they are sufficiently numerous, 
but, as we wish in the present investigation to use all the obser- 
vations even where a pair has been observed but once, it will be 
expedient to compute e by the formula 

e 2 = i- 
n 

In which s is the probable error of a single observation of a pair 
already found, and n is the number of observations of that pair 
Then the mean of all these values of e 2 is to be used in (241), 
and this mean is, for m pairs, 

-=-^ril (242) 

m — 1 yn J v J 

Prom the observations at Roslyn above given, we form the 
following table 

To find the probable error of declination 


No of 
pair 

Lat 

V 


No of 
obs = n 

l 

n 

i 

24" 

78 

57 

3249 

1 

1 

•2 

25 

05 

30 

0900 

1 

i 

3 

24 

83 

52 

2704 

2 

0 500 

4 

26 

20 

85 

7225 

3 

0 333 

5 

25 

91 

56 

3136 

3 

0333 

6 

22 

73 

2 62 

6 8644 

2 

0 500 

7 

25 

93 

58 

3364 

6 

0167 

8 

25 

18 

17 

0289 

6 

0167 

9 

25 

89 

54 

2916 

5 

0 200 

10 

25 

79 

44 

1936 

4 

0 250 

11 

24 

58 

82 

6724 

4 

0 250 

12 

25 

15 

20 

0400 

3 

0 333 

13 

25 

22 

13 

0169 

4 

0 250 

14 

24 

84 ' 

51 

2601 

4 

0 250 

15 

25 

36 

01 

0001 

4 

0 250 

16 

26 

02 

67 

4489 

4 

0 250 

17 

25 

42 

07 

0049 

4 

0 250 

18 

26 

08 

73 

5329 

4 

0 250 

19 

25 

72 

37 

1369 

4 

0 250 

20 

25 

70 

35 

1225 

4 

0 250 

21 

25 

93 

58 

3364 

3 

0 333 


Mean = 25 35 [tw] =12 0083 £Lj = 7 3 6 6 
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Bf = 0 455 X 


12 0083 _ 0 273 
20 


JE? 4 S = 0 240 


t , = (0M 2 X I M._ 0J8 , 
E t = 0" 40 


The lesult is the piobable enor of the quantity 3 (3 -j- 8') That 
of a single decimation is, therefore, 0" 49 X i '2 — 0".69 
If all the decimations had been taken from the same authority, 
the probable error thus found would have determined the weight 
of that authority, and could afterwards be used in assigning 
weights to different observations Tor this puipose, the proba- 
ble enois of the diffeient authorities have been doteimined from 
the numerous observations of the Coast Suivey by discussions 
essentially the same as the above (of com so, confining each dis- 
cussion to stars taken from the same source), with the following 
results- s 4 denoting the probable error of a single decimation, 


Authority 



Groombridge alone 

B A C on authority of Bradley, Piazzi, and 

1"5 

2 25 

Taylor 

1 0 

100 

The same with additional modern authority 
Twelve Yeai (Gi ) Catalogue, with less than six 

oc 

o 

0 72 

j observations 

0 6 

0 36 

j Nautical Almanac, 01 Twelve Year Catalogue, 



1 with six or more observations 

0 5 

0 25 


234 Combination of the observations by weights — Let s, and s, 
denote the probable errors of the declinations of the stars of a 
pair on which there are n observations, then the piobable error 
of 4(5 + S') is 

e s = 4 T /(y + tf) 

and that of the latitude is 

*> = + 1 

The weighty of an observation is reciprocally proportional to 
, or, since the scale of weights is arbitrary, we may take 
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Adopting the Coast Survey value e = 0" 50, we have, theiefore, 


P — 


1 




n 


(244) 


By this formula, the weight unity would he assignee to a value 
of the latitude found by a single obsei vation of a pair of stais when 
the decimations were peifectly exact, oi to a value found by 
two observations on a pair of Nautical Almanac stais 

The stars observed at Roslyn wcie really taken fiom vauons 
authorities, although, foi the sake of illustration, we have dis- 
cussed the probable enor of tlieir declinations as we should ha\e 
done if but a single authority had been used Let us now find 
the final value of the latitude from all the observations, having 
regard to their weights as determined by this formula In the 
following table the values of ef aie given accoidmg to the 
authorities from which then decimations aie taken, as Btated 
m the table at the end of the preceding article. 


i No of 
j P air 

€6 2 


n 

P 

♦ 1 

i 

n 


pvv 

] l 

1 00 

0 25 

1 

0 44 

24" 

78 

10" 

90 

0" 

7G 

0 25 

2 

0 25 

0 25 

1 

0 07 

25 

05 

16 

78 

0 

49 

0 10 

3 

0 36 

0 36 

o 

0 82 

24 

83 

20 

36 

0 

71 

0 41 

4 

0 86 

1 00 

3 

0 59 

20 

20 

15 

46 

0 

06 

0 2b 

o 

1 00 

1 00 

3 

0 43 

25 

91 

11 

14 

0 

37 

0 0b 

rci* 

1 00 

1 00 

2 


[22 

73] 

18 

15 


39 

0 11 

7 

1 00 

0 25 

6 

0 70 

25 

93 

0 

8 

0 36 

1 00 

0 

0 05 

25 

13 

16 

37 

0 

86 

0 00 

9 

0 36 

0 36 

5 

1 09 

25 

89 

28 

22 

0 

85 

018 

10 

0 25 

0 25 

4 

1 33 

25 

79 

34 

30 

0 

25 

0 08 

11 

1 00 

2 25 

4 

0 29 

24 

53 

7 

11 

1 

01 

0 80 

12 

0 36 

1 00 

3 

0 59 

25 

15 

14 

84 

0 

39 

0 09 

13 

1 00 

0 25 

4 

0 67 

25 

22 

16 

90 

0 

32 

0 07 

14 

1 00 

0 25 

4 

0 07 

24 

84 

16 

64 

0 

70 

0 38 

16 

1 00 

0 25 

4 

0 07 

25 

36 

10 

99 

0 

18 

0 02 

16 

1 00 

0 3b 

4 

0 62 

20 

02 

10 

13 

0 

48 

0 14 

17 

1 00 

1 00 

4 

0 44 

25 

42 

11 

18 

0 

12 

0 01 

18 

1 00 

1 00 

4 

0 44 

20 

08 

11 

4S 

0 

54 

0 18 

19 

1 00 

0 25 

4 

0 67 

25 

72 

17 

23 

0 

18 

0 02 

20 

0 25 

0 25 

4 

1 33 

25 

70 

34 

18 

0 

16 

0 08 

21 

0 25 

0 25 

3 

120 

25 

93 

31 

12 

0 

39 

0 18 

m = 20 




= 14 31 

i i 

II 

: 305 

4T 

[j9Vl>] = 

= 2 86 


% 


Lp?3 

D>] 


= 25 " 54 


= 0 6745 


[jWl?] 




= 0 " 07 


* The result Tty the 6th pair of stars is i ejected )>} Peine'* Cutuum (see Appendix) 
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Hence, the final result from these observations is 
Xiat of Eoslyn = 37° 14' 25" 54 ± 0" 07 

235 To determine the value of a division of the level It will 
generally be most convenient to find the value of the divisions 
of the level by the aid of the micrometer It would seem, 
therefore, most natural to begin by determining the value of the 
micrometer screw, but it will be seen in the next article that m 
the investigation of the screw we must know the value of a 
division of the level m paits of a revolution of the screw This 
value, then, we are here to find, and afterwards, when the micro- 
meter value has been determined, we can convert it into arc 

Let the telescope be directed towards a well-defined terrestnal 
mark, or, which is better, to the cross-thread of a collimating 
telescope Let the level be set to an extreme reading L Bisect 
the mark by the micrometer, and let the reading be iff Now 
move the telescope and level together [by the tangent screw F, 
Plate XTR ] until the bubble gives a reading IJ near the other 
extreme Bisect the mark again by the micrometer, and let the 
reading be Then the value d of a division of the level m 
terms of the micrometer will be 


and if JR is the value (in seconds of arc) of a revolution of the 
micrometer, we shall afterwards find the value D of a division 
of the level in seconds of arc, by the foimula 


D = Bd (246) 

Instead of a terrestrial mark we may use a circumpolar star 
at its c ulmin ation , for we can apply to each observation the re- 
duction to the meridian (237), so that each will be lcferred to 
the fixed point m which the star culminates In this method, 
however, we are exposed to errors arising fiom transient iriegu- 
larities m the refraction, and also to any error arising fiom in- 
clination of the micrometer thread The latter error, however 
may be avoided by revolving the instrument in azimuth, so as 
to observe the star always in the middle of the field, and then 
we should use the reduction to the meridian for circummeridian 
altitudes (288) 



ZENITH TELESCOPE 


359 


Example — The following are some of the observations for 
determining the value of a division of the level of a zenith tele- 
scope, taken by Mr G W Dean, of the TJ S Coast Survey, at 
the Eoslyn Station, Virginia, June 30, 1852, the telescope being 
directed upon a fixed terrestrial point 


Temp 

No of 
obs 

Readings of 

Difference 

d 

V 



Level 

Micr 

Level 


N 

S 



div 

div 

div 






90° 

1 

1941 

54 0 

114 








2106 

112 

53 9 

165 

42 65 

3 869 

0176 

0310 


2* 

2111 

561 

82 








2296 

10 5 

54 0 

185 

45 70 

4 048 

003 

0000 


8 

2305 

55 5 

88 








2506 

52 

59 0 

201 

50 25 

4 000 

045 

0020 


4 

2517 

55 0 

91 

1 







2704 

88 

55 2 

187 

4615 

4 052 

007 

0000 


5 

2709 

59 0 

48 








2915 

90 

54 7 

206 

49 95 

4124 

079 

0062 


6 

2919 

56 0 

78 








3115 

92 

54 4 

196 

46 70 

4197 

152 

0231 


7 

1176 

58 2 

58 








1390 

55 

58 5 

214 

52 70 

4 061 

016 

0003 


8 

1396 

59 6 

50 








1617 

45 

601 

221 

55 10 

4 011 

034 

0012 


Mean d = 4 045 Sum = 0638 


The column of v gives the difference between each observed 
value of d and the mean From the sum of the squares of v we 
find the probable error of the mean to be 

= 0 6745 ^^^ = 0 028 

The value of d is here expressed in divisions of the micrometer 
thread which represent hundredths of a revolution. Hence we 
have, m paits of a revolution R of the mieiometer, the value of 
a division of the level, 

JO = 0 04045 It i: 0 00028 Jt 
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From twenty-one observations of the same kind, the value found 
was 

D = 0 03985 B ± 0 00013 E 

236 To find, the value of a i evolution of the must ometer — The most 
convenient method with this instillment, as it aioids displacing 
the micrometer, is by tiansits of a circumpolai star neai its 
eastern or western elongation (Art 45) We first find the hour 
angle and zenith distance of the star at the elongation by the 
formulae 

cos t 0 = cot S tan <? cos z a — cosec <5 sin <p 

and then, a being the star’s right ascension, a T the correction 
of the chronometer, we find the chionometer tune of the elonga- 
tion by 

m _ „ . f . rp I + western elong -| 
I 0 - a ±t 0 -Aj |__ eastenl M J 

Set the telescope for the zenith distance z 0 , direct it upon the 
star some 20 m or 30 m before the time of elongation, bringing the 
star near the middle vertical thread, and clamp the instiument 
Set the micrometer thread at any reading a little in advance of 
the star, and note the transit by the chronometei Then advance 
the thread to a new reading, and again observe the transit, and 
so on until the star has been observed thiough the whole field 
or through the whole range of the nneromctei seiew The 
repeated manipulation of the screw may slightly disturb the 
direction of the telescope, but the only change which can affect 
the deteiminataon of R will be shown by the level, which, theie- 
fore, must also be frequently observed during the tiansits Of 
course, the relation of the level to the telescope must not be 
changed during the observations I^ow, z 0 denoting as above 
the zenith distance of the star at the time T 0 , and M 0 the corre- 
sponding reading of the micrometer when the level reading is 
zero, z the zenith distance at the time T of an observed transit 
when the micrometei leading is M and the level leading is i, 
we have (neglecting for the present the refraction) 

2 = 2 0 + (Jf 0 — M)R — LD 

or, since we as yet know the value of a level division only in 
parts of R, 

* = *b + (Jr # — Jf) R-RRd 
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In like manner, for another observation, 

= + (M 0 — L'Rd 

whence 

-o) - (~ y - 

M' — M+(U — L)d 


(247) 


The quantity z z 0 may be computed (as we have shown in 
.Art. 45) by the formula 


sin (z — z 0 )=± sin (T — T a ) cos S 


where the lower sign is to he used for the eastern elongation; or 

2 — *, = ± sin (T — r 0 ) ( 248) 

sm 1" 


The value of R thus found is collected for reft action by sub- 
tracting from it the quantity R Ar, in which Ar = the change of 
refraction at the zenith distance z 0 foi 1' of zenith distance, and 
JR is expressed in minutes * 

Example — Observations of Polaris at its eastern elongation 
were taken June 30, 1852, at the Roslyn Station (Ya ) of the 
CJ S Coast Suivey, to determine the value of the micrometer of 
■fche same zenith telescope as was used m the example of the 
preceding articles 

To prepare for the observation, we have 
<p = 87° 14' 25" 

S = 88° 30' 56" o = 1* 5“ 36*8 

Hence, z # = 52° 44' 42" t = 5 55 29 1 

Sid time of elongation = 19 10 7 7 

Chronometer fast, 24 46 8 

T 0 = 19 34 54 5 

The micrometer thread was set at every half revolution, and 


* The values of both and D might be found at the same time from these obser- 
vations For by varying the level reading at the different observations (by means 
of the tangent screw F), we shall have from the observations, taken suitably m pairs, 
equations of condition of the form 

z — z'=(Jf' — M)R + <£' — L)D 

from which both R and D may be found In this method z — af must be the appa- 
rent difference o* zenith distance affected by the differential refraction 
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59 transits were observed I extract only those taken, on the 
even whole revolutions, to illustrate the method 


Temp 

No of 
olbs 

Micr 

M 

Level 

L 

T 

T-T 0 

0 

1 

M 

N 

S 

77° 

76 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

R 

6 

8 

10 

12 

14 

16 

18 

20 

22 

24 

26 

28 

30 

32 

div 

42 2 

tt 

it 

it 

42 5 

tt 

it 

42 6 

tc 

42 7 

a 

41 9 

tt 

tt 

div 

44 8 

u 

tt 

it 

44 2 

it 

tt 

44 2 

tt 

44 2 

a 

45 1 

a 

tt 

div 

— 1 30 

it 

tt 

a 

— 0 85 

it 

u 

— 0 80 

tt 

— 0 75 

a 

— 1 60 

tt 

tt 

19* ll m 39* 0 
15 14 2 
18 46 8 
22 23 4 
25 58 8 
29 29 4 
33 4 4 
36 36 4 
40 11 6 
43 43 3 
47 15 0 
50 46 7 
54 19 3 
57 52 8 

— 23”* 15* 5 

19 40 3 
16 7 7 

12 31 1 

8 55 7 
5 25 1 

— 1 50 1 
+ 1 41 9 

5 17 1 
8 48 8 
12 20 5 
15 52 2 
19 24 8 
1 22 58 3 

+ 541" 33 
458 10 
375 73 
291 71 
208 12 
126 30 
+ 42 77 
— 39 61 
123 20 
205 43 
287 62 
369 72 
452 08 
534 70 


We compare the 1st observation with the 8th, the 2d with the 
9th, &c , and m each case we have M> - M =14 Rev , or, taking 
d — o 04, as found on p 359, we have for the 1st and 8th ob- 
servation (L' — L)d= J r 0 020 revolutions of the micrometer , and 
hence, denoting the divisor in (247) by a, we obtain 


a = M'-M + (L'—Z)d = 14 020 


Proceeding thus for each pan of transits, we have— 


Obs 

a 

Z — 

z' 

R 

V 

V 2 

1 

and. 

8 

14 020 

580" 

94 

41" 436 

+ 

0" 

042 

0 0018 

2 

tt 

9 

14 020 

581 

30 

1 462 

+ 

0 

068 

0046 

3 

u 

10 

14 022 

581 

16 

446 

+ 

0 

052 

0027 

4 

tt 

11 ' 

14 022 

579 

33 

316 

— 

0 

078 

0060 

5 

tt 

12 

13 970 

577 

84 

363 

— 

0 

031 

0010 

6 

it 

13 

13 970 

578 

38 

402 

+ 

0 

008 

0001 

7 

tt 

14 

13 970 

1 577 

47 

| 336 

— 

0 

058 

0034 



Mean = 

= 41 394 


Sum - 

= 0196 


2 1 0196 

Prob = = 


0" 014 
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The change of refraction for V of zenith 
52° 45', A 7 * = 0" 046, and hence the correction or tn 

IS — 0" 046 X = — 0" 032 These observations, tliorofom, 
60 

give us the result 

B = 41" 862 ± 0" 014 

The final value, as found from all the observations on sovoru 
nights, was 

B — 41" 400 ± 0" 011 

and from this we find the value of a division of tlio level of till 
instrument to be 

D = 1" 65 ± 0" 005 

which are the values employed above in reducing 1 the obsoi vationa 
for latitude at Eoslyn 

237 A more thorough method of treating the preceding obncr* 
vations is the following We have for each observed tMinsi t 

z — z a = — M) R — X Hd 

where M 0 is the unknown reading corresponding to * u - X<et us 
assume an approximate value for Hf 0 , denoting it by and put 
M 0 = M 1 + x Also let ^be an assumed approximate value of 
B, and put B = + y Then 

2 - z 0 =(M 1 -M + x) (A+ y) — 

where, on account of the small values of JO, we can use J?| instead 
of B m the last term Then, neglecting the product xy as ina eli- 
gible when iKiand B 1 are properly assumed, and putting 

n = z - Ze—iM,— M) R, + LR x d (249 > 

we have from each observation the equation of condition 

B,x + (M, — M ) y = n (2fi0) 

and from all these equations x and y can be found by the method 
of least squares 

Thus, m the above example, if we assume M t — 19.0, 41".4, 
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which are easily seen from the obseivations to be neai approxi- 
mations, we have the following equations 


414a 

+ 

13y = 

+ 

0" 

'98 

414a - 

- y = 

+ 

0" 

47 

41 4 a 

+ 

Hy = 

+ 

0 

55 

414a- 

- 8 y = 

— 

0 

82 

41 4 a 

+ 

9 y = 

+ 

0 

98 

41 4 a - 

- 5 y — 

+ 

0 

33 

414a 

+ 

7 y = 

— 

0 

24 

414a- 

- 7 y = 

+ 

0 

94 

414a 

+ 

5y = 

— 

0 

29 

41 4 a - 

-9 y — 

+ 

0 

23 

414a 

+ 

8 y = 

+ 

0 

69 

41 4 r - 

-11*/ = 

+ 

0 

67 

41 4 a 

+ 

y = 

— 

0 

04 

414 a - 

-18 y = 

+ 

0 

85 


from which we form the noimal equations 


whence 


23995 44 x = + 24012 
910 y = — 172 

a = -f- 0 01 y = — 0 002 

M a = 19 01 -R= 41398 


If we substitute the values of x and >j m the equations of 
condition, we shall find the sum of the squaies of the residuals 
to be = 2 956, and hence the mean eiior of a single observation is 

= J 2 9 ° 6 = 0" 496 
V 14 — 2 


and consequently the probable error of y, the weight ot which 
is its coefficient (= 910) in the final equation, will be 


2 0" 496 

3 ^910 


= 0 " 011 


Applying to the above value of R the collection for refraction 
as before, we have the final result by this method, 


R = 41" 366 ± 0 "Oil 


The smaller probable error heie found shows that the observa- 
tions are better satisfied by the value of R found by the method 
of least squares 


EXTRA-MERIDIAN OBSERVATIONS FOR LATITUDE WITH THE ZENITH 

TELESCOPE 

238 It has been seen above that, although the probable error 
of observation with the zenith telescope is very small, the greater 
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probable error of the decimations employed, when tbe observa- 
tions are restricted to tbe meridian, renders it necessary to gieatly 
multiply tbe number of pairs of stars observed But if we aie 
willing to observe one of the stais at some distance from the 
meridian, we can generally find a pair of fundamental stars, 01 
stars fiom tbe most leliable catalogues, which can be obseived 
at tbe same zenith distance within a sufficiently brief interval of 
time to exclude the probability of sensible changes in the state 
of the instrument, and by moderate attention to the deteimma- 
tion of the time the probable error of observation will be veiy 
little mcieased, while the number of observations necessary to 
attain to the desired degree of precision will be greatly reduced 
It may not be superfluous, therefore, to deduce here the necessary 
foimulae for this puipose 

Let 8 and 8 ' be the declinations of two stars, the first of which 
is obseived out of the meridian at the zenith distance z and hour 
angle /, and the second on the meridian at the zenith distance z\ 
which is very nearly equal to z We have 

cos z — cos (< <p — d) — 2 cos <p cos d sm a } t 
z' = <p — (V 

The second equation gives 

Z (p — o ? — {- Z — 

which, substituted m the first equation, gives 
sin [> — i (d -|- <$') — i (/ —z)] sm i (£ — d'+z — z') = cos <p cos d sm* i t 
Putting then 

cos <p cos d sin 2 i t 

sin y = -L ; - 

sm l (ft — (V z — z ') 

we shall have 

* = *(* + *')+ i&-z)+r 

The quantity z* — z will be given by the micrometer and level, 
precisely as m the case of meridian observations. The value of 
<p will alwavs be known with sufficient accuracy for the compu- 
tation of y 

The effect of an enor m t upon y, and consequently upon y?, 
may he computed by the foimula 


( 251 ) 

( 252 ) 



366 


ZENITH TELESCOPE 


To prepare for the observation, put £ — <p x 5', (or 8 f <p^ y 
(p x being an assumed appioximate value of <p> and set the instru- 
ment at the zenith distance £ for the observation of both stars 
The hour angle at which the star out of the meridian is to be 
observed will be found by the foimula 


sin J - 1 


or rather, 


sin it 


-j( 


sin £ (C + p, — j) sm j (C — + j) ^ 

COS <p COS d ; 

sin [*(<?' + i) — fj sin j (y_—£) 

COS <p cos d 


Then the sidereal time of the observation of this star may be 
either a + i or a — i, a being the right ascension , and it may 
often be convenient to obseive the stai at each of these times 
It will probably be most expedient to obseive one of the stars 
in the meridian , but, if both are observed out of the meridian, 
we can find the latitude by the method of Vol I Art 186 


239 The zenith telescope may be used with advantage in 
measuring any small difference of zenith distance Its application 
m finding the longitude from equal zenith distances of the moon s 
limb and a neighboring stai is given in Vol I Art 245 The 
conection of the method theie given for a small difference of 
the zenith distances of the moon and stai, as found by the 
micrometer, is obvious 

240 ~W e may determine both time and latitude with the zenith 
telescope, by observing a numbei of stai s at the same altitude, 
and combining them by the method of least squares See Vol 
I Art 189 


ADAPTATION OF THE PORTABLE TRANSIT INSTRUMENT AS A ZENITH 

TELESCOPE 

241 Pi of C S Lyman, of Yale College, has shown* that the 
transit instrument may be successfully used as a substitute for 
the zenith telescope in the application of Talcott’s method of 
finding the latitude by meridian observations Indeed, it is 
evident that, if the level usually attached to the finding circle is 
made of the same delicacy as that applied to zenith telescopes, and 
a mici ometoi is added to the telescope, that method maybe carried 
out precisely m the same manner as with the zenith telescope 


* Am Journal of Science and Aits, Vol XXX p 52 
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The different method of reversing the instiument by lifting it 
from its Vs instead of revolving directly about a vertical axis, 
does not m any way affect the principle, the essential condition 
of Talcott’s method being always observed, namely, that the 
relation of the level and the telescope is to be absolutely the 
same at the observations of both stars of the pair. 


CHAPTER IX. 

THE EQUATORIAL TELESCOPE. 

242 The equatorial telescope is mounted with two axes of 
motion at right angles to each other, one of which is parallel to 
the axis of the earth Of the various modes which have been 
employed for mounting the instrument according to these con- 
ditions, that which is now universally adopted is the one con- 
tnved by Fraunhofer and known by his name 

Plate XIV * is a representation of the great Fraunhofer 
equatorial of the Pulkowa Observatory, constructed by Merz 
and Mahler. The lens has a clear aperture of 15 inches, with 
a focal length of 22 55 feet The pier P is of stone (in smaller 
instruments a wooden stand is frequently used, resting on three 
feet) The upper face of the pier makes an angle with the hori- 
zon equal to the latitude of the place , secured to this face is a 
metallic bed, which supports at two points the polar or hour axis 
H of the instrument This axis, being in the plane of the 
meridian, and making an angle with the horizon equal to the 
latitude of the place, is paiallel to the earth’s axis, and, conse- 
sequently, is directed towards the poles of the heavens Perma- 
nently attached to the hour axis, and at right angles to it, is a 
metallic tube, PZ), m which the declination axis revolves The 
telescope is thinly attached to one extiemity of this decimation 
axis, and at light angles to it, the point of the tube at which it is 
attached being somewhat nearer to the eye end than to the 
object end 


* Reduced from the drawing in the Description de V observatoire central of Steuve 
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It is evident that as the instrument revolves upon the hour 
axis the decimation axis remains in the plane of the celestial 
equator, and, consequently, the telescope, as it revolves upon 
the decimation axis, always describes secondaries to the celestial 
equator, or declination circles The declination of the point of 
the heavens towards which the telescope is at any time dnected 
may, therefore, he indicated by the giaduated declination circle 88, 
which is read by two opposite vermeis The hour angle of this 
point is at the same time shown by the giaduated hour circle t, 
which is also read by two opposite verniers 

The great advantage of this mode of mounting tlie telescope 
is that we can follow a star in its diurnal motion by revolving 
the instrument upon the hour axis alone, the decimation circle 
being clamped at the reading corresponding to the star’s decima- 
tion Further, the star’s motion being uniform, we can cause 
the instrument to follow it automatically by means of a clock/, 
which, by a tram, turns an endless sciew acting upon the circum- 
ference of the hour circle The observei is thus left free either 
to make a careful examination of the physical appearance of the 
objects m the field, or to measure their relative positions with 
the micrometer m of the telescope 

It is important that all the paits of the instrument be so coun- 
terpoised that the telescope will be m equilibrium in all positions, 
and possess the greatest freedom of movement upon either axis 
This is effected m the Fraunhofer arrangement in the most 
perfect manner The equilibrium of the telescope with lespect 
to the hour axis is produced by the countei poises W, W, X, and 
Y, of which W, W are fixed cylmdiical masses, but Y is adjust- 
able, so that the equilibrium may be finally regulated with the 
utmost nicety The weights X (of which there are two, one on 
each side of the decimation axis) ai e attached to the extremities 
of levers whose fulcrums are at x The opposite extremities of 
the levers seize upon a circular collar at K, in which there are 
four friction rollers The weights X thus not only contribute to 
the equilibiium, but also reduce the friction of the declination 
axis The centie of gravity of the telescope tube is not in the 
prolongation of the declination axis, but nearei to the object 
glass, its equilibrium with respect to the declination axis is 
produced by counterpoises a (one on each side of the tube) at the 
end of levera ahe Each of these levers consists of two conical 
tubes attached to a cube at b, which moves upon two axes , and 
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their extremities c seize upon a collar around the tube The 
extremity a , at which the weight is placed, is free, and the weight 
can be adjusted by sliding upon the lever In consequence of 
the double axis of each lever at 6, the counterpoises act in all 
positions of the telescope, and not only balance the tube, but pre- 
vent m a degree the flexure of the object end which would result 
from its weight, increased as it is by the great weight of the 
object glass itself The centie of gravity of the telescope and 
all its counterpoises is now in the hour axis at a point a little 
above its upper journal , the result is a downward pressure upon 
this journal, and an upward pressure upon the lower journal 
The weight oj at one extremity of a bent lever reduces the fric- 
tion upon the upper journal by producing an opposite pressure 
at e at right angles to the axis, two friction rolleis upon the 
extiennty e being thus pressed against the axis The remaining 
small upward pressure of the inferior extremity of the axis is 
reduced by a spring which presses two friction rolleis against the 
axis at g 

The weight of the Pulkowa telescope (including all the paits 
which move, namely, the axes and tube with its counterpoises) 
is very nearly 7000 pounds; and yet, with this admnable system 
of counterpoises, it moves upon eitliei axis with almost as much 
ease as a small portable mstiument Without this perfect equi- 
librium and l educed friction, it would have been very difficult to 
pioduce a legular automatic movement of the instrument by the 
driving clock As this clock is lequired to produce a continuous 
regular movement, it is not legulated by an oscillating pendulum, 
but by the faction of centrifugal balls against the interior of a 
conical box d The rate of movement is regulated by raising or 
depressing the pivot of this conical pendulum, which, m conse- 
quence of the conical form of the box, changes the degieeof 
friction of the balls against its interior surface The rate may 
thus be adapted not only to the motion of a fixed star, but to that 
of the moon, or sun, or any planet, all of which have different 
rates of motion In oui own countiy, Bond’s Spring Governor 
has been successfully applied to produce the equable motion of 
equatonal telescopes 

A finder F is attached to the principal telescope (Ait 16) 

The field of the telescope is illuminated by a lamp q, the light 
of which is reflected towards the reticule by a small nniror 
within the tube The direct illumination of the threads, which 

Vor II —2! 
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is required when very faint objects are to be observed, is effected 
by two small lamps suspended at n and v. (See Transit Instru- 
ment, p 134) 

The micrometer is provided with a position circle (Art 49) 

243 Any point of the heavens may be observed with the 
equatorial instrument in two different positions of its decima- 
tion axis For example, if the decimation axis is at right angles 
to the plane of the meridian, — that is, horizontal, — the telescope 
will describe the plane of the meridian . and this, whether the 
circle end of the declination axis is east oi west , and, m general, 
the same declination circle of the heavens may be described bv the 
telescope with this circle end of the axis on eithei side These 
two positions are to be distinguished m the use of the instrument 
Let us suppose the declination axis to be produced through the 
circle end to the celestial sphere The point in which it meets 
the sphere may be called the pole of the declination cu cle If 
the hour angle of this pole is 90° greater than the houi angle of 
a star observed in the telescope, the circle is said to pi ecede the 
telescope , if the hour angle of this pole is 90° less than that of 
the star, the circle is said to follow the telescope Thus, for a 
star on the meridian (at its upper culmination) the circle pi ecedes 
when it is west and follows when it is east of the meridian 


GENERAL THEORY OE THE EQUATORIAL INSTRUMENT 

244. Let us first consider the instrument m the most general 
manner, that is, without supposing its hour axis to be even 
approximately adj’usted to the pole of the heavens That point 
of the celestial sphere towards which the hour axis is actually 
directed will be called the pole of the instrument, or the pole of its 
hour axis, and that point in which the declination axis produced 
on the side of the decimation circle meets the sphere will be 
called the pole of this axis or circle 

The instrument is designed to give, by means of its two circles, 
the hour angle and declination of a star observed in the sight 
line of the telescope. If the sight line were perpendicular 
to the decimation axis, and if this axis weie perpendicular to 
the hour axis, the readings of the circles would give at once (by 
merely correcting them for any index error) the hour angle and 
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declination referred to the meridian and pole of the instrument. The 
deviations from perpendicularity being always very am al l in a 
"well constructed instrument, approximate form uUe will fully 
suffice to reduce given readings to the proper values referred to 
the pole of the instrument But an equatorial instrument may 
sometimes be used m a place for which it was not intended, and, 
having no adjustment by which the angle which its hour axis 
makes with the horizon can be greatly changed, the pole of the 
instrument may be so far horn the celestial pole that the reduc- 
tion of the hour angles and declinations from their instrume ntal 
to their true values (referred to the celestial pole) will require the 
use of rigorous formulae In order to provide for such a case, I 
shall first consider the method of deducing the instrumental 
quantities by approximate but sufficiently exact formulae , then 
give the rigorous formulae for reducing these to the celestial 
pole, and finally give the approximate formulae, most frequently 
required, for the case in which the deviation of the hour a-nn 
from the celestial pole is very small As some flexure of the 
declination axis and of the telescope is always to be expected in 
an instrument of this kind, I shall include its effect in the 
formulae 

245 To find the instrumental declination and hour angle of an 
observed point — Let the figure be a projection 
of the celestial sphere upon the plane of the 
equator of the instrument, P f its pole, Z the 
zenith of the observer then P'Z may be 
called the meridian of the instrument 

Let Q be the pole of the decimation axis of 
the instrument While the instrument re- 
volves upon the hour axis, the point Q will 
describe a circle of which P' is the pole, and which would be a 
great circle if the axes were at nght angles to each other, m 
which case we should have P'Q = 90° But we shall assume 
that there is a deviation from this condition, and suppose the 
arc P'Q to be = 90° — t • so that i will express the declinatioi 
of the point Q referred to the equator of the instrument 

Let us next suppose the decimation axis to remain fixed while 
the telescope revolves upon this axis and its sight hue is brough 
upon a star 8 As the telescope revolves, the sight line (whicl 
we may here suppose to be determined by a simple cross thread) 
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describes a circle in the heavens of which Q is the pole, and 
which will be a great ciicle if this sight line is perpendicular to 
the decimation axis, and a small circle, ASB, in any other case 
Let us suppose the polar distance of this small circle, or QS, to 
be 90° — c so that c will denote the collimation constant of a 
given thi ead 

The revolution of the instrument upon the hour axis is measured 
by the hour circle ‘When Q is 90° west of the meridian, the 
telescope should be in the meridian, and the leading of the hour 
circle, consequently, zero , but let us suppose the reading is then 
— x When Q is in the meridian and above the pole, the reading 
will be — x — 90° If, then, for the actual position when the 
star is observed at S the reading is t, we have the angle ZP'Q 
= t -f- x -f- 90° 

Let the instrumental hour angle ZP'S — t' Then we have 
the angle SP'Q = ZP' Q — ZP'S — t + x — i' + 90° ; and since, 
fiom the construction of the instrument, this angle differs very 
little from 90°, the quantity t + x — V will be very small. 

As the telescope i evolves upon the decimation axis and its 
sight line describes the circle ASB, the reading of the declina- 
tion circle will vary directly with the angle P'QS, since Q is the 
pole of this circle If we denote the reading of the declination 
circle when the arc QS coincides with QP’ by 90° — a d. and tho 
actual reading for the star at S by d, we shall have the angle 
P'QS — 90° — a d — d, provided the leadings increase with the 
stai’s decimation, as we here suppose 

Finally, let the instrumental declination be d' , that is, let 
P'S = 90° — d’ 

We have then m the triangle QP'S the given parts 

P'Q = 90°— * QS = 90° — c 
P'QS =90° — (d + Ad) 

and m order to deteimine V and d' we are to find 

SP'Q — 90° — (t'—t — x) 

P’S= 90° -- d ' 

From this triangle we obtain the general equations 

sin d'= sm i sin c -|- eos i cos c sin (d a d) 
cos d' sm ( t ' — t — x) = eos i sin c — sin i cos c sin ( d -f- a d) 
cos d' cos (t 1 — t — x) — cos c cos (d -j- a d) 
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But, as i and c are supposed to be so small that their squares and 
products are insensible, these equations give 

sm d' = sin ( d -|- Ad) 
cos d' = cos (d -f Ad) 

( t f — t — x) cos d f = c — i sm (d a d) 

whence 

d' = d -(- Ad 

t' = t -f x + c sec d' — i tan d' 

246 Flexure — The flexuie of the houi axis may be supposed 
to be altogether insensible, since the centre of gravity of the 
whole instrument falls very near to the upper journal of this axis, 
and the pressure at this point is l elieved by a counterpoise 
The flexure of the decimation axis, being assumed to result 
solely from the weight, changes the zenith distance of the point 
Q Denoting the zenith distance of Q by £ and the increased 
zenith distance by £ + ^£, we shall assume the flexure to be 
proportional to sm £ (Art 204), and, therefore, put 

d£ = e sm X 

m which e is the maximum of flexure of the decimation axis 
corresponding to £ = 90° 

The flexuie of the telescope changes the zenith distance ZS, 
so that, putting ZS = £', wo can expiess this flexure by 

dX! = e sin X f 

in which e is the maximum of flexure of the tube corresponding 
to £' = 90° 

The flexure of the decimation axis changes the aic P'Q = 90° 
— and the angle ZP'Q = t + x + 90° , but these changes (the 
flexure being supposed extremely small) evidently produce no 
sensible effect upon the decimation d' The flexure of the tele- 
scope, however, changes the arc P'S = 90° — d', and thus also 
d ' Treating the changes as differentials, we have 

d P'S = d (90° — d' ) = dX ' cos P'SZ 

If we denote the zenith distance of P' by 90° — <p x (or let <p x be 
the observers latitude referred to the equatoi of the instrument), 
the triangle P'SZ gives 

sm cos d' — cos <p. sm d ' cos t f 
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dd' = — e (sin ?, cos d' — cos y x sin d’ cos t') («0 


Again, we have 


d 

d 


P'Q — d (90° — i) = dC cos P'QZ 

, sin P' QZ 

ZP'Q = dt = dZ 

sm P'Q 


in which we may pnt Bin P'Q = cost = 1. Substituting also 


the values 


cos P’QZ = 
sin P’QZ = 


sin <p x — sin i cos C 
cos i sm C 
cos (t -f x ) cos <p x 
sinC 


and neglecting the product of d£ and i as insensible, we find 

di — — * sin <p x l 

dt = e cos <f x cos (t -f x) ) 


Finally, the flexure of the telescope changes the arc QS = 90 c 
— c, and we have 


m which 


d QS = d (90° — c) = d:’ cos ZSQ 
cos C — sin c cos V 


cos ZSQ = 


cos c sm 


Neglecting terms of the second order, therefore, 


dc = — e cos C 

in which we have 

cos C = sm t sin <p x — cos i cos ?>, sm (t -f- as ) 

and m this we may put t’ ioxt + x Hence, again neglecting 
terms of the second order, 

dc = e cos <p x sint' (jp) 

By the formulse for V (253), we have 

dt’ = dt + dc seo d’ — di tan d’ 


and hence, by (n) and (p), 

dt' — * (sm <f x tan d' -f cos <p x cos f) -f- e cos <p x sec d’ sin f (jjr) 
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Hence, applying the corrections (m) and (q) to d r and t f (253), the 
complete formulae, including the effect of flexure, are* 

d' = d + — e (sin <p x cos d f — cos ?>, sin d ' cos f ') 

t r =zt x c see d f — i tan d' l (254) 

-f- e (sin <p y tan d ' -f cos tp x cos £') + e cos ^ sec d' sm t' ) 

247 7 b reduce the instrumental declination and hour angle ( d tf'j 
to the celestial decimation and hour angle (<5, r) — Let PZ 
loc the true meridian, P the celestial pole, P'the pole 
of the mstiument, 8 the observed star Let y and 
& denote the polar distance and hour angle of P ' , 
that is, let 

y = PP f * = ZPP ' 

and, producing PP', let 

# = ZP r N — 180° — ZPP 

The instrument gives, by the aid of (254), the values of 
d f = 90° — P'S, V = ZP'S , and we are to find 8 — 90° — PS 
and r = ZPS The tnangle PP'S. , m which PP'S =180° 
— (<' — #') and P'PS = r — <?, gives 

sm <5 = cos r sin — sm y cos d r cos (*' — *') ^ 
cos 5 cos (r — #) = sin y sin d 9 + cos y cos d' cos (t r — *') V (255) 
cos d sin (t — &)= cos d ' sm (V — *') J 

which will determine 8 and r from rf' and when the instrumental 
constants y, #, and #' ai e known 

Putting 90° — <p = P£, the relation between and y 

is found from the triangle PP'Z , which gives 

sin ^ x = cos y sin <p + sin y cos <p cos # i 
cos tp 1 cos #' = — sm sin 9 ? + cos ^ cos ^ cos # V (256) 
cos <p x sin = cos <p sm # J 

248 In the preceding discussion I have not distinguished 
between the case m which the decimation cucle precedes and 
that m which it follows the telescope (Art 243) The formulae, 
nevertheless, will apply to either case, provided we reckon decli- 
nations over 90° when they require it. "By Fig- 52, m which 
foi a star at 8 the decimation circle precedes , we se<* that when 

* These formulae are essentially the same as Bessel’s See his Astron Unter 
suehungen, Vol I p 7 
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the telescope is revolved from S towards B and passes beyond 
the pole, we shall have declinations exceeding 90° if we wish to 
employ the same formulae as have been found tor this position, 
but for these points beyond the pole the declination circle follows 
the telescope The decimation m that case, leckoned m the 
usual manner, will be 180° — d', and the hour angle will be 
180° + t’ "We may, therefore, employ these formulae m their 
present form in all cases, but when d' falls between 90° and 
270° we must finally take 180° — d' and 180° -f- t' as the proper 
instrumental declination and hour angle (See also Transit 
Instrument, Art 128 ) 

If, however, we wish to distinguish the cases in the formulae 
themselves, we shall have, token the circle precedes , the readings 
of the circle being d 1 and t v 

d' — d x -\- — e (sin <p x cos d' — cos <p, sin d' cos t ') \ 

t' x -\- c sec d' — i tan d’ 1 

-f e (sm p,tan d' + cos <p 1 cos t') + e cos <p, sec d' sin t' I 

and when the circle follows, the readings being and t 2 , \ (257) 

180° — d' = d s + Ad + e(sin <p, cos d 1 — cos f>,sin <2'eost')\ 

180° -]- t’ = t x + x — c sec d’ + i tan d' | 

— e(sin^,tan«i'+cos ^cos t')+ fiCoa PjSecd' sm t'J 

249 The rigorous formulae (255) and (256) will be required 
only m the rare case m which the pole of the instrument is at 
a considerable distance from the celestial pole , but I will briefly 
indicate the methods of determining the instrumental constants 
tor this case It will always be possible to bung the houi axis 
of the instrument very nearly into the meridian of the place of 
observation, whatever may be the elevation of its pole above the 
horizon, so that the meridian of the instrument and the true 
meridian will nearly coincide 

If we observe a fixed point in both positions of the instrument, 
circle preceding and circle following, we shall have by (257), 
taking the sums of the respective equations, 

180° = ^2*4" 2 A (L 

180° -j- 2 1' = + 2x -j- 2e cos <p x sec d' sm t' 

the first of which determines the index correction (&d) of the 
decimation circle, and the second determines the value of t' — x. 
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if we have independently found the flexure e, or if the fixed point 
is in the meridian of the mstiument and consequently if = 0 
Taking the differences of the same equations, the observation 
of the fixed point also gives 


180° — 2 d'= d a — d r 1- 2 e (sm ^cos d'— cos <p l sin d' cos t') 

180°= t a — — 2csecd'-f-2 1 tmd'— 2e(sm ^tand'+cos^cost') 

The first of these determines d' when e is otherwise known, and, 
the value of d' thus found being substituted m the second, we 
have an equation of Condition for determining c, t, and s The 
observation of at least thiee dift’eient points will be necessaiy m 
order to deteimme these quantities, or of at least two points if 
we neglect e 

Upon the supposition that the pole of the instrument is veiy 
near the meridian, but at a considerable distance from the celestial 
pole, y is a large arc, but d is small, and we have from the fiist 
of the equations (256), by putting cos d — ± 1, 

— <p ± r 

and the value of y may be found fiom the observation of a stai 
in the meridian and as far from the pole of the instrument as 
possible, since in this case we shall have very nearly 

± r = s — <r 

in which d' will be known from two observations of the star in 
the two positions of the instrument 

"When y has been thus approximately found, let a star be 
observed on the six houi circle both west and east of the meridian 
"We deduce from (255) 

sin d! — sm 5 cos y + cos S sm y cos (r — 


Denoting the instrumental declination for the two observations 
by d/ and d/, and putting r = 90° for the first observation, and 
r = 270° for the second, we have 


whence 


sin = sm 8 cos y -(- cos 8 sm y sin 8 
Bin df = sin 8 cos y — cos <5 sm y sin 8 

„ sin d,' — sm d! 

sin = s - 

2 cos 8 sm y 


This will give a sufficient approximation to t?, provided the star 
is not very near the pole 
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A theoretically rigorous determination of both y and & would 
be found by observing two points whose decimations (d 15 S 2 ) and 
hour angles (r 15 r 2 ) are known, and then solving the equations 

sin d, = sin 5j cos y -f- cos \ sin y cos 

sm d } ' = sin S a cos y cos <5, sin y cos (r a — 3) 

"When y and # have been found, we have, from the observation 
of one known point, 

cos d' cos (£' — 3') — sin 8 sin y cos S cos y cos (r — 3) 
cos sin ((' — 3') = cos 3 sin (t — #) 

which determine i’ — , and, since will be known from (256), 

V will also be known. Finally, the instrument gives the value 
of t 1 — x, as we have shown above, and thus x becomes known 

250 When the pole of the instrument is very near the celestial pole, 
y is very small, but # may have any value from 0° to 360°. Put- 
ting cos y = 1 in (256), and neglecting terms of the same order 
as f, we find 

= <p + y cos 3 
3 — 3' = — (-Bin# tan <p 

and (255) gives 

3 = d'— y cos (t' — 3') 
t = t' 3- — 3' — y sm (t 1 — 3') sm d' sec 3 

or, within terms of the second order, 

3 — d’ — y COS (r — 3) 
t = t f — y sin 3 tan <p — y sm (r — 3) tan 3 

Substituting the values of d' and V from (254), and 
At= x — y sin # tan <p, which is constant, we have 

3 = d -\- Ad — y cos (r — 3) — e (sin <p cos 3 — cos o sm 8 cos r) 
r = t At — y sm (t — #) tan 3 -f- c sec 8 — i tan 8 

e (sin <p tan 8 -)- cos <p cos t) -|- e cos <p sec 8 sin r 

which aie the formulae usually required in practice Here 8 is 
to be reckoned beyond 90° when necessary, being then the sup- 
plement of the star’s declination (Ait 248), and then r is the 
star's hour angle increased by 180° 

The decimation and hour angle are here apparent, that is, 
affected by refraction, &c If we i\ isIi o and r to represent the 


putting 
| (258) 
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geocentric position of the observed point, we may apply the 
corrections for refraction, &c to d and t 

If we prefer to distinguish the cases in the formulae themselves, 

we shall have — 

For circle preceding \ 

i _ d &d — y cos (t — &) — e (sin <p cos 8 — cos <f sin 8 cos r) | 

T _ t y Bin (r — F) tan 8 c sec 8 — i tan S I 

_i_ e (sin v tan 8 -f- cos <p cos t) -f- e cos <f sec 8 sin r ( 

- \ (259) 

For circle following l 

180° 8 = d + bd + r cos (r — #) + e (sin <p cos 8 — cos <p sin 8 cosr)\ 

180°+ r=t + At — j'Sin (t — #) tan 8 — c sec 8 1 tan 8 I 

e (sm <p tan 8 -|- cos <p cos t) e cos <p sec 8 sin r j 

m which d and r will always denote the declination and hour 
angle of the star reckoned in the usual mannei 

ADJUSTMENT OE THE EQUATORIAL INSTRUMENT 

251 The adjustment of the instrument with respect to the pole 
of the heavens consists of two operations 1st, bringing the hour 
axis into the plane of the meridian, and, 2d, giving this axis an 
elevation, with respect to the horizon, equal to the latitude of the 
place 

For a rough preliminary adjustment, place the declination axis 
in a horizontal position, and move the stand until the telescope 
points to a star at the computed time of its meridian passage 
The hour axis is then nearly m the plane of the meridian 
Then bring the declination axis into the plane of the meridian (,by 
revolving the instrument upon the hour axis thiough 90° by the 
hour circle), and direct the telescope upon a circumpolar star on 
the six hour circle The elevation of the axis should be changed 
so as to make the star appear near the optical axis at the com- 
puted time when the star’s hour angle is equal to 6* 

For the final adjustment, the outstanding deviations of the 
instrument must be found by properly combined observations of 
stars, taken in the two reverse positions of the declination axis, 
by the methods given hereafter 

The position of the pole of the mstiument with respect to the 
pole of the heavens maybe expressed by the two quantities 

$ = Y cos # — r sin ^ (26C) 

which are the distances of the pole of the mstrument from the 
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hour circle and from the meridian, i eapectively According 
our definitions of y and <?, a posihie value of c will indicate that 
s instrumental pole is ahove the true pole, aud a positive value 
ij will indicate that the pole of the instrument is west of the 
xndian I pioceed to consider the methods of finding these 
antities, as well as the other instrumental constants 


252 To find ? — The most simple method is to observe the 
clmations of known stars at their culmination m both positions 
the decimation axis, and to compaie the instrumental values, 
trected for reflection, with the true decimations found from 
3 best catalogues or ephemerides By the instrumental values 
shall hereafter understand the values inferred directly fiom 
3 readings (d) of the cncle 

A.s the two observations in leveise positions of the decimation 
is cannot both be absolutely in the metidian (unless observa- 
ns on different days aie combined), one of them is taken a 
v seconds before the mendian passage, and the othei a few 
sonds after it Li consequence of the gieat facility with which 
an the largest equatonal instrument can be levemed, the 
erval between the two observations will bo so small that the 
■an of the two values of cos (r — /?) will be sensibly the same 
cos d, r being a veiy small quantity with opposite signs for 
3 two observations Hence, we shall have for each pair of 
servations on a star, by putting t = 0 in (259), 

<*=<£, + &d — ? — e bid (f — 8) 

180® — d = d a -)- A(Z -j- ? -f- e sin — 8) 

tere d l and d i are the circle i eadmgs m the two positions The 
If sum of these equations gives the index coirection of the 
slination circle, 

Ld == 90° — £ (d, + d t ) 
eir half difference gives 


IT we put 


? + e sm(? — ») = 90° — $ ( d a — dj—d 
X> = 90° — Hd,— d l ) 


will be the mean of the instrumental values of the decimation, 
inferred from the two readings, whatever may be the mode in 
ich the circle is graduated A number of stars being thus 
lerved, we shall have the equations of condition 
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£ -f- e Sin (p — d ) — X> — s 
£ e sin (p — S') = D' — S' 

£ -f e sin (<p - 8") = D " — d" 

&c &c 

which, treated by the method of least squares, will give both 
? and e 

Example — The decimations of ten stars were observed by 
Otto Struve with the equatorial telescope of the Pulkowa Obser- 
vatory, 1840, June 22, according to the preceding method, and 
the values of X>, corrected for refraction, weie as in the following 
table The values of 8 for the stars 1, 4, 5 and 8 weie taken 
fiom the Nautical Almanac, for 2, 3, and 7 fiom Argelander’s 
Catalogue, and for 6 and 9 from Airy’s Catalogue for the year 
1840 The latitude employed in computing the coefficient of e 
is <p = 59° 46' 3. The degrees and minutes of 8, omitted to 
save room, are the same as those of D In order to apply the 
same formula to the stars obseived below the piole, w r e have only 
to employ the supplements of their decimations instead of the 
decimations, that is, to reckon them over the pole (Art. 128 ) 


Stars 

Instr dec = D 

8 

1 

Equation^ 

V i 

1 fi Sagitta? a 

— 21° 5' 55" 5 

40" 6 

— 14"9 = £ + 099f 

— 5" 4 

2 7] Serpentis 

— 2 56 28 8 

3 4 

— 20 4=£ + 089e 

— 7 .7 

3 ftSerpentis 

+ 3 59 47 1 

59 5 

— 12 4 = £+0 83e 

+ 2 2 

4 C Aquilce 

13 37 34 6 

48 3 

— 13 7 = £ + 0 72e 

+ 4 .4 

5 a Lyrce 

38 37 47 1 

70 4 

— 23 3 = £ -(- 0 36e 

+ t> .2 

6 x Cygni 

53 3 55 5 

83 6 

— 28 1 = £ -)- 0 12 e 

+ 9 0 

7 dDraconis 

67 21 51 6 

99 7 

— 48 1 = £ — 0 13 e 

— 3 1 

8 8 Ursce Mm 

86 34 22 6 

81 2 

— 58 6 = £ — 0 45 e 

— 3 4 

9 2 Zyncis,sp 

120 55 12 0 

79 9 

— 67 9 = £ — 0 88e 

+ 0 9 

10 $ Aungce,s p 

124 19 4 5 

76 9 

— 72 4 = £ — 0 90 e 

— 3 0 


The solution of these 10 equations gives 

£ = — 40" 9 with the probable error = 1" 2 
e = + 31" 7 “ “ “ “ = 1" 8 

The last column gives the residuals v after the substitution of 
these values m the 10 equations From these residuals we find 
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the probable error of a single equation to be 3". 9, which is com* 
posed of the error of observation and the error m the star’s decli- 
nation This degree of accuracy in the determination of abso- 
lute declinations, with an equatorial instrument of such dimen- 
sions, is surprising, and is a striking proof of the peifection of its 
workmanship At the same time we perceive that very crude 
determinations will be obtained if we neglect the flexure. 

253 To find 7 } — This will be found by comparing the instru- 
mental hour angles of different stars, near the meridian, with the 
observed clock times of their transits over a given thread We 
shall, at the same time, find the instrumental constants i and e, 
and the index correction of the hour circle 

We shall suppose the thread on which the stars are to be 
observed to be placed in the dheetion of a circle of declination, — 
that is, as a transit thread, — and to be m the optical axis of the 
telescope. This optical axis may be defined to be the line 
drawn through the optical centre of the objective, and the centre 
of the position circle of the micrometer: consequently, when the 
thread is revolved 180° by this circle, it should still pass through 
the optical axis As the thread may not be precisely adjusted 
in this respect, the error is to he eliminated by combining two 
observations taken m these two positions of the thread Two 
such pairs of obseivations aie to be taken on each star, one pair 
with circle preceding, and one with circle following A second 
star, in a widely different decimation, being observed in the same 
manner, we shall have all that is required for the determination 
of our constants If we observe a greater number of stars, we 
can treat the observations by the method of least squares 

Supposing two stars to be observed, one near the pole and the 
other near the equator, the observations should be symmetrically 
arranged according to the following schedule, in which the posi- 
tion I denotes circle preceding, and U circle following, and the 
letters a and b refer to the two positions of the transit thread for 
the two readings of the position circle differing by 180°. We 
should endeavor to make the mean of the times of the four 
observations on a star coincide very nearly with the instant of 
its meridian passage. 
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Star 

Position 

Clock 

Means 

Hour circle 

Means 

1st Star 

i 

a 

b 

(2\). 1 
i 

= 

T, 

ft). \ 
ft)* > 

= 


R A = a 

Decl = d 

ii 

b 

a 

m I 

(T a \ i 

= 

T a 

ft)* x 

ft). L 

= 

t* 




Mean 

= 

T„ 

Mean 

= 

f o 

2d Star i 

ii 

a 

b 

m. i 
to* i 

= 

t; 

ft). 1 
ft), ) 

= 

u 

R A = a' 

Decl = 3' 

i 

b 

a 

(7Y)> x 
kT x '\ i 

— 

t; 

ft), t 
ft o. [ 

= 

V 




Mean 

= 

t; 

Mean 

— 

V 


The observations being very near the meridian, the flexure of 
the telescope (e) has no sensible effect That term of the flexure 
(s) of the declination axis which is multiplied by tan d may 
become sensible for stars near the pole, but, as it will always be 
combined with i, it will be convenient to put 


?, = i — ebih; ( 261 ) 

The term s cos <p cos t, which is always less than s, will be 
practically unimportant, and will here be neglected A method 
of determining e will, howevei, be given hereafter. 

"With this notation we find, by putting r = 0 m the second 
member of (259), for the observation at the clock time T v 


Tj -f- At -f- v tan <5 + c sec s — \ ^ 

and if a T is the clock correction, we have also 

r,= z\+ Ar-a 


Hence, by putting 
we deduce 


X = A t — A T 


tan 3 + c sec 3 — i, tan 3 = T, — t, — a — A 

In the same manner the observation at the clock time 7 2 gives 
^ tan 3 — - c sec 3 + i t tan 3 = T 2 — t 2 — a — A 
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and from these two equations, with the notation of the above 
schedule, 

i) tan S =r T 0 — t 0 — a — A 
c sec S — i 1 tan S = \ [(T, — *,)—( T a — t a )] 

The second star gives, in the same manner, 

ry tan S' = T 0 ' — f 0 ' — o' — A 
c sec S’ — i, tan S' = > [( T/ — f/) — ( T{ — # a ')] 

E> combining the two equations in r/, we have, therefore, the 
tollowmg three equations 

5j (tan S — tan S') = ( T 0 — T 0 ') — (f 0 — t’) — (<* — a') 'j 
c sec S — q tan S = \ [(f a — f,) — ( — Z\)] > (262) 

c see S' - q tan -5' = 4 [(V — f,0 — ( 7 1 / — I 7 ,')] J 

which determine iy, q, and c from the observed clock times and 
the readings of the hour circle 

We can then find the value of A by the formula 

X — T 0 — t 0 — a — t) tan S — T 0 ' — t 0 ' — a' — , tan 5' (263) 

and finally, if the clock correction is otherwise known, the index 
correction of the hour circle, by the formula 

Af=n!T + A (264) 

Example — The following observations were taken, according 
to the above method, with the equatorial of the Pulkowa Obser- 
vatory, on June 3, 1840 



Clock times 

Horn ciicle 

6 Urm Mm X a 
b 

II b 
a 

18 * IT 25 8 } 7l = 18 ‘ 22 ” 41 ‘ 2 

29 sl 5 } 22 4 

23* 58 m 21* 1 1 
59 37 9 J 

0 2 55 01 
5 17 7 j 

q = 23* 58™ 59* 5 

. q = 0 4 6 4 

T 0 = 18 25 31 8 

t 0 = 0 1 88 0 

a Lyrse II fit 

b 

1 b 

a 

34 10 0\ rp, — iQA35m 2' 7 
36 55 4 / 60 ~ 1 

41 24 9} r f= 18 40 29 0 
r 0 '=18 37 45 9 

0 2 56 71 
4 42 5j 
8 23 41 
10 15 4 j 

■ tj’= 0* 3 m 49* 6 
|.q'= 0 9 19 4 

<„'= 0 6 84 6 


The places of the stars, according to the Nautical Almanac, 
were — 

S Ursce Mm o = 18* 24"* 5* 8 S = 86° 35' 2 
aLyrce o' = 18 31 34 0 S'= 38 38 1 
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Hence our equations (262) become 


whence 


15 97 1? = + 15*6 
16 80 c — 16 77 ij = — 17 2 
128c— 0 80 i, = — 1 75 


H = + 0' 98 = + 14" 7 
i, = — 0* 92 c = — 1* 94 


The values of \ and c are here not separately so well determined 
as they would be if the second star were nearer to the equator 
Their difference, however, z, — c = + 1* 02, is accurately deter 
mined by the first star ¥e next find, by (263), 

1 = — 23*4 


and if the clock correction is aT— + 20 s 0, the index correction 
of the hour circle is, by (264), 


At = — 3* 4 

To give the reader some idea of the stability of a large equa- 
tonal properly mounted, I will here give the values of f and rj, 
together with the coefficient of flexure of the tube (e), deteimined 
by the above methods, for the Pulkowa instrument during a year 
They are taken from Struve’s Description de l’ Observaknre Central, 
p 204, only changing the signs of £ and jy to agree with the 
preceding notation 




t 

e 



V 

1840, May 

15 

— 41" 

2 

+ 32" 

6 

1840, April 17 

+ 

18" 

9 

June 

3 

— 46 

4 

+ 21 

7 

a 

28 

+ 

14 

8 

K 

22 

— 40 

9 

+ 31 

7 

June 

3 

+ 

14 

7 

July 

3 

— 54 

3 

+ 19 

0 

July 

24 

+ 

10 

2 

tc 

24 

— 48 

3 

+ 34 

2 

Sept 

24 

+ 

10 

8 

Aug 

9 

-43 

0 

+ 36 

2 

Nov 

3 

+ 

4 

4 

Sept 

24 

— 43 

2 

+ 21 

7 

Dec 

26 

+ 

11 

4 

XC 

26 

— 53 

0 

+ 37 

2 

1841, Mai 

15 

+ 

15 

2 

Nov 

10 

-38 

5 

+ 35 

4 


Mean -f 

12 

5 

Dec 

26 

— 44 

1 

+ 29 

3 






1841, Mar 

15 

— 43 

5 

+ 25 

5 







Means — 45 1 + 29 5 


Yol IL— 25 



886 


EQUATORIAL TELESCOPE 


The tempeiatuic dui mg this penod varied fiom — 22° to + 86° 
Faht The constancy of the coefficient of flexuie for the 
extiemes of tempeiature is as remarkable as the stability of the 
axis 

264 By the preceding method of finding rj we also find the 
constants \ and c, but we can find rj independently of these 
constants by observing the declinations of stars on the six hour 
circle "When r = ± 6", we have, by (259), 

8 = D ij — e sin <p cos 8 

where D is the mean instrumental declination from the observed 
re adin gs m the two positions of the instrument (the two obser- 
vations being taken in quick succession very near the six hour 
circle, and one on each side of it) If we put p — D — d, we 
shall have the equation of condition 

± rj + e sin <f cos 8 == p (265) 

and from a number of equations of this kind the values of rj and 
e will be found 

If the same star is observed both at r = -f 6'* and r = — 6*, 
we shall have, for the two observations, 

1 ) - \- e BID if cos 8 —p l 
— i) ■+ e sin <f cos 8 = p a 

V = i(Pi —Ps>) ( 266 ) 

In which p x — p 2 will be the difference of the observed instru- 
mental declinations, corrected for any difference of refraction 
that may result from changes m the meteorological instruments 
in the interval between the observations 

But it is not always possible to observe stars on the six hour 
circle in both positions of the instrument, the pier or stand inter- 
fering with one of the positions foi stars within a certain distance 
of the pole "We must then find D from a single observation 
by applying the index correction, pieviously found from mendian 
observations by Art 252 The equations formed from such an 
observation should have a weight of only one-half m combining 
the equations according to the method of least squai es. 

255. Both I and rj can be found in a general manner from 
observations upon different stars, without limiting the obser- 
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vations to the mendian or the six hour circle If each obser- 
vation of a star is complete, — that is, consists of the mean of two 
observations in the two positions of the declination axis, — we 
shall have for this mean 

3 — D — y cos (r — #) — Be 
t = t + At — y sm ( T — $) tan 8 B'e 

in which B and B ' are the coefficients of e in (259) Developing 
sin (r — i?) and cos (r — #), we find 

£ cos r -f-jjsinr Be = D — £ ") /2677 

At — £ sm r tan 8 -|- ij cos r tan 8 -f B'e = r — t J ^ 1 

and, from a sufficient number of such equations, At, £, )y, and e 
will be determined 

256 Again, £ and rj may be found from single observations, — 
that is, observations m but one of the positions of the declination 
axis, — by observing each star twice at very different hour angles 
We shall have for two observations of the same star at the hour 
angles r 1 and r 2 , circle preceding in both observations or follow- 
ing in both, 

r, ==£, -f- At — £ sin q tan 8 -)- r/ cos r, tan o ± e sec 8 ~ i tan S ± AjS-f- J?,e 
r Ji=t a + At — £ sm T a tan 8 rj cos r a tan 8 ± c sec 8 i tan 8 ± A a s -)- B x e 

where the signification of A and B is apparent from (259) The 
difference of these equations gives 

— £(sin sin t,) tan 8+rj (cos r 3 — cos q)tan 3±(A a —A 1 ) e+ (B a — JJ,) e= 

T * ~ h ~ (.*» ~ *i) = 2 <7 

Now, suppose one series of observations m which each star is 
observed at equal or very nearly equal distances from the meri- 
dian, east and west this equation will then be reduced to the 
form 

— £ sm r tan 8 - f- e cos <p sec 8 sm r = q (268) 

and from the whole senes, embracing stars of very different 
declinations, £ and e will be determined 
Suppose another series in which each star is observed at or 
very near to its upper and lower culminations the equation will 
take the form 


— jj tan 8 « cos <p = q 


(269) 
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This series will, therefore, determine ? and e. The upper sign 
will here he used for a series in which the circle is west of the 
meridian at the upper culminations and east of the meridian at 
the lower culminations This appears to he the most simple and 
satisfactory method of finding the flexme e of the declination 
axis Anothei method will be given m the next article 

257 All the preceding methods of determining the mstrm 
mental constants depend upon the accuiacy of the graduations 
of the two cycles of the instrument Let us mquue how far 
it is possible to determine these constants independently of the 
circles, or without involving their enors * 

Fust — The inclination 90° — e of the telescope to the decli- 
nation axis can be separately determined, independently of the 
other constants, as follows Bring the telescope into a horizontal 
position m the plane of the meridian, the decimation axis being 
then also honzontal Place two collimating telescopes m the 
prolongation of the optical axis, one north and one south, 
and, directing them towards each other, bring the cross threads 
in their foci into optical coincidence (the equatorial telescope 
being for this purpose temporarily moved out of the line joining 
the collimators by revolving it about the hour axis) Then, 
bringing the telescope upon one of the collimators, and clamping 
the hour circle, measure with the micrometer the distance 
between the fixed thread that marks the optical axis and the 
cross thr ead of the collimator It evolve the telescope upon the 

decimation axis, and measure the distance between its optical 
axis and the cross thread of the other collimator The difference 
of the two micrometer measures is the value of 2 c To elimi- 
nate any eccentricity of the fixed thread with respect to the 
optical a-viB, let each observation on a collimator be the mean of 
two taken in reverse positions of the thread corresponding to 
readings of the position circle differing 180° This method is 
identical in principle with the process given for the transit 
instrument, and more fully explained m Art 145 Instead of 
one of the collimators, a distant tenestnal point may be used 
We may, at the same time, determine the flexure e of the 
telescope, with the aid of the declination circle, but without 
involving its errors of division (Art. 204) 


* See Bessel’s Astronom Untmuch , Vol I p 14 
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Second — An equation for determining the inclination, 90° — i, 
of the declination and hour axes, can be obtained from the 
observation of the transits of two different stars m the same 
fixed position of the decimation axis, that is, with the hour circle 
clamped at any assumed reading If r and r' are the apparent 
hour angles of the stars, and T, T' the sidereal clock times of 
the transits (corrected foi clock rate), the difference 2 q of these 
hour angles will be known by the formula 

2q = r'-r = T'- T — (a' — .a) — (f — r) 

where r and r' are the corrections of r and r' foi refraction , and, 
as the difference is very small, we may use r for r' m the second 
member of (259) hence, if the circle precedes, we shall find 
for this difference the expression 

2 q — — \y sin (r — #) -j- i — cam <p] (tan S' — tan S') 

+ (c + e cos <p sin r)a*(sec s’ — sec S) 

Now reverse the decimation axis, setting the hour circle at a 
reading differing 12* from the former reading, and repeat the 
observation on the same stars on the following day. We shall 
then have, in the same manner, 

2 q'= — am (r — 15») — i + e sin <p] (tan S' — tan S) 

— (c — e cos <p sin r) (sec S' — sec S) 

The half difference of these equations is 

q' — q = (i — e sin <p) (tan S' — tan 3) — c (sec S' — sec S) (270) 

from which, c being previously known, we find the value of 
i — £ sm cp The hour circle is here used only to set the instru- 
ment approximately in the reverse position, and so that the values 
of r m the second members of all the equations may be regarded 
as equal to each other m the computation of the small terms. 
We thus find the combination % — esmp independently of the 
circle reading , but we cannot separate i without such reading 
Thud —The quantities ? and rq may be found independently 
of the reading of the circles by observing the same star at its 
upper and lower culminations, and also at its east and west 
transits over the six hour circle, without revolving the telescope 
upon the declination axis, and measuring the distance of the star 
in declination from the sight hue with the micrometer Thus, 
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f r = 0 and r = 180°, the reading of the declination circle 
ing constant, and /, and f 2 the micrometer distances of the 
ir from the sight lme m the tivo observations, r, and r 2 the 
fractions, and S the true decimation, we have 

$ r = d -j- ud 4- / x — £ — e (sm <p cos d — cos <f sm 6 ) 

d + r a = d-\-*.d-\-f a + 5 — e (sin <p cos d -f cos <p sm S) 

id the difference of these equations gives 

? = i (fi - A) + i ( r » + A) + * 008 9 sm s (271) 

Tor r = 90° and r = 270°, we have 

3 -j- r, = d + Ad -f A — 7i — e sin <f cos S 

d + r a = d + Ad + /, + — e sm <p cos S 

i which rj and r 2 will he equal if no change in the meteoro- 
,gical instruments has occurred The difference of these equa- 
ons gives 

l = i(A -A) ( 2 72) 

258 A precise deteimination of the constants would be re- 
uired if the instrument were to be used for determining abso- 
ite hour angles and decimations But so large an instrument 
3 liable to be so much affected by its own weight and by changes 
f temperature that we could not rely upon the constancy of 
fcs condition for the intervals of time that must necessarily 
lapse between the determinations of its enors and its apphca- 
ion to the observation of absolute positions of stais Hence its 
hief application is to the measurement of small differences of 
ight ascension and dechnation, oi of distance and position angle 
>f two stars with its micrometer The advantages of the equa- 
orial system of mounting foi this application aie obvious 
The methods of conducting these micrometer observations are 
hscussed in the next chapter. 
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CHAPTER X 

MICROMETRIC OBSERVATIONS 

I shall confine myself to those micrometers which have been 
most generally approved by astronomers, eithei for their con- 
venience or their accuracy, and which are more or less m com- 
mon use at the piesent day 

THE FILAR MICROMETER 

259 This has already been fully desenbed in Chapter II, 
where also the methods of finding the angular value of a re- 
volution of the screw have been given Those applications in 
which this micrometer is but an auxiliary of some principal instru- 
ment — as in the transit instrument, meridian circle, &c — have 
already been treated of under their appropriate heads We are 
here to consider it as the principal instrument, and the telescope 
as the auxiliary consequently, we aie to suppose the tele- 
scope to be mounted with special reference to the convenience 
of micrometric observations, or, m short, to be an equatorial 
telescope We also suppose it to be furnished with a position 
circle, constituting it a 'position micrometer (Art 49). 

TO FIND THE DISTANCE AND POSITION ANCLE OF TWO STARS* WITH 
THE FILAR MICROMETER 

260 With the equatorial mounting, the telescope can be 
readily directed to the stars at any time by setting the circles to 
the known hour angle and decimation of the middle point 
between the stais Moreover, the automatic movement of this 
instrument (by the driving clock), by means of which the stars 

* T say “ stars,” in general, for brevity , but the methods given are obviously 
applicable to the measurement of the distance and position angle of any two near 
points, as the cusps m a solar eclipse, or to the measuiement of apparent semi- 
d*araeters, &c 
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are kept in a constant position in the field, is indispensable foi 
the exact measurement of their distance and position angle 
The mi crometer is to be revolved until its transverse thread, 
■which is parallel to the screw, passes through the two stars 
The zero of the position circle (i e the reading when the trans- 
verse thread is in the direction of a circle of decimation) being 
known = P 0 , and P being the reading upon the stars, we have 
at once the required position angle p, by the formula 

p = P-P a (273) 

The distance of the stars is measured at the same time, by 
placing the fixed micrometer thread (which is perpendicular to 
the transverse thread) upon one of the stars, and the movable 
thread upon the other The reading of the micrometer now 
being M (revolutions), and its zero for coincidence of the thieads 
being M w the required distance in revolutions of the micro- 
meter is 

m = M — M 0 (274) 

If H is the value of a revolution in seconds of arc (Arts 42, 43, 
kc ), and s = the observed distance in aic, we then have 

tan %s = m tan B, or, nearly, s = mJR (275) 

The distance m may also be found by placing the same thread 
successively upon the stars and taking the difference of the 
micrometer readings, thus dispensing with the fixed thread and 
with the determination of Jf 0 It will be still better to use two 
movable threads whose constant distance is known, as will be 
illustrated in Art 265 

In this process, we should bring the images of the stars on 
opposite sides of the middle of the field, and at very nearly 
equal distances from it The position angle measured is then the 
angle between the arc joining the stars and the circle of decli- 
nation drawn to the middle point between the stars Both the 
distance and position angle thus observed are apparent , the effect 
of refraction will be considered hereafter 

261 Correction of the observed position angle for the errors of the 
equatorial instrument — The preceding process would be complete 
if the zero of the position circle always coi responded to that 
position of the transverse thread m which it coincided with a 
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circle of declination The adjustment described in Art. 49— 
namely, placing the micrometer thiead so that an equatorial stai 
in the meridian runs along the thread — assumes, 1st, that the 
micrometer thread is perpendicular to the transverse thiead, and, 
2d, that the equatorial msti ument is in perfect adjustment m all 
respects, so that the transverse thread, once adjusted to the meri- 
dian, will remain in the direction of a circle of declination in all 
other positions of the telescope 

The first source of error is avoided by adjusting the transverse 
thread independently of the micrometer threads This will be 
most readily done by directing the telescope upon a distant ter- 
restrial point, and revolving the micrometer until a motion of the 
telescope upon the declination axis alone causes the point to 
move exactly along the thread The thiead then represents a 
decimation circle of the instrument, or rather a circle whose pole 
is that of the decimation axis , and we take the reading P 0 in 
this position as the zero of the position circle 

The second source of error is next to be removed by compula- 
tion, based upon the actual state of the insti ument The distance 
of the stars is correctly obtained independently of the errors of 
the equatorial adjustment, and we theiefoie have only to inves- 
tigate the effect of these errors upon the position angle The 
adjustment of the thiead by the method just described causes 
the thread to be at right angles to the arc QS, Fig. 54, Pig 54 _ 
which joins the pole of the declination axis and the 0 
star If P is the celestial pole and A is the required r\ 
correction of the observed position angle, we have \ X \> p 
the angle QSP = 90° — A Let P' be the pole of the \ 7^r> 

instrument, and put 'y 

s 

QSP r = 90° — Q } PSP' = f 


we shall then have 

* = 2 + Q 

The triangle QSP' gives, with the notation of Art. 245, 

sm i — sin c Bin d* 

sin Q Ti 

cos c cos a 


pr, with sufficient precision, 

Q t sec <5 — c tan 8 
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'o take tlie flexure of the decimation axis and telescope into 
ccount, we see, hy Art 246, that we must increase i by the cor- 
ection di = — $ sm <p, and c by the correction dc = e cos <p sm r. 
Ien.ce, puttmg, as in Art 258, 


i 1 = i — e sin <p 

ve have 

Q = sec 3 — c tan 3 — e cos <? tan 3 sm r 
Che triangle PSP', with the notation of A^ts 245 and 247, gives 


sm q — 


sin y sm (r — &) 
cos d' 


>r, with sufficient precision, 


q = y sm (t — 3) sec 3 

md it is evident that the flexure produces no sensible effect upon 
his angle We have, therefore, 

l = y sin (t — <&■) sec 3 -j- sec <3 — c tan 3 — e cos <p tan 3 sm r (276) 

This formula can be used foi either position of the declination 
ixis by observing the precepts of Ait 248 , but if we wish to lot 
5 always represent the actual decimation, and regard (276) as 
applicable to the case in which the decimation encle precedes, 
we shall have, for the ease in which it follows, 

l = y sin (r — 3) sec 3 — t, sec 3 -j- c tan 3 — e cos <p tan 3 sin r (276*) 

The value of 8 must be that which belongs to the middle of 
the Held, or the mean of the apparent decimations of the two 
Btars. 

The position angle resulting from the observation will now be 


p = P-P t + X (277) 

262. The constant c expresses the angle between the optical 
axis and the axis of collimatrori , and it may be well to repeat 
here the definitions of these terms as we have used them The 
optical axis is the straight line drawn through the optical centre 
of the objective and the centre of the position circle , and the 
axis of collimation, the straight line drawn through the optical 
centre of the objective peipendiculai to the declination axis 
Wow, the transveise thread may not pass through the optical 



FILAR MICROMETER. 


395 


axis, but may have a certain eccentricity hence, to obtain the 
position angle according to the above formula with the utmost 
rigor, we must take the mean of two observations m leveised 
positions of the thread, corresponding to readings of the position 
circle diffeiing 180° 

The correction if the equatorial adjustment is good, will 
seldom amount to one minute of arc, and may usually be disre- 
garded The importance of a conect determination of the posi- 
tion angle increases with the distance of the stars, since an error 
in this angle will produce errors m the deduced relative right 
ascension and decimation of the stars which are directly propor- 
tional to this distance at the same time, the gi eater distance is 
favorable to accuracy m the observation of the position angle 
The field of the filar micrometer, howevei, is small, diminishing 
as we increase the magnifying power for the sake of increased 
accuracy , and, since for this observation both stars must be seen 
m the field at once, we are obliged to use low powers for the 
greater distances (from 10' to 20'), and thus lose, in a degree, 
the advantage which the increased distance would otherwise 
afford This difficulty does not exist m the use of the hehometei , 
for which, therefore, a greater degree of refinement in the deduc- 
tion of the position angle is requisite, and the above correction 
becomes of greater importance 

263 Reduction of the observed position angle to the mean of the 
position angles at the two stars — Let 5 and S' , Fig 55, 
be the stars, P the celestial pole, S 0 the middle point 
between the stars, and let the arc SS' be produced 
through the star S' towards A . Let 

jp' = PSA , p" = PS'A 9 p = PS 0 A 

It is usual to assume p to be the mean of p' and p" 9 
but for large distances, and when the stars are near 
the pole, a correction becomes necessary If we put 

d, <$', $ 0 = the decimations of S , S', S oJ 
s = the distance SS' } 

the triangle PS 0 S gives 

cos d cos p' = cos l s cos 5 0 cos p -f- sm £ 5 sin $ a 
cos $ sm p f =■ cos d Q sm p 
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whence 

cos d sin (p' — p ) = — sinis sm 8 0 sm p -|- sm’iscos 5 0 sin 2 p 
cos 8 cos (p r — p) = cos o 0 -j- sm i s sin <S 0 cos p — 2 sin 2 i s cos 8 a cos 2 j) 

and, developing sm J s and sm J s in senes, 

cos 8 sin (j)' — jj) == — \ s sm d 0 sin p -j- x’g s 2 cos <S 0 sin 2p -f &c 
cos 3 cos (p 1 — p) = cos <S 0 -f- i 8 sm o, cos p — &c 

Dividing the first by the second, and putting for tan (p' — p) its 
value in series, we find 

p’ — p = — £ s tan <3 0 sm p -f 1 ^a*sm 2p (1 -(- 2 tan 2 <5 0 ) — J.S 3 -f &c 

In like manner, the triangle PS 0 S’ gives 

cos S’ cos p" = cos J s cos 8 a cos p — sm J s sin <5 0 
cos 8' sm p" = cos <5 0 sin p 

from which we see that the development of p" — p will he ob- 
tained from that of p' — p by merely changing the sign of s • 
hence 

p" — p = -)- £ s tan 8 0 sin p + s 2 sin 2p (1 -)- 2 tan 2 <S 0 ) -(- yi.s 5 -j- &e 

Neglecting only the 4th and higher powers of s, we have, there- 
fore, 

i (/ + P") - P = * S 2 sin 2p (1 + 2 tan 2 *„) (278) 

which is the required correction to be added to the observed 
position angle p to reduce it to the mean §• (p ! + p") When s 
is expressed in seconds of arc, the second member must be mul- 
tiplied by sin 1". 

We also find, within terms of the 3d order, 

2 ip" — P r ) = l « tan 3 0 sm p (279) 

The purpose of the observation is usually to determine the 
place of one star from that of another which is given It will 
be convenient .hereafter to considei the observed position angle 
as expressing the position of the unknown star referred to the 
known . thus, in the above formulae the three position angles 
p', p", p are all reckoned in the direction from the known to 
the unknown star, p' being the angle at the former, p" the angle 
at the latter, and p the angle at the middle point between the 
two stars, 
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TO FIND THE APPARENT DIFFERENCE OF RIG-HT ASCENSION AND 
DECLINATION OF TWO STARS WITH THE FILAR MICROMETER 

264 First Me thod — Observe the distance s, and the position 
angle p, of the unknown star from the known star, by the pie- 
ceding method For a rigorous method of computation we 
must first reduce the observed angle to the mean of the angles 
at the stars, by (278) Thus, if we denote this mean by p n , we 
fiist find 

p„=p + ■ fas* sin 1" sin 2p (1 + 2 tan J 3 0 ) (280) 

in which we may take 8 0 = the mean of the declinations of the 
stars, which may be found with sufficient precision by a lough 
preliminary computation If we also put Ap — &(p" 
find in the next place, by (279), 

Ap = -\s tan o 0 sin p (281) 

How, a, 8 denoting the light ascension and decimation of the 
known star, a', 8' those of the unknown star, the triangle 
foimed by the two stars and the pole gives, by the Gaussian 
equations of Spherical Tugonometry, 

sin £ (S' — 8) cos £ (o' — a) = sm 1 s cos p„ 

. cos £ (8' — 8) cos £ (o' — a) = cos £ s cos Ap 

sin £ (S' + 8) sin £ (o' — o) == cos is sin 
cos £ (S’ + 8) sin £ (o' — a) = sin $ s sm p„ 


The 1st and 2d give 

tan £ (8’ — 8) — tan $ s (282) 

J COS Ap 


Having thus found £($' — 8), we also have £(<?'+£) = $ + 
| (8' — 8), and then the 4th equation gives 


Sin i ( a ' — a) = 


sin j s sm p 0 
cos } (£' + 5) 


(283) 


Yoi an approximate method of computation, sufficient m most 
cases, we can neglect the difteience between p andjp 0 , and, con- 
sequently, also neglect terms in s’ in (282) and (283), so that 
these equations wall become 


8 ’ — 8 = s coap 

o! — a = s sin p sec £ (S' + i) 


} ( 284 ) 
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Example — In 1846, November 29, at tbe "Washington Obser- 
tory, Mr Sears C Walker observed the position angle and 
stance of the planet Neptune from a star as follows 

Sid time = 0* 17“ 52* P = 82° 85' 7 m == 20 576 rev 

Eor the zero of the position circle he found P # = 272° 88', 
Ld the value of a revolution of the micrometer was H = 15".406. 
ae star’s apparent place was 

• = 21* 51“ 50* 69 d = — 13° 25' 52" 76 

ence we have, by (284), 

— P t =p = 169° 57' 7 log cos p w9 99380 log sin p 9 24132 

log mR = log s 2 50105 log $ 2 50105 

— S = — 5' 12" 14 log (S'—i) n2 49485 log see \ (d'+ 5 ) 0 01212 

3'+*)=— 13° 28' 29" »'-a=+56" 82=+ 3* 79 log(a'— a) 1 75449 

he computation by the rigorous formulse (282) and (288) gives 
e same results Neglecting the differential refraction, which 
ill be treated of hereafter, these differences applied to the 
ven place of the star give for the place of Neptune at the 
iereal time 0* 17” 52*, 

a' = 21* 51” 54* 48 3' = — 13° 31' 4" 90 

i the case of a planet the place thus found has also to be cor- 
cted for its parallax (Arts 102, 103, of Vol I ) 

265 When one of the stars has a proper motion , the mean of 
veral observed distances and position angles will not corre- 
iond precisely to the mean of the times To proceed rigorously 
that case, we must compute the differences of right ascension 
id declination from each observation , and, as these differences 
ay be regarded as proportional to the time, then mean will 
>rrespond to the mean of the times But a briefer method 
* reduction consists in employing the mean of the observed 
stances and position aiSgles corrected for second differences Let 
, s a , s a , &c be the observed distances, and s 0 their anthmetacal 
ean, Pi,p a ,p a , &c the observed position angles, and p 0 their 
uthmetical mean, T v T v T s , &c the corresponding observed 
mes, and T their arithmetical mean Let s and p denote the 
dues of the distance and position angle con espouding to the 
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time T We have only to find s and p, with which a single com- 
putation of the differences of right ascension and decimation 
will give the quantities required for the time T 

Xiet acc, be the changes of light ascension and declination 
in one sidereal second If a', o' aie the values which corre- 
spond to the time T, we have 

5 8111 p — (a! — a) cos J- ( $ ' + 9) 
s cos p = S' — 9 

and, consequently, 

Sj sm p x = (a! — <*) cos i (9’ + 8) + A® (T, — T) cos } (9’ ■+■ 8) 
s, cosp, = 5' — 9 + Ad (2\ — T) 

Put 

T x — T = Tj, T„-T= r„ T a -T=r„ &c 


and, also, 

f sin # = Aa cos J (5' -}- 3) 

/ cos = Afi 

} (285) 

then 

s x sin p x = s sin p +/ sin # t x 
s, COS 2), = s cos p +/ COS # Tj 


whence 




s, sm O — p x )=} sm Q» — *) r x \ ^ 

s x cos Ip — p x ) = & + /eosQ> — #) n J 


These equations give, first, 


tanQj — p x ) = 


^sin(p — #) ^ 

- 

1 -|- — cos Q? — t. 


which developed in series [PI Trig Art 257] gives 


/ sin (j>-*) _ £ sm2(p- *) V &c 

* Pi o sm 1» 1 S 2 sin 1" A 


Each observation gives an equation of this form , and the mean 
of n such equations, observing that It = 0, is 


/ a sm 2 (jp — #) ^ 
P=Po — J sin 1" 2n 
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where we neglect terms of the third and higher orders. Here r 
is expressed in seconds of time, and we have, very nearly, 

r 3 2 sin 1 i t 

¥ — (15 sm l") 2 

If we employ the quantity w given by Table V., — i.e. 

2 sm 2 £ t 

m = TfT 

sm 1" 

our formula will become 

= (2861 

Again, the sum of the squares of the equations (A) gives 
V = s 2 + 2 ft cos Q> - .9) 7, + (fry 

whence 

where the terms of the third order are neglected The mean 
of n equations of this kind is 

£o _ i , / 2 ain , (p — fl) 2r 3 
s s s 2 n 

and, if M is the modulus of common logarithms, we have, very 
nearly, 

i i „ rt f \ 2 sin a (j> — ?9) Sm 

log« = log«._Jf( — ) -Jfcr-L — (287) 

It will be convenient to find the correction of p 0 m minutes 
of arc, and the correction of log s 0 m units of the fifth decimal 
place , for which purpose we have to divide the last term of 
(286) by 60, and multiply the last term of (287) by 10 5 It will 
also be convenient to let aoc. and a 8 be the changes of right as- 
cension and declination in one minute of mean time, as they will 
usually be given in this form , and then we must divide f by 
60.164 (= no of sid seconds in 1”‘ of mean time) With these 
modifications our formulae will become 

P = P, — i 2 93984] £ sin 2Q> _ *) ^ 

O 71 

log s = log s 0 — [4 04185] sin 3 (p — - #) ^ 
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where the logarithm of the constant factor is given. The quan- 
tities AOt, a<J,/, and s are supposed to he expressed in seconds 
of arc. 

266 Second Method — Set the declination circle of the equa- 
torial instrument to the mean decimation of the two stars ; direct 
the telescope to a point a little in advance of the stars, and clamp 
the hour circle The telescope being fixed, the diurnal motion 
will carry the stars across the field Set the transit threads (i e. 
the tiansverse thread and the threads parallel to it) in the 
direction of a circle of decimation, and, as the stars pass across 
the field, observe the clock times of their transits over the threads 
At the same time, set the micrometer thread upon the two stars 
successively as each passes the middle of the field, and read the 
micrometer interval between them, this will give at once the 
difference of decimation The difference of right ascension will 
be the difference between the observed clock times of transit of 
the two stais over the same threads, this difference being, of 
course, reduced to a sidereal interval when necessary, and also 
corrected for clock rate 

For the reduction of defective transits, it is necessary to know 
the intervals of the threads, which will be found as in the transit 
instrument (Art 131) 

If one of the bodies has a proper motion, the differences 
obtained are those which belong to the instant when this body 
was observed 

It is usual, in observations of this kind, to avoid all consider- 
ation of the errors of the equatorial instrument, by adjusting 
the movable micrometer thread at the time of the observation 
so that the star runs along the thread * If the transit threads 
are exactly perpendicular to the micrometer thread, they will be 
(very nearly) parallel to a circle of declination drawn through 

* This method is, however, not strictly correct , for the apparent path of a star is 
not precisely perpendicular to the circle of declination, on account of the difference 
of the refraction at different points of this path The error is, indeed, extremely 
small, except when the zenith distance is very great, hut, if we wish to proceed with 
the utmost precision, we can set the threads by means of the position circle If the 
zero jP 0 of the position circle has been determined as in Art 261, and the circle is 
set to this reading, the threads will make the angle k with a true circle of declina- 
tion, consequently, 6 and 6' being the declinations of the stars, we must add the 
correction — d) sin k sec d' to the observed time of transit of the star whose 
declination is d ' The angle k will be found by (276) 

Vol 11—26 
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the centre of the field, hut, to eliminate any error arising from 
a defect of perpendicularity, the threads should be revolved 180° 
by the position circle, and the observation repeated ; and in a 
senes of consecutive observations there should be a like number 
of observations m these two positions 

The slide moved by the screw is often provided with three 
micrometer threads the constant distance of which fiom each 
other is known, and each of the two bodies is observed on the 
thread which is nearest to it By this arrangement we are 
enabled to measure a large difference of declination with but a 
small motion of the screw, which often facilitates the obseiva- 
tion, especially when the stars have nearly the same right ascen- 
sion, and, consequently, pass the middle of the field nearly at 
the same time. 

The equatorial mounting enables us to repeat the observation 
as often as we please, with the greatest facility After each ob- 
servation we have only to revolve the instrument a small dis- 
tance upon the hour axis and clamp it again a little in advance 
of the objects. 

Example — In 1846, November 29, at the Washington Obser- 
vatory, Mr Walker observed the difference of right ascension 
and decimation of the planet Neptune and a star as below The 
micrometer was adjusted so that the star ran along a micrometer 
thread There were three micrometer threads, numbeied 1, 2, 3, 
of which 1 was nearest the micrometer head, and the constant 
distance between 2 and 3 was 29 983 revolutions. The readings 
of the micrometer increased with the declination. The value 
of a revolution was JR = 15" 406 



* 

Transit Thread 

Mean of threads 

Micrometer 


I 

II 

III 

Thread 

M 

Stai 

2*7 

15*2 

27*4 

23* 30“ 15* 10 

2 

R«t 

54 564 

Neptune 

48 2 

0 5 

12 5 

“ 32 0 40 

3 

55 453 


*'— » = -f 1 45 30 + 0 889 

— 29 983 
m = — 29 094 
3 = mB = — 7' 28" 22 
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The star s place was 

o = 21* 50 m 8 * 99 8 = — 13° 23' 85" 11 

■and therefore, neglecting the differential refraction and the 
planet’s parallax, we have 

a' = 21* 51" 54* 29 S' = — 13° 31' 3 " 33 

Winch belong to the time when Neptune was observed. The 
clock correction was — 3 m 31 s 7, and therefore the place deter- 
mined corresponds to the sid time 23* 28 m 28’ 7 

Five observations of the same kind were taken successively, 
which gave at the sid time 28* 30“ 56’, a'-a=+l» 45* 23, 
8' — 8 = — V 29" 40. 

267 Third Method. — "When the telescope follows the motion 
of the stars automatically with great accuracy, we may measure 
the difference of right ascension by placing the micrometer 
threads at light angles to the diurnal motion and setting the 
fixed thread upon one star and the movable thread upon the 
other The middle point of the arc joining the stars should be 
as nearly as possible in the centre of the field If, then, vi is 
the distance of the threads, and its equivalent m arc is s = mi?, 
we shall have, very nearly, sin (a/ — a) = 2 sin f s sec o 0 , in which 
3 U is the mean declination This method will not be used for 
stars far from the equator, and therefore m all practical cases 
wo may take a' — a = s sec <5 0 The objection to this method is, 
that the difference of declination is not found at the same time. 

THE heliometer 

268. This instrument belongs to the class of double image mi- 
crometers The object glass of an equatonally mounted tele- 
scope is bisected, the plane of the section passing through the 
optical axis of the lens, and the two semi-lenses, set in separate 
metallic frames, slide upon each other in a dnection parallel to 
the line of section.* Either senn-lens can be moved, and the 
amount of its motion measured, by a micrometer screw. Each 
semi-lens forms a complete image of a distant object at the pnn- 

* The duplication of the image by means of two complete lenses was invented by 
UouGCiE, in 1748 The improvement of substituting the two halves of a sing!* lens 
was si Ttly aftei made “by John Dollond 
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cipal focus These images (in a peifect instrument) are super- 
posed, and form "but a single image at the focus, when the two 
semi-lenses are m their primitive position forming a single cir- 
cular lens but when the optical centies of the tv o semi-lenses 
aie separated by the sliding motion, the tvo images at the focus 
are separated fiom each othei by a distance equal to the distance 
of the centres of the semi-lenses The instrument thus arianged 
becomes a micrometer adapted foi the measurement of sma'l 
angular distances in general, but, from its supposed peculiar 
adaptation to the measurement of the sun’s diameter, has re- 
ceived the name of the heliometer Thus, if 
— Fig 56 — (Fig 56) is the image of the sun formed 

f \.i' n, at the focus when the centres of the senn- 

( a V a' ) lenses are coincident, and one semi-leiih is 

\. 7V J then moved until the image it foims is in 

the position A', so that its limb is m appa- 
rent contact with that formed by the other semi-lens, the motion 
of the semi-lens, as measured by the micrometer sciew, gives 
the measure of the angulai diameter of the sun as soon as the 
angular value of a revolution of the screw is known 

Again, if A and B (Fig 57) are the images of two stars when 
the semi-lenses are coincident, and if (the direction 
a b of the line of section of the lens being made to com 

* * * cide with that of the line joining the stars) one semi- 

A ' & lens is moved until the image of A is seen at jB, 

while that of B is moved to B\ the motion of the lens as given 
by the screw determines the angular distance of the stars The 
position angle of the two stais will also be determined by the angle 
which the line of section makes with a declination cncle, and 
for this purpose the whole lens is mounted so as to be revolved m 
a plane at right angles to its optical axis, and its position at any 
time is shown by a graduated position circle attached to the tube 


of the telescope 

Such is the general principle of the instrument , but m order 
to give precision to the obseivation, it is necessary that the 
observed point of coincidence of two images should be m the 
optical axis of the complete lens, and that these images should 
be separated by moving the semi-lenses in opposite duections 
and equal distances on each side of this axis, 01 , if these condi- 
tions are not exactly or approximately satisfied, that we should 
have the means of computing the correction which the observed 
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measure lequires For tins purpose, the ocular is also provided 
with a micrometer screw and a position circle, and the position 
of the point of contact of two images, with lespect to the hue 
joining the centies of the two position circles, can be deteimined 
f lie mode of using the data thus obtained will be discussed m 
tlie geneial theoiy of the instrument hereaffcei given 

269 Plate XV represents the heliometer of the Eomgsberg 
Observatoiy, with which Bessel determined the parallax ot 
® Cygni The focal length of the telescope is 102 inches, the 
diameter of the lens is 6J inches The equatonal mounting 
needs no special explanation, as it is essentially the same as 
that described m the preceding chapter, except that the stand is 
heie of wood and adjustable by means of four foot screws. The 
nlidmg motion of the semi-lenses is produced by the micrometei 
screws a, b } which are moved b t \ the obseivei by means of the 
rods a r and b' The measuie of the motion is obtained either 
from the graduated heads of the micrometei screw or from two 
graduated scales, which are lead by the microscopes e and/ 
The latter method is, however, chiefly used as a check upon the 
formei, and also to venfj the legulanty of the screw The 
revolution of the lens about the axis of the tube is effected by 
<i rack (hh) and pinion, which is out of view in the drawing, 
but is acted upon by the rod c In oidei to read the nuciometer 
and position circle aftei an observation is completed, the tele- 
Hcope has only to he revolved upon the declination axis until its 
object end is brought to a convenient position for reading 

It greatly facilitates the successive jepetitions of the observation 
to employ the automatic movement by clock-work , for after an 
observation the telescope can be revolved upon the decimation 
axis without stopping the clocks and after reading the micrometer 
and position circle it can be lestored to its former position m 
decimation, and the objects will be still m the field 

It is one of the chief advantages of the heliometer that the 
precision of the obseivation is not impaired by the diurnal 
motion , for even when we do not employ the driving clock, a 
good result is obtained whenever we have made a contact of the 
images of the observed points near the centre of the field The 
automatic movement is, therefore, not essential to secure the 
accuracy of the observation (as it is in the ease of the filar mi- 
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crometer), but is chiefly important as facilitating the repetition 
of the observation 

It has been objected to the heliometer that the optical per- 
formance of a semi-lens is imperfect In fact, it appears that, 
although the correction for spherical aberration of a complete 
lens may be perfect, it is not perfect for each half of the lens,— 
at least, it has not been found perfect in the instruments of this 
kin d heretofore constructed Theie is also some inflexion of the 
ravs of light produced at the line of section The combined 
effect of these causes is an elongation of the separated images m 
a direction at right angles to the line of section Another ob- 
jection is, that the brightness of each of the images is but one- 
half that of an image formed by the whole lens. It has also been 
found that when the two semi-lenses are in then* primitive posi- 
tion, forming a single complete lens, the two superposed images 
do not always form a single constant image, but that m a dis- 
turbed state of the air the images are frequently seen to separate 
momentarily This effect, of which no entirely satisfactoiy ex- 
planation has been suggested, has been observed in most if not 
all the heliometers 

But these optical defects are more than compensated by the 
superior accuracy in the measurement of distances, resulting 
from the great precision with which contacts and coincidences 
of images can be observed The elongation of the images, being 
in a direction at right angles to the observed distance, has no 
sensible effect upon its measure, and its minute effect upon the 
position angle is eliminated by repeating the observation with 
opposite motions of the semi-lenses, that is, by interchanging 
the images The tremulous motion of stars arising from a dis- 
turbed state of the air is in general common to the images of 
both objects, and, therefore, does not affect the observation of a 
contact , and the momentary separation of the images above re- 
ferred to, which when the semi-lenses are separated produces 
a slight tremulous motion of each image, does not cause the 
images to appear so unsteady relatively to each other as the 
single image formed by a complete lens lelatively to. the thread 
of the filar micrometer. Finally, the experience of Bessel and 
others in the actual use of the instrument has proved that the 
probable error of a single measure, whether of distance or posi- 
tion angle, is less than in the use of any other micrometer * 

w See Bessel’s account of the Kouigsbeig lielioinetei, Astron Nath Vol VIII 
pp 411-426 
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The helxometer possesses a gieat advantage ovei all other 
micrometers m the measurement of comparatively large dis- 
tances With a filar micrometer the distances observed must be 
the less the higher the magnifying power employed, since the 
whole distance must be in the field of view , but no such restric- 
tion exists with the heliometer, where only the point of contact 
or coincidence of two objects is required to be in the field 
With the Eomgsberg instrument above described, a distance of 
1° 52' can be measuied 

GENERAL THEORY OF THE HELIOMETER 

270 In the following discussion of the mathematical theory 
of the heliometer I shall chiefly follow Bessel * 

I shall first investigate the general formulae which determine 
the position of any point of the celestial sphere observed with 
one semi-lens, the data being — 1st, the decimation and hour angle 
of the point of the sphere which is m the heliometei axis, which 
point may be called the pole of the heliometer axis, 2d, the 
position of the semi-lens with respect to this axis, as given by 
the micrometer and position circle of the objective, 3d, the 
position of the point m the field where the image is observed, 
as given by the micrometei and position circle of the ocular 
By the heliometer axis is here meant the straight lme which 
joins the centres of the position circles of the objective and 
ocular, and we shall here apply to this axis the notation which 
in the theory of the equatorial instrument (Art 245) was applied 
to the sight line Thus, 90° — c will now express the distance 
of the pole of the heliometer axis from the pole of the decima- 
tion axis If then we denote by d t and z x the decimation and 
hour angle of the pole of the heliometer axis, we shall have, by 
(258), 

*1 = d + r cos (Tj — $) ) 

r = t + At — y & in ( T i — #) tan d i + c see *i — h tan b i > 

where d and t are the readings of the decimation and hom circles, 
and &d y y, e 7 and t x are the constants of the equatorial in- 
strument, supposed known The terms depending on the flexure 
are here omitted, as not sensibly affecting microinetnc observa- 

# Astronomuche Unw suchungen, Vol T , Tkeont ernes mit emem Heliometer versehenen 
^EquatoreaUInstrummts See, however, also HAnsen’s Ausfuhrliehe Methods mit dm 
Framhofersehen Heliometer Venuehe anzustellen, 4to Gotha, 1827 
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turns, excepting only the term e sm <p tan 8 U which, on account 
of the factor tan 8 V may he supposed to become sensible for 
stars very near the pole , and this teim is included in our for- 
mulae by the substitution of i x = i — e sm f 

It is assumed that the images of infinitely distant points 
formed by each semi-lens are mathematical points, that they all 
lie in the same focal plane perpendicular to the heliometer 
axis, and that the straight lines joining these points and their 
images pass through the optical centre of the semi-lens Let 
t his optical centre be denoted by 0 The point 0 is moved by 
the micrometer screw in a plane which is at right angles to the 
hehometer axis and in a line which should pass through that 
axis, but a perfect adjustment in this respect will not be 
assumed, and we shall suppose that the line m which the point 
0 moves is at the distance b from the hehometer axis The 
position of the point 0 in this line at any time will be deter- 
mined by the micrometer reading m, together with the reading 
that corresponds to some assumed point of the line as an origin 
Let this origin be the point of the line which is at the least dis- 
tance (= b) from the heliometer axis, and let a be the reading 
when 0 is at this point , then the distance of 0 from this origin 
at any time will be expressed by m — a 

The direction of the line of motion of the point O at any time 
will be given by the position cn cle. The zero of the position 
circle will be the reading when this line coincides in direction 
with a celestial circle whose pole is the pole (Q) of the declina- 
tion circle of the instrument, as m Art 261 If we here denote 
thm zero reading by w 0 , and the reading at any time by n, the 
position angle of the line of motion will be 

= n — n 0 + A 

In which we have, by (276), 

A = [y sm (— i — #) -j- tj sec 5, — (c + e cos <? sin r,) tan 5, (290) 

271. Now, m order to express the position of the point 0 m a 
general manner, let us take two planes of reference at right 
angles to each other passing through the hehometer axis, and 
let one of these planes be the plane of the circle of decimation 
passing through the pole of this axis Let A Y, Fig 58, be the 
intersection of the plane of the circle of declination with the 
plane of motion of the semi-lens, AJC tlio intei section of the 
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second plane of reference with the plane of motion , BO the line 
in which the optical centre 0 of the semi-lens moves, A0 X the 
perpendicular from A upon BO Then, according to the nota- 
tion above adopted, we have AO x = 6, 0 Y 0 = m — a, and ABO 
— n — n 0 +A = n — £, where, for brevity, we put 

k = n (y — X (291) 

Hence the distance of 0 from the two planes of reference, or 
its co-ordinates on the axes AX and A F, are evidently 

x = (m — a) sm (n — k) + b cos ( n — k) 
y — (m — a ) cos (n — k) — b sm (n — k) 

The position of the point m the field of the ocular, at which 
the image of the celestial point is observed, which point we shall 
call the point o, will be determined by referring it to the same 
two planes so that if //, a, v, x, ft have the same signification for 
the point o that m, a , A, b have for the point 0, the co-ordinates 
of o. with reference to these planes are 

£ = (/i — a) sm (y — x) -)- /S cos (v — x) 

7] = (/Jt — a) cos (v — x) — P sin (v — x) 


Eig 58 Fig W. 

r p 



The direction of the sight line oO, or that of a star whose image 
is observed at o, can now be determined by means of these co- 
ordinates and the distance f between the planes of motion of o 
and 0 Conceive a straight line to be drawn through o, parallel 
to the heliometer axis This line and the heliometer axis have 
the same vanishing point in the celestial sphere, namely, the pole 
of the heliometer axis Let A, Fig 59, be this point of the 
sphere, S the star in the sight line oO, P the pole of the heavens 
The plane passed through the line oA and the line oO makes 
with the plane of the circle of declination PA the angle PfS—i r; 
and the angle between the lines oA and oO is measured by the 
arc AS — d The distance of 0 from the line oA is / tan A, 
and its distances from the plane of PA and the plane drawn 
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through. oA at right angles to the plane of PA are /' tan A sm a 
and /'tan A cos a These distances are also expressed by a: — c 
and y — y , and hence we have the equations 


f tan A sm a = x — ? 
f tan A cos n = y — ij 

If we take the linear distance of the thieads of the micrometer 
screw of the objective as the common unit of measure of all the 
quantities m, a, b, fi, a, ft, /', and if R is the angular value of one 
1 evolution of the screw, we have, since /'is the focal length of 
the lens, 


Hence, the above expressions divided by/' give 


tan A sm « == tan R [(m — a) sm (n — k) -f- b cos (n — k ) 

— (/i — a) sin (v — x) — fi COS (v — x)J 

tan A cos n = tan R [(m — a) cos (n — k ) — b sm (n — k ) 

— (fi — o) cos (v — x) + j8 sm (v — x)] 


(292) 


These determine A and with which the decimation d and hour 
angle z of the star are determined by means of the formulae, 
derived from the triangle PAS, 


sm S = sm i\ cos A -|- cos d, sm A cos it 
cos o cos (t, — r) = cos f'j cos A — sm S, sm A cos it 
cos 8 sm (rj — r) = sm J sm - 


(293) 


272. We can now pioeeed to the determination of the relative 
position of two stars S and S' whose images have been brought 
into coincidence by giving the two semi-lenses different positions 
This relative position is expressed (as m the use of the filar 
position micrometei) by the distance s = SS 1 , and the position 
angle at the middle point of SS' — p Thus, in Fig 55, p 395, 
& # being the middle point of SS', we have PS 0 S’ = p The 
decimation d a and hour angle r 0 of S 0 will be regarded as known 
Let us distinguish the two semi-lenses by the numerals I and 
II , and let the formulae (292) and (293) refei to the semi-lens I 
and to the image of the star S foi m ed by it Let the image of the 
star S' be formed by the semi-lens II., and let the several quanti- 
ties referring to this star be distinguished by accents, excepting 
those which are common to both stars These common quanti- 
ties are — 1st, the readings n and v of the position circles , 2d, the 
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micrometer reading p — a and the constants /3 and x of the 
ocular, since these refer to a single point of the field. But we 
shall suppose the lines of motion of the two semi-lenses to be not 
perfectly parallel, and shall therefore express the angle which 
the line of motion of the semi-lens II. makes with a declina- 
tion circle by n — k'; so that, nj denoting the zero reading of the 
position circle when this semi-lens is used, we have 

k — n 0 ' — X (294) 

tan A' sm k = tan R [(m' — a') sin (» — k) 4- V cos (n — k ) 

— (/x — <*) sin O' — x) — /? cos (v — x)] 

tan A' cos k = tan R [(m' — a') cos (n — k) — b ' sm (n — k ) 

— Qa — a) cos 0 — x) -f- p sm 0 — x)] 

sin 8' = sm 0 cos A' -f- cos <5, sin A' cos 
cos S' cos Oi — O = cos '"1 cos A' ~ sm "1 8111 A' cos 1 96) 

cos S' sm (r, — t') = sm A' sm k ) 

The triangles PSJ8 and PS 0 S' (Fig 55, p. 395) give 



and 


sm £ s sin p — — cos 8 sm (t 0 — t) 
sm £ s cos p = — sm 8 cos S 0 — cos 8 sm 8„ cos (t 0 — r) 
cos £ s = sm S sm < 5 „ + cos 8 cos < 5 0 cos ( t 0 — t) | 

sm £ s sinp = cos 8' sm (r 0 — r') 
sm £ s (soap — sm S' cos S 0 — cos S' sm o 0 cos (r 0 — k) 
eos£s = sin S' sin 8 0 4 - cos S' cos 5 0 co8(t„ — 1 


(297) 


From these equations we must eliminate 0, r, o', and since the 
values of s and p, resulting from the observation, are to be 
derived only from the declination S 0 and hour angle r 0 of the 
middle point between the stars, and from the data obtained from 
the instrument For brevity, let us write u and v instead of 
tan A sin rr and tan A cos n, and u' and v' instead of tan A' sm k 
and tan A' cos k Also, put r and r' for i/(l + uu + iv) and 
^/(l _j_ u'u' + vV) The equations (293) and (296) become 

r sin 8 = sm S x + v cob $ t 
r cos S cos (r a — r) = cos d l — v sm 
r cos $ sm (r x — r) = u 

and . . , f 

r' sm d f = sm H x -f- if cos \ 

f' COS <$' COS (Tj — r') = cos d x — v f sm 

f COS sin (r x — r*) = U f 
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These, combined with (297), give 

r sin is sinp= — cos sin (r 0 — t-j ) — u cos (r 0 — t,) - f- v am 8 X sm (r Q — r t ) 
r sin Js cosp= — sm <5jCOS <5 0 + cos <5,sin <S 0 cos (r 0 — tJ — wsm <5 0 sm (r 0 — r t ) 
— v [cos cos o 0 -f sm <$, sin <5 0 cos (t 0 — Tj)] 
r cos } s = sm ^sin <J 0 + cos <5,008 <5 0 cos (t 0 — r,)— u cos <5 0 sm (r 0 — r,) 
+ v [cos <5, sm <5 0 — sm <5, cos 8 a cos (r 0 — t,)] (298) 

and 

r'sin § s sm p = cos 5, sm (r 0 — r,) -f- u' cos (r 0 — t,) — v' sm <5, sm (t„ — r,) 
/sm J s cosp = sm <5, cos <5 0 — cos 8 1 sm <5 0 cos (r 0 — r,) -(- v! sin 8 0 sin (t 0 — r,) 
-f- v' [cos <5, cos 8 0 -f sm 8 1 sm <5 0 cos (r 0 — r,)] 

/cos i s = sm 8 1 sin 4+ cos 8 1 cos 8 0 cos (r 0 — r,) — u' cos 8 0 sin (t 0 — t,) 
-j-v' [cos <5, sm <5 0 — sin <5, cos A> cos (t„ — r,)] (299) 

These equations not only determine s and p, but also give a 
relation between d 0 , r 0 and d v r, To find this relation, multiply 
the first two equations of (298) by r', and the fiist two of (299) 
by r, and subtract the former products S'om the latter we find 

0 =■ (r + /) cos <?! sm (r 0 — rj+fr'w -f ru’) cos (r 0 — r,)— (r'v + rv') sm <5, sm (r 4 — r,) 
0 =" ( r + r ') [ 8m <?i cos <5, — cos <5, sm <J ( cos (r 0 — t,)] + (r'u + ru') sm 8 0 sm (r 0 — r,) 

+ ( r ' v + r *') [cos <5,008 <J 0 — (- sm <5, sm 8 0 cos (r 0 — r,)] 

which, tf we put 

tan y sin (? = — -■+ ru> \ 

r + / I 

, . ) (300) 

tan g cos G- = - - — V 

r + r' J 

may bt <mtten in the following form • 

°= [° os Sln 5 i tan ^ oosG 1 ] sm (r 0 — rjJ+tan^ smffcosCTd—r!) 

smdj+OOw^tan^rcosG* r 

= t 008 J i“ 8ln «osG] cos(r 0 — r,)— tan^r sm<?sm(r 0 — -,) 

If we multiply each of these by cosy, and then introduce the 
auxiliaries h and H, determined by the conditions 


we shall have 


sm h = sm g sm G 
cos 7i sm H = sm g cos G 
cos 7i cos H = cos g 


. , 0 — 008 A cos (^i + -S’) sm (r 0 — T ) -f sm h cos (r„ — t.) 

cos h sm (<5, 4- J5T) v 0 l ' 

tan 3 a ~ 008 h eos S ) 008 ( T ° ~ O — Bin h sm (r„ — r,) 
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winch we deduce 

C0B h Sln C «, ±_g) cos (To _ Tl)= COS h COB (», + -g) 

tan <5 0 

cos A sin ±_jO sm (To _ r0 = _ sm h 
tan <$ 0 

zxtyd- tli e sum of the squares of these gives, by a simple reductmn, 

cos h sm (<\ + H ) = sin £ 0 

iilae combination of the last three equations we have, therefore, 

sm d Q = cos ft sin (<$ a + If) "1 

cos <3 0 cos (r 0 — Tj) = cos ft cos (5, + -H") r ^ 

cos «5 0 sin (r B — r x ) = — sm ft 

-£_£■ -we regard 8 l and z^as given by the decimation and houi circles 
o: f -the instrument, with the aid of (289), we can employ these 
^ fixations to obtain d 0 and r 0 , or, if d 0 and r 0 be regarded as known, 
can employ the same equations to obtain 3 l and t v and then 
-tlx c reading of the decimation and hour circles is altogether dis- 
'poxxsed with 

The values of 5 and p will be derived from the following equa- 
tions, which are obtained by adding (298) and (299). 

£r~-\-?' f )&mbs$mp=(u'— u) cos (r 0 — r r ) — (v r — ^)sm d x sm (r 0 — r x ) \ 

(jr — H ? ') sm is cosp = (u r — u) sin d 0 sm (r 0 — r t ) I 

+ (v'—v) [cos d l cos a 0 +sm <5 X sm £ 0 eos (t 0 — r x )] f 
(r *0 cos 1 * =2 [sin d x sm 8 Q + cos 8 X cos 8 0 cos (r 0 — t x ) ) ( 

— (tt'+w) COS sm (r 0 — r x ) I 

+ (i/+i>) [cos <$ x sm <5 0 ~-sin ^ cos <5 0 cos (t 0 — r^)] / 

Xxx these ngorous formulae, every thing in the second members 
is known But it will never be necessary to employ them in 
■fclxis rigorous form, except when the two stars are so near to the 
;pole that the quantities u , v, u!,v f can no longer be regarded as 
small m relation to the polar distance. In almost all cases, 
therefore, an approximate development of the formulae will 
sxxffi.ee , and this I proceed to consider 

2273 The approximate development of the equations (308), 
wlxen the terms involving the third and higher powers of u, ? , u v r 
a/re neglected, is extremely simple, and would lead us to the 
foxrmulse usually given for the heliometer But it is easy to see 
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that such a development is not sufficiently exact, even for stars 
near the equator, when their distance approaches to the maximum 
limit (of about 2°) which the instrument is capable of measuring, 
unless a special method of observation is exclusively employed 
by which the terms of the higher orders are rendered practically 
insensible The nature of such methods of obseivation will bo 
seen hereafter, but, in order to obtain the most generally useful 
formulae, which can afterwaids be simplified and adapted to 
special cases, I shall follow out the very precise development, 
.liven by Bessel, in which the terms of the third order are 
retained 

In order to develop the equations (303) as far as terms of the 
third order in u, v, u', v f , it is necessary to develop the factors 
by which u' — u, v' — v, v! + u, v r + v are multiplied, as far as 
terms of the second order only If in (300) we substitute the 
values of r = -/(l + uu + vv) and r' = -|/(1 -f- mV + v' v'), and 
develop the expressions, we shall find that when terms of the 
third order are neglected they are reduced to 

tan g sin G = ^ (V w) 
tan g cos G = ] (?;' -f r) 

and consequently we shall have, with the same degree of approxi- 
mation, 

sin g sm G = \ (u’ -f u) 
sin g cos G — £ (y' -(- v) 

cos g = 1 — 5 (w' + w ) 2 — 5 (v 1 v) a 

The equations (302), by the substitution of the values of h and H 
according to (301), become 

sm o 0 = sm 5, cos g -j~ cos 3 l sm g cos & 
cos (? 0 cos (r 0 — Tj) = cos <\ cos g — sm 8 X sin g cos & 
cos 5 0 sm (r # — = — sm g sm G 

from which follow, also, 

cos g = sin ^ sm <5 0 cos cos cos (r 0 — r x ) 
sin g cos G — cos ^ sm S 0 — sm <\ cos <\ cos (Y 0 — r,) 
sm g sm G = — cos <5 0 sin (t 0 — 

With the aid of these equations the required development of 
(303) is readily obtained W e find 



HELIOMETEK 


415 


(r + /) amis sm p = (u'—u) [1 — |(u' + «)> — |(m' + u)»tan 2 5 0 ] 
+ & — v) B («' + «) tan S 0 — l (u' + w) (u'-f u)] 
(r + f) sin is coap = (»' — u) [1 — g (if + u) s — g («' + «) J tan* <5J 
— ^ (u' — w) («' -f- m) tan tf 0 

(r -J- r') cos i s = 2 [1 + g (y 1 w) 2 -f- g (h ’ -J- ®)*3 * 

or, dividing the first two of ‘these by the third, 

2 tan is sm jp=(«' — m)[1 — | (u'-j-u) 2 — £(if-|-r) 2 — |(M'+«) 2 tan 2 5 0 ]j 
i?)B (y! + w) tan <3 0 — £ (v! -f- u) (u' + *>)] j 
2 tan is cosp =(if — t?)[l — *0 i— K w, + M ) ! — K w, + w ) 2 tan 2 <S 0 ]( 

— \(u’ — u ) (m' + m) tan <5 0 / 

in which we are now to substitute convenient expressions for 
u f — u,v f — v, u' + u, v' •+ v 

It is expedient in practice to make all our observations depend 
upon but one of the micrometer screws of the two semi-lenses, 
since all the time that we may have to devote to the investiga- 
tion of the errors of the screws may then be expended upon this 
one Let us suppose the micrometer screw of the semi-lens II 
to be thus adopted, and let w denote the angle between the lines 
of motion of the semi-lens II and of the ocular, so that 


w = (n — A') — (v — x) 


and let / and F be determined by the conditions 


f sin F = tan R [(m — a)sin (/;' — A) +6 cos (A' — A) +(/« — ») sm w — /? cos w] 
f cos F= tan R [(wi — a)cos(A' — k ) — 6 sm (A' — A) — (ju — a) coaw—p sm id] 

(305) 

Multiplying these respectively by cos (n — k’) and sm (n — A'), 
and also by — sin (n — k') and cos (n — A'), the sums of the pro- 
ducts are, by (292), 


u =/ sm (n — k' + F ) 
v =/ cos (n — K + F) 



from which it follows that f and n — k f + F are the same as 
tan A and ir. 

If we also assume S and E to be determined bj the conditions 


2 tan i 8 sm i?=tan R [— (m — a) sm (A' — k) -f- b'— b cos ( A' — A)] 

2 tan }fi!cos2?=tan R[(m r — a') — (m — a ) cos (A' — A)-j-6sin (A' A)] 

(307) 
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we shall find, by means of the multiplication and addition above 
employed, and by comparison with (292) and (295), 

u' — u = 2 tanl£sin(n — kf + E) ) 

v' — v = 2 tani£eos(n — A'-f E) ) ' ) 

and from (306) and (308), 

2 (u' + u) = tan 1 8 sin (n — k' + E) + / Bin (n — V F) 1 /•g09'i 

$ (V -f i>)= tani»Scos(n — W + E) +fco&(n — k + .F) f v J 

To facilitate the substitution of these values m (304), let us put 

q = n — k'+E Ul =£(u' + u) v x =i (* + «) 

we shall then have 


- sm » = sin q (1 — m , 2 — % v x — \ u* tan 2 S 0 ) + cos q (m x tan <5„— «,?>,) 
tan£>S 

tan * S eosp = cos q (1— i^ 2 — | w, 2 — \ u* tan 2 d a ) — sin q u x tan <5 0 
tan 

Multiplying these respectively by cos q and — sm q, and again 
by sm q and cos q, the sums of the products are 

tan — sm(p— 2 )=« 1 tan S a — J cos q [2v 1 (w 1 cos q— i^sin 2 )+(w 1 ! +l» 1 J )sin q\ 
tani$ 

tan ** cos( p— q)=l — (m x 2 + O—i «i* tan ' a o + 3 ( M i cos 2 — v x sin q) 1 
tan 

The square root of the sum of the squares of these equations, 
neglecting terms of the 4th degree m their second members, gives 

tan } s = tan 1 8 [1 — (u, 2 + v?) + $ (u x cos q — v 1 sin qj] 

and their quotient gives tan (p — q), for which we may write 
p — q; whence 

p — q = m, tan \ — £ cos q [2 m x (u x cos q — v x sm q) + (m, 2 + u x 2 ) sin q\ 

But with the notation just adopted, the expressions (309) become 

v x = tan sin q -\-f sin (q + F — E) 
v x = tan %S cos q +/cos(g + F — E ) 

whence, also, 

Wl »_(_ fj 2 = tan 3 i S — 2/ tan i S cos (F — E~) -f/ 1 
u x cos q — Uism q =f sin (F — E) 
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by the substitution of which we obtain 

tan 4a=tan}(S { l-tan 2 4/ST-2/tan lScos(F-E)-ip [i +C09 , ( Em 
P—9 + [tan 4/S sin q +/ sin (q + F — Ef\ tan S 0 f 

—4 cos j [tan 2 iS sin 2 + 2/ tan %S sin (2 + F F) 

+/ 2 sin (2 + 2 F — 2 ^)] (310) 

. ln the terms of the order of tan 2 $S, we may put p for q but 
m those of the order of tan Js, in the first line of the value^of p 
we shall employ the more accurate value * * 

9—P — [tan iS sinjj + / sin (p + F — JT)]tan «5 0 

Dividing the first equation of (310) by 1 — tan 2 ££, the first mem, 
her becomes 4 tan s, within the degree of approximation here 
adopted, and m the small terms we may put 4 s for tan 4 S The 
equations thus become 

tan s = 2 tan 4/S {1 —fs cos (F — E) — 4 / 2 [1 + cos 2 ( F E)] l 

P = n _ k' + E + Q s sin p + / sin (p + F — EJ] tan d a 

— [J s 2 smp+4/s sin (p +F—E') +4/ 2 sm (p +2 F— 2 E)]conp 

— [$ s 2 fain 2 p+ifs Bm(2p+F—E)+$pBm (2p+2 F—2E )] tan 2 S 0 

These may, however, be still further simplified The angle E is, 
in geneial, either very small or very nearly 180°, according as 
m' — a' — (m — a) is a positive or negative quantity in (307) 
The case must be excepted in which the distance s is itself so 
small as to be regarded as of the same order as A' — k and b' — b; 
but in this case the terms involving E are themselves so small 
that they can be wholly neglected Putting, therefore, in the 
small terms, E — 0 or = 180°, and also substituting the value 
of A' == h 0 ' — A, and of A by (290), we have, finally, 

tan s = 2 tan 4/S [1 q= fs cos F — 4 f 1 O + cos 2 jP 1 )] \ 

p — n — « 0 ' + E + [x sin (r 0 — $) + sec S 0 I 

+ [4«smp rfc/sin (p + F) — c — e cos <p sm t 0 ] tan £ 0 > (811) 

— [J s 2 sinp ± \fs sm (p-\-F") + 4/ 2 sin (p+2 J 7 )] cosp \ 

— [4« 2 sin 2 ±4/5 sin (2 p +F) +4/“ sm (2^+2 i? 7 )] tan 2 <J 0 J 

In which the upper or the lower sign is to be taken according as 
m' — a' — (m — a) is positive or negative. In the value of X 
(290), we have here substituted r 0 and d 0 for r, and 8 V which will 
produce 110 appreciable error. 

The angle p here expresses the position angle /rom the star 

Vofc 11—27 
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whose image is formed by the semi-lens I. to the star whose 
image is formed by the semi-lens H It is also to be observed 
that we have employed the formulse for the equatorial instrument 
as given for the ease in which the decimation circle precedes the 
telescope, so that, according to Arts. 248 and 250, when the 
declination circle follows, r 0 will be the hour angle increased by 
180°, and d 0 will be the supplement of the declination , conse- 
quently, also, p Will be the position angle increased by 180° 


274 The coincidence of the images of the two stars S and S' 
can be produced at the point 0 (Ait 271) in two different ways, 
namely, by opposite motions of the semi-lens II relatively to 
the semi-lens I By the combination of the observations made 
in these two ways, we shall be able to eliminate a , a r ,b,o,lc , 

and it will no longer be necessary to determine these quantities 
Let us suppose the semi-lens I to remain m the same position 
as in the first observation, and that the semi-lens II is now 
moved in a direction opposite to that of its former motion until 
the second coincidence of the images is produced This will, m 
general, require a common revolution, to a small extent, of the 
two lenses about the heliometer axis, thus slightly changing the 
reading of the position circle, which reading we shall now denote 
bv n, Let the reading of the miciometei in this observation be 
m ' and let the corresponding values of S, E, and p be denoted 
by’s,, E v and p l The formulae (807) and (811), with these 
changes, will then apply to this second observation, and (807) 
will become 


2 tan IS, sin E, = tan R [- (m-a) sin (A'- A) + V— b cos (A'— - A)] 

2 tan i S, cos 2J, = tan R \m’ —a ' — (to — a) cos (A'- A) + b sm (W A)] 


Since to/ — a' and to' — a ' fall upon opposite sides of m a, the 
quantities 2 tan^cos E, and 2 tan cos E have opposite signs 

but 2tani-S 1 sin£i and 2 tanjS sin^ are equal, from which it 
follows (since 8 1 and 8 can differ only by terms of the Sd ordei) 
that E y differs from 180° - E only by terms of the order of the 
product of k' — k into s 2 , and this difference may be regaided as 
altogether insensible In the apphcation of (311) to the second 
observation, therefore, the meaning of the double sign will bo 
reversed "We can, however, avoid all the difficulty in distin- 
guishing the cases in which E is to be taken greater or less than 
90°, by callin g that observation the first, for which E < 90°, and 
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applying to it the notation, m', n Under this condition, the 
upper signs of (311) will he used for the first observation and 
the lower signs for the second , and the value of p x for the second 
observation will be 180° + p 

The formulae for the two observations may, therefore, be 
expressed as follows, where we introduce the value of 2tan^$ 
given by the second equation of (307) after neglecting the insen- 
sible terms (which terms, however, even if they were sensible, 
would be eliminated by the subsequent combination of the two 
observations) 

1st Observation 

tan s = tmR n _ fs C08 F _ . /» (l + cos* 2?)] 

cos E L 

p = n — n Q f + E -f O sm (r 0 — #) + ij sec d Q 
-j- Q s sin p + / sin ( p F) — c — e cos <p sm rj tan d Q 

— s 2 sm p + %f$ sin (p -|- F) + sin ( p + 2j P)] cos p 

— [| $ 2 sm 2 p -f $fs sm (2 p + F) + sm (2p -ft 2 F)] tan 2 d 0 

2d Observation 

tan s = tan JR (m — a — + — } [1 + fs cos F-bf* (1 + cos* 2?)] 
cos E 

p = n 1 — n 0 ' — E + [r sm (r 0 — + i,] see d 0 

+ [— sin p +/sm(j)+ F) — c — e cos y> sin t 0 ] tan 6 a 

— [£ s* sin p — i/s sm (p + F) + \ /* sm (p + 2F)~\ cos p 

— s* sm 2 p — Ifs sm (2 p F) + ^/* sm (2 p + 2JP)] tan* a. 

From the mean of the two observations, we have 

tan s = tan 22 ^ [1 — \ /* (1 + cos* F )] 

p = - ~t Wj - — »„' + |> sin (r 0 — .?) 4- ij] see d„ 

2 

-[- [/ sm (p + F) — c — e cos <p sm r 0 ] tan <5 0 
— T ' 5 s’ sm 2p (1 + 2 tan* 5 0 ) 

— if* C 8in C P + 2J 1 ) cos j? + sm (2 p + 22? 1 ) tan* i 0 ] 

The value of E, obtained from the difference of the two values 
of p, is 

E — Wl — £ssin ptan£ 0 

^ + \fs [sm (p 4- F) cos p sm (2 p 4- F) tan* ij (313) 

But it will not usually be necessary to regard the divisor cos E in 
the formula for tans, for it can differ sensibly from unity only in 
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those caseu m which s is an extremely small quantity, and in 

these cases we may take E = \ (n x — n) 

The method of observation with the heliometer, m which two 
corresponding observations m opposite positions of the semi- 
lenses are combined, may be regarded as fundamental and essen- 
tial The same degree of accuracy which it affords cannot be 
attained by single observations, the reduction of which requires 
an accurate determination of the quantities a, a', b, b', k' k , 
for, in addition to the uncertainty of such detei minations foi 
any given position of the instrument, it is not certain that the 
values of these quantities are really constant for all positions of 
the telescope with respect to the horizon It is true that our 
formulae still involve f and F, which depend upon a, a', &c , but 
a precise determination of these quantities is no longer necessary, 
since they enter only into the small terms of the foimulse 
Moreover, by a proper method of observation, f and F may be 
dispensed with altogether, as I next proceed to show 

275 Assuming that a complete observation always consists of 
two corresponding observations, as in the piecedmg article, 
there are yet three different methods of making such an obser- 
vation, each of which offeis some advantage over the others 
These I propose to consider separately 

First Method of Observation —Let the semi-lens which is to 
remain fixed during the observation be set so that its sight line 
shall be parallel to the heliometer axis This will be effected by 
making m — a = p — cc, and at the same time n k v x, 01 , 
in the most simple manner, by making m — a — p — a = 0. 
We shall then have/= 0, and the formulae (312) become 

„ m! — m' 

tan s = tan it — =r 

2 cos E 

p = - < + 1 7 sin (r„ - -5) + i,] sec i 0 

2 

— (c -j- e cos <f sin r 0 ) tan S 0 — -Jg s 2 sm 2p (1 -J- 2 tan 2 5 # ) 

This method recommends itself by the symmetry which it gives 
to the observations, as well as by the simplicity of their reduction 
Second Method —In this method, we make the lines of motion 
of the objective and ocular parallel, or w = 0, and also make 
m = a, but the ocular is moved between the two observations, 
being set for one observation so that p — a = \ {m' — a'), and 
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for the other so that t j. — a = \ (m/ - a') We then have 
/ - i s and F — 180° for one observation, hut F = 0 foi the 
other These changes must be made in the two sets of formulae 
from which (812) were obtained , for m the combination expressed 
by (312) the ocular was supposed to have the same position in 
both observations. Here, however, we must put F = 180° in 
the first and F ~ 0 m the second, at the same time’ substituting 
l s for/, and then make tlio combination we thus obtain 


tan 8 


P 


. „ m' — m/ 

■■ tan R - — — 

2 cos E 

. — n 0 ' + [ r sin (r 0 — *) -f ij sec <5 0 

— (c -j- e cos <p sin r # ) tan <S 0 


(315) 


2 


In this method, the rays from the two stars make the same angle 
(-= Ja) with the optical axis of each semi-lens, whereas in the 
first method the rays fiom one star make the angle s with this 
axis and those from the other star are parallel to the axis The 
second method, therefore, offers the advantage of bringing both 
images at equal distances from the axis, thereby producing equal 
distinctness and accuracy of definition in them, and avoiding the 
defects of the lens, which appear moie prominently as the rays 
fall more obliquely The greater simplicity of the first method 
in the observation will, however, give it the preference so long 
as the distance to bo measured is not so great as to carry one ot 
the objects beyond the limits of distinct vision 

Third Method — 1 This combines the advantage of the second 
method with the simplicity of the first. W e place the ocular 
permanently m the lieliometei axis, and make each observation 
with the semi-lenses at equal distances from that axis and on 
opposite sides of it The chief objection to this method is that, 
since both lenses are moved, it becomes necessary to know the 
value of a revolution of the screws of both, but, as has been 
already remarked in Art 273, it is expedient to devote all our 
attention to the investigation of the errors of but one screw It 
may also be objected to this method that, when the distance to 
be measured is* rapidly changing, time will be lost m effecting 
the requisite symmetrical arrangement of the observations This 
objection, however, may be made with even gi eater force against 
the second method , but the first method is free from it 

With any of these methods, if we wish to fiee the results from 
the effects of flexure of the declination axis and from the mcli- 
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nation of this axis to the hour axis, without supposing q and 
c to be known, we take two complete observations (i e. pairs of 
observations) m the two positions of the declination circle, pre- 
ceding and following ; for we see by (314) and (315) that q and c 
will vanish from the mean of these two observations 

In Art 263, we have seen that frs 2 sin 2,p (1 + 2 tan 2 <S 0 ) is the 
correction to be added to the position angle at the middle point 
between the two stars to reduce it to the mean (= p 0 ) of the 
position angles at the two stars consequently, if we neglect this 
term m the first method of observation above given, the result- 
ing position angle will be at once the mean position angle p (l , 
with which and the distance s we find the difteiences of decli- 
nation and right ascension of the stars, by Art 264 The results 
are yet to be freed from the effect of refraction, by the methods 
hereafter to be given. 

276 I have thus far assumed that the contact of the images is 
always produced at a certain known point (o) of the plane of 
motion of the ocular It will be well always to make the con- 
tacts at the middle point of the field, but the position of this 
point will usually be estimated only, unless it is indicated by a 
square formed of intersecting threads or some equivalent con- 
trivance, which, however, involves the necessity of illuminating 
the field or the threads Let us inquire, therefoie, to what 
extent an erroneous estimate of the position of the middle of 
the field will affect the observed measures 

The quantities /and F, determined by (305), express the actual 
position of the middle of the field (o), but if the point of con- 
tact is a different point (o'), the values given by the formula? 
require a correction 

Let h denote the angular distance of o' from o, and E the 
angle which oo' makes with the observed arc SS', H and w being 
reckoned in the same direction The quantities tan R [ft— a) sm w 
and tan R (ft — a) cos w, which express the angular distances of 
the point o from SS ', and from a peipendiculai to SS 1 drawn 
through the heliometer axis, must be increased by h sm H and 
h cos-ff respectively Consequently, /sm_F and /cos F will le- 
quire the corrections h sin H and — h cos E hence, if we suppose 
h to be so small that its square maybe neglected, the effect upon 
tans will be, by (311), 

+: h$* cos H -(- hsf (2 cos F cos E — sip F sm E) 
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and the effect upon the position angle will he 

+ hsm(p—E) tan & 0 ±ihs [sin (p — if) cos p + sm (2p — H) tan* <*,] 
4 - hf [sm (j> + F — JBT) cos p + sm (2p + F — JET) tan* 3„] 

Since h will he but a few minuteB in any case, it follows that the 
effect upon the distance will he usually inappreciable even for 
the greatest values of s and / The fiist and principal term of 
the effect upon the position angle is proportional to the tangent 
of the declination, hut it vanishes when Bm(p—E) = 0, tnat 
is, when S=p, or H=p + 180°, or when the point at which 
the contact is made lies in the decimation circle which passes 
through the centre of the field When the telescope follows the 
diurnal motion accurately, and a contact has once been made in 
the centre of the field, the subsequent observations will ah be 
very near this point The greater the decimation, the moie 
careful must we be to make the contacts near the declination 
circle of the centre of the field, but it is evident from the pre- 
ceding discussion that we shah probably always be able to effect 
this with sufficient accuracy by estimating the position of this 
centre, without resorting to the use of illuminated threads. 


DETERMINATION OF THE CONSTANTS OF THE HELIOMETER 

277 To find a, a', a — Direct the telescope to any fixed point, 
and, having brought the centre of the semi-lens I nearly into the 
heliometei axis (by estimation), revolve the lens 180° about the 
axis If the image of the point appears still in the same point 
of the field of view, the reading m of the micrometer is then 
evidently = a If the image has moved, we have only to move 
the semi-lens by its micrometer screw until the image has been 
earned to the middle pomt between its first and second positions, 
and, if this middle point has been correctly estimated, the semi- 
revolution will no longer affect the apparent position of the 
image By repeating this process, we shall very quickly find 
the exact position of the semi-lens when its centre is at the 
minimum distance from the heliometer axis, for which w a 
In the same manner, a' will be found for the semi-lens II , and, 
by a miliar process, revolving the ocular 180°, a will be found 

278 To find V — k,b’—b —These quantities produce the 
greatei influence upon the readings of the position circle, the 
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aller the distance between two points whose images are 
raght into coincidence They will, therefore, be most accu- 
ely determined by complete observations (Art 275) of the dis- 
ice and position angle of the components of a double shut, 
ice a is in this case extremely small, we shall have n), 

1, neglecting the insensible terms in (307), the single observa- 
nce will give 

« sm J(n, — ») = J2 [(m — <r) (ft — K) V — i] 

* cos } (n, — ») = M [ml — a' — m -f a] 

i (since m the second observation we put 180° — JS for 2?) 

s sin J (Mj — n) = R [(to — a) (ft — tf) -j- 6' — i] 

« cos J(«, — ») == R [to — a — m,' + a'J 

m the combination of which we derive 

(to — a) (ft — ft') + b ' — b = £(to' — to,') tan -J (rt, — n) (316) 

which the second member and also the coefficient oil — V are 
own from the observation By setting the semi-lens I at various 
idings m, and making the contacts by moving the semi-lens 
, we shall thus foi each complete observation have an equa- 
n of condition of the form (316) , and since the coefficients of 
— V in these equations may be made to have very different 
Lues, the combination by the method of least squares will give 
reiy accurate determination of both k — k' and b' — b 
We may here observe that it is not necessary, nor is it advan- 
jeous, to bring the images of the stars into coincidence It 
11 be better to bring the image of one of the components 
»med by one semi-lens to the middle point between the two 
ages of the two components formed by the other semi-lens 
ins, if a and b are the images of the two components formed 
the semi-lens I , o' and b' those formed by the semi-lens IL, 
the first observation the images will stand thus : 

a' a V b 
* * * * 

d in the second observation thus . 

a a' b V 

* * * * 
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As the components are supposed very close together, the bisec- 
tion of their distance will be more accurately estimated than a 
coincidence of superposed images. This method of observation 
is always advisable when the distance to be measured is but a 
few seconds 

I should have remarked before that the quantity k — V is the 
difference of the index errors of the position circle foi the two 
semi-lenses, since from the values of k and k' (291) and (294) 
we have 

k — k' = n a — ft/ 

279 To find the, index error (ft/) of the position circle — This is the 
index error for the semi-lens II , with which we suppose all oui 
observations to be made. Let the semi-lenses be separated to 
any assumed distance (by setting m — a and m' — a' to diffeient 
readings), direct the telescope upon a fixed point, and i evolve 
the objective until a motion of the telescope upon the horn axis 
(the decimation circle being clamped) causes the two images of 
the fixed point to come successively into the sight line, that is, 
into the centre of the field of the ocular The position angle of 
the line joining the two images is then nearly ± 90° , but it will 
vaiy with the distance by which the semi-lenses are separated 
If the hour ciicle is clamped and the objective is levolved 
uutil a motion of the telescope, upon the decimation axis only, 
causes the images to come successively into the centre of the 
field, the position angle of the images will be nearly 0° or 180 , 
but will also vary with the distance of the centres of the semi- 
lenses The relation between the reading (ft) of the position 
circle and the distance of the lenses will be investigated for 

each of these methods . , A .. - . , 

In either method, I shall suppose that the sight line of the 
semi-lens I is made to coincide with the heliometer axis, which 
will be effected by setting the micrometers so that m — a — 

and p — a = 0 T , . , 

1st When the telescope is revolved upon the hour axis It is od- 
viouslv unnecessary to consider the position of the instrument 
with respect to the pole of the heavens, and we may therefore 
express the position of the heliometer axis by foimuhe which 
give the instrumental hour angle and declination of the axis, in 
order to show the effect of flexure, let us return to the general 
formula* (258), which, by omitting the terms r eos(r - and 
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j sm f r - #)tan£, will express the declination and hour angle 
r x of the heliometer axis referred to the pole of the instrument. 
Putting D for d + arf and T for t + id, and \ = % — s sin f, we 
shall put 

d x= zD — e (sin <p cos D — cos <p smJDcos T) =D+ aJ) 

r I =2 T -(-c8ecD — i,tan.D-f- e cosy cos T-J-s cospsec-Dsin T=T aT 

in which tp will now denote the latitude of the instrument Tho 
equations (298), under the form given to them in. Ait 272, will 
now "become 

rsinisESinD-l-wcosjD-l-rcosaoos^ — T ) 
r cos a cos ( T— t) = cos D— u sm D— r sin a AD+rcos«8in(T— r) aT 
rcosasmfT — t)=u — rcosdcos(r — t) a T 

V ' (817) 

in which 8 and r are the declination and hour angle of the fixed 
point 

In the revolution about the hour axis, D remains constant 
If the preceding equations are assumed for the case in which the 
image produced by the semi-lens I ib in the sight line, and we 
distinguish by accents those quantities which vary when the 
second image is brought into the sight line, we shall have, smce 
8 is fixed, 

sin a = — sinJD + — cosD -j- cos 9 cosfT — r) aD 
r r 

1 t/ 

= — sin JD + — cos B 4- cos i cos (T ' — t) a Tf 
f r 1 

as the expression of the condition that the two images of the 
same pomt are successively brought into the sight line But, as 
we may neglect the products of the small quantities c, e, e, by 
the squares and products of u, v, u', v', we can in the last terms 
put cob (I 7 — t) = cos(T' — t) = 1, and then give the equation 
the form 



j sm D + cos 8 (a D — aiy) 
j sin D-f e cos <p smDcos d (cosT — cos T'") 


Prom the second and third equations of (817) we have, with the 
degree of approximation here required, 


cos 8 cos T = cos D cos r — v sm D cos t — u sin r 
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and, therefor©, also 

cos S cos T' = cos J) cos r — r'sm D cos r — u' sm t 
by means of which our equation becomes 

JL_L = (I_I\tanD+ecos, J tanX»[(i/— v)smZ)cosT+C«'— «)smr] 

r 1 r \r r'/ 

The mode of observation above proposed, by which we have 
m _ a = o and (i — a = 0, leads to a simplification of this equa- 
tion, for these conditions give also/= 0, and consequently, by 
(806), a = » = 0, and r = i/(l + uu + vt>) = !■• We have also, 
by (308), under the same conditions, 

u' = 2 tan J 8 sin (n — V + U) 
v’ = 2 tan } 8 cos (n — + E~) 


and, consequently, 

r ' = l + £ (mV + vV) = 1 + 2 tan* } S 

Substituting these values, and neglecting terms of the order or 
etan 2 ££, we deduce 

cos (n-K+E) =tan i Stan D+e cos <p tan D [sin D cost cos (n — A'+^) 

+ sm rsin(n — K + -®)] 

trom which it follows that cos (n — V + E) is of the same ordei 
as tan \S, and n-k'+E is nearly = ± 90° We may, there- 
fore, in the last term, put cos (n — k! + E) — 0 and sm (n 
+ E) = ± 1, and write the equation in the following form : 

sm [90° =p (n — V-\- 23)] = tan } £ tan Dzke cos <p tan J> sm r (318) 

We shall here have to distinguish between the cases in which 
n -W is nearly = 90° or nearly = - 90° The angle E is nearly 
= 0 or nearly equal 180°, according as m' — a' is positive or 
negative in (307). When n-k' is nearly = + 90° and E is 
nearly = 0, we have n — k'+E nearly = + 90°, and the upper 
sign in the second member must be used Under the same 
conditions, 'the upper sign in the first member makes 
(n - k' + E) nearly = 0, and the angle may be put for its Bine 
When n-k' is nearly = + 90° and E is nearly =180 the 
lower signs must be used Hence, if we write sm E for E or 
for 180° - E, we shall have, when n- l c' is nearly = + > 

— _^'_90°) — sm E = tan i S tan D ± e cub <? tan J> sin r (318a) 
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and similarly, when n — k' is nearly = — 90°, 

-j- + 90°) + sin JS=tan \SimD =F e cos <p tan D sin r (3186) 

The valne of k\ according to (294) and (290), when we refer A to 
the pole of the instrument, is 

K = 71 J — q see \ + c tan 3, + e cos <p tan 3, sm r t 

where the last term is equivalent to the last term of (318). If, 
therefore, we neglect this term in (318), the value of //, which 
the equations then determine, will he 

= >i 0 ' — ij sec 3j -f- c tan 

If we suppose k’ — k and b' — 6 to he known, we shall know 
E from (307), and a single ohseivation will determine k' by (318) 
But it will he preferable always to combine two corresponding 
observations in which m' — a ' — m + a and — a' — in + a. aic 
numerically equal but have opposite signs , then, n and n 1 being 
the readings of the position cncle in the two observations, wo 
shall have from them mean 


— i, sec 3, -j- c tan 3, = \ («, -f ri) -+■ 90° (319) 

If we set the micrometer at vanous readings in making these 
pairs of observations, and assume that the weight of the resulting 
determinations is propoitional to J (??!/ — >n'), and if we denote 
the several values of ^ ( 31 / — in') by Jf, M\ M", &c , and of 
J. (r^ + n) zf 90° by N, JSf', N", &e , we shall have the final mean 
by the formula (see Appendix, Method of Least Squares) 


and then 


(iT) = 


MN_ -f M’N' + M"N" + &c 
M + M' + M" + &c 


n # ' — sec 3j -f c tan S 1 = (iV) 


To e liminat e the terms involving i 1 and c, we take observations 
m. the two opposite positions of the declination axis, — circle pre- 
ceding and circle following, — and if ( N ) and (iV 7 ) are the general 
means found in the two positions, we shall have 

»;=UW + W] ( 320 ) 

We see that the index euor will be found independently of all 
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>ther quantities, by taking the mean of the readings m four 
observations, two m each position of the decimation aria 

2d. When the telescope is i evolved upon the declination axis — In 
this case T is constant ancl D vanes The condition that the 
two images are suecessn ely brought into the centre of the field 
will be expressed b) equating the two \ alues of cos o sin (I 1 — r) 
given by the last equation of (817) Putting cos ( J 1 — t) = 1 m 
the last term of this equation, we find 

— — cos 8 uT——, — cos 8 a!F' 
r t 


or, by the same method of obseivation as we employed above, 
ma king / — 0, and, consequently, also u = v = 0, and r = 1, 


u'=f cos 3 (a V — a T) 

— f cos 8 [;, (tan D — tan D') — (c + e cos <p sm T) (see D— secD')j 

which, witli the same degree of appioximation as was observed 
above, may be reduced to 

It' — rV [i, sec 8 — (c + e cos <p sin T) tan 3] 

Substituting tan (n — k' + E) for and r' — 1 (which involves 
only errors of the order of tan 2 J <S multiplied by q, c, ef t we 
Imve 

tan(w — V + E) = h sec 8 — (c + e cos <p sm T) tan 8 

Hence n — k' + E is very small oi very nearly = 180° When 
n — k' ib nearly = 0, we shall have, for the two cases of E, 

n — k! ± sin E = h sec 8 — (c + e cos 9 sm T) tan 8 (321a} 


and, when n — Id is nearly — 180°, 

„ _ it =£ sin E = \ sec 8 — (c + * 008 9 Bm r ) tan 6 < 821 ^ 

If we omit all the terms in the second member, the value of ^ 
which these equations determine wiU be that of ^ * T aa J 
tlion, two observations are taken in wtneb m & . 

m / _ a’ — m + a are numerically equal but have opposite signs, 
and if n and «, aie the two readings of the position circle, we shall 

have 

«„'= 3 Oh + 
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Regarding the weights of the several determinations thus made 
as proportional to the values of } (%' — m'), a general mean (If) 
will he found as above, and then we shall have = (If)- 

280. From the preceding article it appears that by revolving 
the telescope upon the decimation axis the index error of the 
position circle is found independently of all other quantities, 
and without reversing the decimation axis W e should expect, 
therefore, that when this method is followed in both positions of 
that axis — that is, both with circle preceding and with circle 
following — the same value of n 0 ' will be obtained Bessel 
found, however, that this was by no means the case with the 
Komgsberg heliometer . for the difference of the resulting values 
was sometimes as great as 4', which is too great a difference to 
be ascribed wholly to errors of observation He explains the 
discrepancy by supposing the telescope to have a tendency to 
revolve (so far as the elasticity of its materials will permit) 
about the point at which it is secured to the decimation axis , a 
revolution which has the same effect upon the position angles as 
a revolution of the tube about the heliometer axis, and which is 
clearly to be distinguished from a flexure of the decimation 
a.vis Supposing the amount of the revolution to be proportional 
to the force which tends to produce it, the law which it follows 
in all positions of the instrument is easily assigned , for this 
force is merely that part of the weight of the telescope which 
acts at right angles to a plane passing through the declination 
axis and the heliometer axis, and is, consequently, proportional 
to the cosine of the zenith distance of the point of the heavens 
towards which the perpendicular to this plane is directed. The 
hour angle of this point is the same as that of the heliometer 
axis = t v and its declination differs 90° from that of the helio- 
meter axis = 90° + Denoting the zenith distance of the 
point by £, we shall have 

cos C = sm <p cos d x — cos <p sin cos r x 

and the amount of revolution will be expressed by 4 cos £, in 
which is its maximum The observed position angles must be 
corrected by adding this quantity, or 


4 (sin <f cos S l — cos <p sin 5, cos r,) 


(322) 
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which term must, therefore, he annexed to the formulae for p In 
(314) and (815) * 


281. To find the index error (x) of the position circle of the ocular — 
Set the semi-lens II at any assumed distance = m' — a' from 
the heliometer axis, and the ocular at an equal distance — p~ a 
from that axis Revolve the ocular about its axis until the image 
of a fixed point is seen m the centre of the field Let n and v 
be the readings of the position circles of the objective and ocular. 
"Without moving the telescope or changing n, repeat the obser- 
vation with the distance — (m' — a') = — (p — a), and let v' be 
the new rea din g of the position circle of the ocular. Then, 
n _ n r being the true direction of the line of motion of the 
semi-lens Il^we have x = J (v + v') — (n — «„') Tt wlU wel1 
to adjust the index of this circle so that its readings will agree 
svitli those of the position circle of the objective 

Foi the fixed point m the preceding methods of determining 
the index error of the position cncles, it will be expedient to 
employ the intersection of a cross tlnead m the focus of an 
auxiliary telescope, mounted in the observing room, with its 
objective turned towards the heliometer, the two threads of the 
ci oss making an angle of 45° with a declination circle 


282 To find the distance (/?) of the line of motion of the ocular from, 
the heliometer axis —Set the ocular at an assumed distance p- a 
fiom the axis, and bring the image of a fixed point mto the centre 
of the field Keeping the telescope fixed, set the ocular at a 
leading p> such that p'-a = -(p- a), and revolve it until 
the image is again seen in the centre of the field. Let v and v 
be the readings of its position circle in the two positions, then 
we evidently have 




■ tan i (180° — v + >0 


(32S) 


It will be easy to adjust the ocular, by means of the proper 
adjusting screws, so that its line of motion passes through the 
heliometer axis, and thus make fl = 0. A small error in this 
adjustment will have no sensible effect upon the observations, as 
our formulae show . ^ 

* See Bessel’s Miron Untereuch , Vol I PP *5, 72 In the Utter ptoee he Snds 
for the Komgsherg heliometer 4 (which he there denotes hy /«) = 1 -914- 
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283. Finally, the value of a revolution of the micrometer 
screw (= B) is to he determined with the utmost precision. Of 
the methods given in Chaptei II for the filar micrometer, we 
may regard the following as the most suitable for the heliometer • 
1st By the measurement of the focal length of the lens and 
of the distance between two successive threads of the micrometer 
screw 

2d By the Gaussian process, or the observation of a thread m 
the focus of the lens with a theodolite 

3d By the measurement of a distance otherwise known, as, 
for example, the distance of two stars m the group Pleiades de- 
termined by meridian observations 

By the thu d method, however, we cannot expect to reach the 
degree of accuracy which is necessary to give the heliometer all 
the advantage which it should possess as a micrometer This 
objection is obviated in a degree by measuring the successive 
distances between a number of stars which are nearly in the 
same great circle, and, having reduced these distances to the 
great circle joining the extreme stars, comparing the total reduced 
distance with the distance of the extreme stars as deteimmed by 
meridian observations 

Bessel, after a careful trial of all these methods with the 
Konigsberg heliometer, gave the preference to the first I must 
refer the reader to his elaborate researches upon this instrument 
(already referred to) for his very precise method of determining 
the focal length of the lens These researches include also some 
optical investigations of great elegance and importance 


OBSERVATIONS UPON THE CUSPS 0E THE SUN IN A SOLAR ECLIPSE 

284 In the general discussion of eclipses in Yol I , I omitted 
to speak of the use that may be made of these observations in 
determining the corrections of the elements of the echpse The 
omission may be appiopriately supplied here 
in connection with the heliometei, with which 
the observations are most accurately made 
Let M and S (Fig. 60) be the apparent places 
of the centres of the moon and sun, CC' the 
common chord of the intersecting discs The 
observation consists in measuring the distance of the cusps C, C ' , 
and the position angle of CC with reference to the eucle of 
declination drawn to its middle point. This distance, as well as 
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the position angle, will be affected by refraction, the correction 
for which will be investigated hereafter Let s and p here denote 
the distance and position angle deduced from the observation by 
the formula! above given for the heliometer, and also corrected 
for refraction 

The local time of each measure must be accurately know n 
For this time, let the parallaxes of the two bodies m right ascen- 
sion and declination be computed (by Yol I Art 98), and let a 
and a’ denoto the resulting apparent right ascensions of the 
moon and sun lespectivoly, 8 and 8' their apparent decimations. 
Lot (t denote the apparent distance of the centres = SM, and ~ 
the position angle of SM with loference to a circle of declination 
drawn through its middle point, reckoning this angle from the 
moon towards the sun We have, with sufficient accuracy, 


a sin k — (o' — o) cos i (<5' -(- S ) 
<r COS it — S' — S 



which determine a and tt 

For the same time, the apparent semidiameters of the moon 
and Bun, which we shall denote by S and S' respectively, will 
he computed hy Yol I Ait 131 We then have given the 
three Hides of the triangle SCM, and, denoting the angles at M 
and S hy p and //, wo may find these angles by the usual formulae 
of plane trigonometry, or hy the following formulae, which m 
the present case are somewhat more convenient 

$ ($ cos -f- S' cos aO = 2 a 
£ (S cos n — S' cos a*') = — — — 

With either of these angles and the value of S oi S', we can 
compute the value of CC' Let this computed value of CC' be 
denoted by s' ; we have 

s' = 2 S sin /i = 2 S' sin / f 326 ) 

The difference between this computed value and the observed 
value s will determine the corrections which the elements ofthe 
eclipse require in order to satisfy the observation ut s s 
~f ds' Differentiating (326), we find 

ds' = 2/S cos fi dn -j- 2 sin n dS 


oc s-s’) _ i V 

2<r y 


(325) 


Vol 11—28 
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and from the formula 


2S<r cos h = <r 2 + S* — S'* 

we find 

— St t sin p dp = (<r — S cos p) da -f- {S — a cos p) dS S (IS 

whence, with the aid of the known relations between the parts 
of the plane triangle, we leachly find 

ff tan jj! & tan p 0 tan p 

But, since da varies with 7 r, we must leplace it by coirections 
which will have the same value in all the equations of condition 
thus formed By putting 


ff Bin 7 r = (a/ — a) COS \ (<5' -f- d) — X 
a COS 7C ■= d F — $ =y 


we shall find 

da — dx sin n dy cos n 

xn which 

dx = COS } (<?' + <3) d (of — a) 

dy = d(p r — 8) 

and we may regard d(a>-a) and d(8' — d), and, consequently, 
also dx and dy, as constant for the duration of the eclipse We 
then have 


Ji_ dB + -ML 4S-_ ,m . ix ■ 

«■ tan <rtan n <* tan/i 


2S cos/ 
<r tan /x 


j- cos 7 zdy=s — s' 


This will be the final form of our equations of condition if the 
distance s is fully corrected for the instrumental errors. If, how- 
ever, the zero of the micrometer is uncertain, wo should make 
observations on opposite sides of the zero, (with the heliometer, 
by placing the movable semi-lens alternately m opposite positions 
with respect to the stationary one,) and if c is the unknown error 
of the miciometer zero, we must write s ± c for s in the above 
equation, taking s + c for one series of observations and < - e 
for the other The resolution of all the equations of condition 
by the method of least squares will then determine dS, dS 1 , dx, 

dy , and e . 
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It will usually, however, be inexpedient to retain dS', as its 
coefficient will differ very little from that of dS. The value oi 
the sun’s semidiameter is now so well determined that in dis- 
cussions of this kind it will he quite allowable to put dS' = 0 
We may also form equations of condition from the position 
angles. The angle 7r is formed by SM and a circle of decima- 
tion drawn to the middle point of SM, while p is formed at the 
point jD Denoting the middle point of SM hy E, we have DE 
•= — S' cos p! — J ($ cos p — S' cos p!) =A; and we can now 

compute the position angle of CC' at the point D from the 
known parts of the triangle formed hy the points D, E, and the 
pole Let p' denote this computed value , we readily find 

p’ = 7T — 90° + A sin * tan } (S' -f <$) (328) 


Tutting the observed value p = p' + dp', we have, by neglecting 
the insensible variations of the last term of (328), dp' = diz, and, 
consequently, 


cos it dx sin n dy , 

— — p V 

a sin V a sin 1' 


(329) 


where dx, dy, and a are expressed in seconds and dp’ in minutes. 
Trom all the equations thus formed, we can find dx and dy, or 
wo can combine all the equations of the forms (327) and (329) m 
a single discussion "We see that the corrections of the semi- 
diameters cannot be determined from the position angles alone 
When the observations are made with the hehometer, each 
must be a single observation, for the chord s changes so rapidly 
that we cannot combine two opposite observations, as has been 
supposed in Art 275. We must, therefore, reduce each obser- 
vation by the general formula (311), in which, however, we may 
make/=0, by making all the contacts in the hehometer axis 
or middle of the field The angle E in these formulae must then 
be known; but if it has not been determined with certainty, we 
may introduce it into our equations of condition as an additional 
unknown quantity For one senes of observations we must 
write p + E in the place of p in (329), and for the other senes 
in opposite positions of the semi-lenses, we must write?- Am 
the phxce of E But, as E varies inversely with the distance a, 

it will be necessary to put 


E = 


s sinl' 
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m which y is a constant which will he expressed m seconds, 
since s is in seconds and E in minutes The equation (329) may 
then "be put under the form* 


- cos r dx — - sin * dy =F Y — s am (js — »') (329*) 

r <t 

For some observations of the cusps of the solar eclipse of J* dly 
28, 1851, made with the heliometer of the Komgsbeig Observa- 
tory and reduced by the preceding method by the Director 
"Wichmann, see Asti on Nctch , V ol XXXIII p 309 


THE RING MICROMETER 

285 This is simply a thin metallic ring, exactly circular, 
placed m the focus of the objective, with its plane at right angle? 
to the optical axis ' Fiom the times of tiansit of two stars across 
its edge, the telescope remaining fixed throughout the observa- 
tion, we can find both the diffeience of light ascension and the 
difference of decimation of the stais Although mfeiior in 
accuracy to the filar micrometei and the heliometer, it possesses 
the advantage over the former of not requiring illumination, and 
over both m not requiring an equatoiial mounting of the telescope 
Let AJBJB'A' represent the mnei edge of the ling. Denote by 
^ and t 2 the observed sidereal times of ingress 
and egress of a star at the points A and B; by 
t v f and t 2 r the same for a star observed at 
A 1 and B' Upon the supposition that the 
paths of the stars across the field are recti- 
linear, the straight line GMM r , diawn from 
the centre C of the ring perpendicular to the 
chords AB and A'B f , will coincide with the 
( eclination circle of the point C The time 
of the transit of the first star over this circle is the arithmetical 
mean of the times t x and t 2 = \ (i x + / 2 ) > that of the transit of the 
second star over the same circle is + 1 2 ), and, hence, if <x and 
qJ are the right ascensions of the stais, we have 

*' - • = J (ti + V) - 1 (ti + Q C3B0) 


Fig 61. 



* By (307), we perceive that y is here the value of the quantity (m a) (k k ) 
_|_ b * — b expressed m seconds, and hy putting its value found from the discussion 
of the equations (329) in the second member of (316), and also the true value of 
m _ a found from the value of c by (327), we shall have an equation for determining 
h — k f and b’ — b 
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Let r denote the radius of the ring expi eased m seconds ot 
arc, S and S' the declinations of the stars, and put 


then we have 


y = BCM 
d — MC 

ix — BM 


15 > 

a = — T COS 8 
2 


A 

sin y — - 


d = r cos y 


< = K-K 

y>=B’CM' 
d’= M'C 
jj! = B’M' 


, 15 , 

«' = — t' cos 8' 
P 2 


sin / = — 
r 

d' = r cos / 


and hence the difference of decimation of the stars: 

8' — 8 = d' — d (332) 

The signs of cos y and cos y' are not determined by the second 
equations of (331); consequently, eithei sign may be used m 
computing d or d' To remove the ambiguity, it is necessary 
that the observer note the positions of the stars with respect to 
the centre of the ling then d or d' will be positive when the s r 
passes noith and negative when south of the centre. 

Example *-On the 11th of Apnl, 1848, at the Observaton of 
Bdk the planet Flora and a neighbonng star were compaied > 
rSg micrometer of a six feet refractor The observed eidereri 

times were as follows 


Flora (N of centre) 

t x f = IP 16 w 35* 0 
tJ = 11 17 25 5 
j — 50 5 


Star (N of centre) 

t = ll h 17" 53* 0 
t, = 11 19 46 5 
T = 1 53 5 


The approximate decimation ot flora « *' = + 2i ° ^ n ‘ 
apparent place of tlie star was 

a ___ 6* 4* 51* 93 

$ = ^ 24° 1' 9" 01 

mb. rtuhna of the nng was r - 1126" 25, and hence 

^ , Spl ,„ re b. i.in»o«u, p 64a 
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log t' 1 70329 
log cos S' 9 96043 
log a' 2 53878 
log sin / 9 48715 

log cos / 9 97850 

log d' 3 03013 
d' = + 17' 51" 9 


log r 2 05500 
log cos S 9 96067 
log /i 2 89073 
log am y 9 83910 
log cos y 9 85940 
log d 2 91103 
d = +13' 34" 8 


The planet and star being both observed on the north side of the 
centre of the field, d! and d are both positive, and hence 


S ' — 8 = d ' — d=- \- 4' 17" 1 


For the times of transit over the decimation circle of the middle 
of the field, we have 

Flora, $ ((,' + */) = 11* 17“ 0*25 
Star, £ (t, + * a ) = 11 18 49 75 
o'— a= — 1 49 50 

Hence we have for the planet 

o' = 6* 3“ 2* 43 

S'= + 24° 5' 26" 1 


which values express the planet’s apparent place at the time of its 
passage over the decimation circle of the middle of the field, that 
is, at the sidereal time 11* 17 m 0* 25 But the effect of refraction 
has not yet been allowed for See Art 300 

286 Correction for curvature — The correction which the pre- 
ceding method requires, in consequence of the curvature of the 
paths of the stars, may be found as follows In the spherical 
triangle of which the three angular pomts are the pole, the centre 
of the ring, and the pomt where the star enters or leaves the ring, 
we have 

sin 8 = sin D cos r + cos D sin r cos y 

where D is the declination of the centre of the ring For the 
second star, we have 

sm S'= sm D cos r -j- cos D sm r cos f 
and the difference of these equations gives 

2 sm i (S' — 8 ) cos $ (8 ' S) = (sm r cos / — am r cos y) cos D 



RING MICROMETER 


439 


or, very nearly, 

( 3 ' — 3 ) cos i ($' -f S ) — (r cos / — r cos )0 cos D 
= (d' — d) cos D 

in which d' — d is the approximate difference found by the pre 
ceding aiticle But we have, very nearly, 

D = 8 — d D = S ' — d ' 


the mean of which ib 

D = i («' + 9) - K d ' + <0 
and we may, therefore, put 

cos D = cos ^ (5' + <5) + s (<*' + d ) sin 1 " 8m * C a ' + 


bo that we obtain 

3 ' _ 3 == d ’ - d + + d ) ^ - *) sm 1 " tan i(a ' + a) (333) 

Hence, the correction of the difierence of decimation found upon 
the supposition that the path of the star is rectilinear, is 


_f_ $ ( d 1 + d ) (d' — d) sm 1" tan 1 ( d 1 + 3) 


Tlio correction disappears 
that is, when the stars are 


when d' and d are numerically equal, 
obseived at equal distances from the 


‘T^iSe of the preceding arhele, tine eorrection 
amounts to + 0". 62, and the corrected difference of declination is 


3 ' _ 3 = + 4 ' 17 " 62 

287 If the enter edge of the ring p. ^ 

of the inner ring, we put 


/»= V (<4— tJCOBd 


(li== i i (t a -Qcosi 


P- 

sin / = — 
' r 


smri = 7 


so that with the outer ring we find 

d = r cob y 
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and with the inner ring, 

d = r 1 cos y x 


and the mean of these values will be taken as the true value of 
d. In the same manner d' for the second stai will be found, 


after which 8 f — d = d r — d 

But when the four observations have been obtained, the pro- 
cess of reduction may be slightly abridged, as follows .* 

The sum and difference of the values of d 2 give 


Putting 


we find 


d*= i[r* + r a 2 — (ft* + 
r 3 — r* = fj? — t±* 


2 a 2 a 

r — r, = - Ml - =2asmi sm B 
1 2 a 

r 2 + r 2 = 2 a 3 (1 + sm 2 A sm 2 B) 
fi 2 + p* =2 a 2 (sin 2 A -f- sin 2 B) 


(334) 


which, substituted in the above value of d\ give 


or 


d 2 = a 2 cos 2 A cos 2 B 
d = a cos A cos B 


(335) 


so that, A and B being found by (334), d is found by (335) The 
formulse (334) for determining A and B may also be written as 
follows: 


sm A 


15 (t -j- r 1 ) COS d 
4a 


sm B = 


15 (t — t x ) cos S 
4 a 


tn which r = t± — ^ and t 1 = — t 2 

Example — On the 24th of June, 1850, at the Observatory of 
Bilk, Petersen’s comet and a star weie observed with a double- 
ung micrometer, as follows 


Comet (N of centre) Star (S of oentre) 



18* 15“ 

54* 


18* 18“ 

55*8 


16 

20 

% 

19 

13 

V 

17 

21 


21 

20 5 


17 

48 


21 

87 5 


* Brlnnow s Spliausche Astronomie, p 549 
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The approximate decimation of the comet waa S ' = + 59" 20', 
and the apparent place ot the star wee 

o = 14* 53“ 30* 75 3 = + 59 7 12 1 

The radii of the rings were— 

Outer, r = U' 21" 09 
Inner, J\= 9 26 29 


whence 
Then we find 


a = 10 23 69 


Comet 


log (V + t/) 
log (t' — *l) 
, 15 cos 8' 

log sm A' 
log sin B 
log cos A' 
log cos B' 
log d' 
d’ = 


1 “ 54* 0 
1 1 0 
2 24304 
1 72428 

7 48667 

9 72971 
9 21095 
9 92628 
9 99419 
2 71539 
: 4 . 8 ' 39" 27 


lOg (T + Tj) 

log (t — n) 
15 cos 8 
log ia~ 
log sm A 
log sin B 
log cos A 
log cos B 
log d 
d = 


Star 

2“ 42* 2 
2 7 5 

2 46195 
1 54033 

7 48938 

9 95133 
9 02971 
9 65137 
9 99750 
2 44384 
- — 4' 37 " 87 


d >-d = + 13' 17" U 

and for the difference of right ascension, 
a ' — a = — 3“ 25* 83 

« ~ 

t a " ri " s 

the time of an observation, its path will no 
be at right angles to the declination cire 
drawn trough the centie of the ring so 
that the differences found by the preceding 
methods will require a correction 

Let Ab, Fig 62, be the path of the planet 
across the ring, Cm the decimation circk 
through C, the centre of the ring Draw 
perpendicular to Cm, Cn perpendicular 
to Ab, bp perpendicular to AB Fut 


Fig 62 
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A<*' = the increase of the planet's right ascension 
in one sidereal second, 

A3' = the increase of the decimation in one sid 
second, 

ti 9 t 2 = the sid times of ingress and egress of the 
planet at A and b , 

x = the correction of the mean of £/ and £ a ', or 
of the right ascension of the planet found 
by the preceding methods, 

h (fi + ) + x = the sid time of the planet's transit at m, 

P = the angle BAb = mCn 

The arc bp may he regarded as a portion of the decimation circle 
drawn through b The angle at the pole included by this circle 
and the declination circle of A is the hour angle described by the 
planet in the time r', which hour angle is r' — r' . aoc f =z ! (1 — aoc'). 
Hence we have, very nearly, 


We have, also, 
whence 


Ap = 15 t' (1 — a a') cos 3' 
bp = t' a3' 


tan 


A3' 

15 COS 3' (1 — Aa') 


or, since the squares of a 8 f and aoc' or their product may be 
neglected, 

. a a3' 

tan B = 

15 cos 3' 


The correction x is the time in which the planet describes the 
line nm, and this time is found by the proportion 

r' : x = A b : nm — Ah : Cn tan fi 
for which we can take 


r* ix = 15 r' cos 3' s d'tan ft 


whence, substituting the value of tan fa 

__ d r a3' 

X (15 cos 6 f y 


(336) 


Since Ah = Ap sec fa and sec ft differs from unity only by 
terms involving (a d') 2 , we may take Ab = Ap, and hence 
15r'cos3' 


2 


(1 “ Aa') = At' (1 — Aft') 


An = £ Ap 
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so that to compute d' —On in this case we have 


sin / = y(l — £«/) 


d' = r cos / 


(3371 


tlmt is, the computation by the preceding methods will give the 
value of d r , corrected for the proper motion, if we employ 
u' (1 — aoc') instead of p' In the method of Article 287, with a 
double-ring micrometer, the logarithm of 1 - a«' may be added 

, , , 15 cos <$' 

to the logarithm ot — ^ — 

Example. — In the example of the preceding article tbe comet’s 

motion in one mean day was, m right ascension -5 0, and m 
declination - 1° 17' ; and therefore, since one mean day contains 

86680 sidereal seconds,* 

800- w (1 - a a/) = 0 00150 

Ao ' “ 86686 

t 4620" ^Qgr = 718 72694 

~ ~~ 86636 

Hence, in the computation of d' we have 

log . 15co ii!(l — a*') 7 48817 


4 a 


log sin A r 9 73121 
log sin JB r 9 21245 
log cos A f 9 92563 
log cos j B f 9 99415 
log d ' 2 71475 
6 d ' = 8' 38" 50 


( „ 1X 60 _(it) 

= TTXTX866S6 43818 

1 8 ' 0 43429 (Aa’) 

log (1 — Aa') = — = 43318 

or, rery nearly, ^ 0 g ^ ah') = — 0 00001 (Aa') 

the 48 hour Increase of right ascension 
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and, therefore, 
By (336) we find 
whence 


d' — dt = -J- 13' 16" 37 
x— — 0* 47 
a' — a = — 3“ 26* 30 


The correction of 61 — d for the curvature of the path is, in this 
case, by (333), + 0".78, whence 

S' — $ = _|_ 13' 17" 15 

so that the corrections for curvatui e and proper motion here, 
accidentally, almost destroy each othei 
The apparent place of the comet (still affected, however, by 
parallax and planetary aberration, as well as the differential 
refraction) is, therefore, 

a'= 14* 50“ 4*45 

S' = •+ 59° 20' 29" 34 

at the sidereal time 18* 16” 1 50* 75. 


289 It is yet to be shown under wliat conditions errors of 
observation or of the data will have the least effect upon the 
results obtained with the mig miciometer For the effect of an 
error at in the observed intei val, we have, by differentiating (331), 

15 cos S Ar 

t r = — - 

2 r cos y 

A d = — r sm y a y= — cos 8 tan y Ar 

which shows that the error in the observed time produces the 
least effect upon d when tan y is least, and, therefore, for the most 
accurate determination of the declination, the chords described 
by the two stars should be as far fiom the centre of the ung as 
possible, or the difference of decimation should be but little less 
than the diameter of the ring If d is not much less than j , it 
will be advisable to let the stars pass across the field on opposite 
sides of the centre, at nearly equal distances fiom it But if d is 
very small, both stars should pass as far from the centre as 
possible, on the same side of it. 

For the effect of an error in r, we have 

T 

Ad = Ar = Ar sec y 
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which is also least when the star is farthest from the centre of 
the field 

For the second star, we have also Ad 1 = at sec f, and hence 
a (d' — d) = at (sec / — sec y) 

so that if the stars are on the same paiallel of decimation (when 
7 * — f) the error in r has no effect upon the computed difference 
of declination, as, indeed, is otherwise evident 

For the accurate determination of the difference of right 
ascension, it is plain that the stars should pass as near to the 
centre of the field as possible, since the immersions and emer- 
sions can then be most accurately obseived. 


290. To find the radios of the ring — First Method — Observe the 



t = t t — v = t, — 

we have, by Art. 285, from the external contacts, 

2 (r + jR) sm Y = ^ T cos ^ 

2 (r + JR) cos r = 2 d 

and from the inner contacts, 

2 (r — B) sm Y > — 15 / cos £ 

2(r — B) cos / = 2 d 
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Eliminating y and f, we have 

4(r + Jtf = (15 r cos 5)* + 4<P 
4 (r — JR) 1 = (15 r' cos sy + 4 cP 

and eliminating d\ we obtain 

(15c08<Q»(t+t') (t-Q 

16 5 


( 388 ) 


In order to take into account the sun’s motion in right ascension, 
the intervals r and r' should be expressed in apparent time. 

It is easy to see that the formula (338) will still be applicable 
when the sun’s diameter is greater than that of the ring 

Example * — The sun was observed with a ring micrometer at 
the Observatory of Bilk as follows 

External Contacts Internal Contacts 

f, = 10* 81“ 8*2 Sid time t a = 10* 32- 30* 8 
t 4 =10 34 47 5 * 8 = 10 33 25 3 


The sun’s decimation was 8 = + 23° 14' 50" , the semidiameter 
Jt = 16' 45" 07 , and the sun’s motion in right ascension was 
4 m 8* 7 in one day. 

The sidereal intervals 3 m 39* 3 and 54* 5 must be reduced to 
intervals of apparent time by multiplying them by the factor 


whence 


248 7 
86636 


= 0 99713 


r = 218* 67 t* == 54* 34 


and hence, by (338), 

r = 9' 23" 57 


Second Method — Observe the transits of two stars the differ- 
ence of whose declinations is accurately known Then, t and r' 
being, as before, the intervals between the ingress and egress of 
the two stars respectively, we have 

jtt = \j> r cos 5 = r sin p d = ±r cos y 

(S = \j> t 1 cos S' = r sin / d' = i; r cos / 

Since for determining r it will always be advisable to select a 


* Bruunow, Sph&nsclie Astronomic, p 561 
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pair of stars whose difference of declination is not much less 
than the diameter of the ring, the stars will he observed on 
opposite sides of the centre we shall, therefore, have 

d' — d = r (cos y + cos /) 


Let A and B be assumed, so that 

A = W + r) J 




d' — d = r [cos (A + E) + cos (1 — B)) = 2r cos A cos B 
f/ + n = r [sin (A + B) -f sin (A — 2?)] = 2 r sm A cos B 
fj! — a = r [sin (yi -|- B) — sin (A — B )] = 2r cos A sm B 


Hence we derive 


tan A = 


d'—d 


tan B = 1 


d'—d 


' 2cos.4cob.B / 

W"e may also use any one of the following forms for r 

_ il’+m. _ tjzil. - ' 2 — - 

r ~~ 2 sinh cos B 2 cos A sin B sm (A B) $\n(A—B) 

In order to render this method exact, the atmospheric refrac- 
tion should be taken into account Its effect upon mierometrie 
observations in general will be considered hereafter, but, since 
for determining the radius of the ring micrometer it will be 
advisable to take the observations near the meridian, the refrac- 
tion may be allowed for in a very simple manner, for we may 
then neglect its effect upon the right ascensions of the stars The 
effect upon the declinations is found by the formula? (234) and 
(20) of Vol I , according to which, if 5 and S' are the true decli- 
nations, the apparent values are 

9 +^cot(3 + W) 

9' + Id cot (S' + 27) 

where tanW= cot? cosr 0 , <p being the latitude of ^ e P lac ® 
observation, and r 0 the hour angle of the centre of the ring. 
Hence the apparent difference of declination, which we will 

denote by (S' 8), 

#) ^ ^ sm (d -j- JV r ') sin ( p r + -^0 
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for which, we may take 

(S' — 8) = S' — 8 — 


Van (*' — *) 
sm‘ [*(«+*') + 


( 840 ) 


which is to be used for d' — d in (339) It will here generally 
suffice to take k' = 57" , but it may be accurately found by 
Column B of Table II. 

When the stars are not very near the equator, the correction 
foi curvature must be applied If r were given, the observations, 
computed upon the supposition that the paths of the stais are 
rectilinear, would give the approximate difference d! — d, and 
hence m the inverse process we have only to use dl d instead 
0 f (§> _ $) m or der to obtain the true value of r Now, by (333), 

d' — d = (S'—8)—1 t sin 1" id 11 - d 3 ) tan \ (S' + S) 


or, since d n — d 2 = — (ji n — p 2 ), 

d' — d = {S' — S) J, sin 1" (// + /i) ( [p .' — ft) tan $ (S' + S') (341) 

in which (S' — S) is the difference of decimation corrected for 
refraction 


Example — The radius of the ring of the micrometer em- 
ployed m the example of Art 285 was deteimmed hy the stais 
Asterope and Merope of the Pleiades, the decimations of which 

v ei e _ _j_ 240 4' 24" 26 8 = 4- 23° 28' 6" 85 

and the observed intervals were 

r' = 18' 5 t = 56* 2 


In order to illustrate the use 
angle of the centre of the ring t 
the latitude of Bilk being f = 

N = 37° 49' 6 
4 (S _|_ s’) 4 - Jf = 61 35 9 
S'— J = 36' 17" 41 
corr — 0 78 
(a'_a)= E6'16" 63 


r (340), let ns suppose the hour 
have been t 0 = 1* = 15° , then, 
j- 51° 12' 25", we find 

log A' = log 57" 1 7559 

log cosee 3 [£ (S 4- S') 4- W] 0 1114 
log sin (S' — S) 8 0235 

log corr «9 8908 


We find, m the next place, 

/ = 126" 68 
log O' + A) = 2 71038 


ft = 386".68 
log(^ — /x) = n2 41489 
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■whence the correction for curvature is, by (341), = — 0".14, and 
therefore 

d' — d = 36' 16" 48 
with which we now find, by (339), 

log tan A = 9 37263 log tan B = 9 07714 
log sec A 0 01175 
log sec B 0 00808 
log (d'—d) 3 33775 
log 2 r 3 35258 
r = 18' 46" 03 

Third Method — Direct the telescope of a theodolite towards 
the objective of the telescope which cames the micrometer, and 
measure directly the angular diameter of the ring by either the 
vertical or the horizontal circle of the theodolite, as in the case 
of the filar micrometer, Art 46,* 


291. The filar micrometer, the heliometer, and the ring micro- 
meter are now almost the only micrometers m use I will, 
therefore, here only briefly mention two or three others, as it is 
not within the plan of this woik to enter upon the history of the 
numerous instruments of this class which have been proposed 
The duplication of the images of objects, which is effected m 
the heliometer by dividing the objective, has also been effected 
bv dividing the ocular, constituting what has been known as the 
double-image eye-piece micrometer The principle of this mstrumen 
is identical with that of Ramsden’s Dynameter, which is still 
used for measuring the magnifying power of telescopes (Art. )- 
It is evident that by separating the two halves of a simple y - 
lens until the image of one star coincides with that of a^th r 
the angular distance of the stars becomes known from the too 
angular value of a revolution of the screw by which *e^pa^- 
tion is produced Amici, of Modena, is said tp have produced 

the best micrometers of this kind , , a 

The duplication of images is also effected by d , 

rlnnhlv refracting; prism of rock crystal, originally p p 

of determining the 

Sven position of the crystal and t he angnlai distance of tw o 

* Upon the ring nncrometer, see also paper7 * Besskl » *«“«*** Corr* 

yundenz, Void XXIV and XXVI 

Von. U—29 
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objects which have been bi ouglit into contact, is a considerable 
obstacle to its genet al use, to say nothing ot the optical difficul- 
ties in obtaining well defined images free iioni coloi * 

Struie ha» pioposed the use of a giaduated plate of trans- 
parent mica placed in the focus of the equatonal, and this method 
lias been emplojed by the Messis Bond in cataloguing small 
stars Upon a plate of mica ^ of an inch m thickness are 
drawn two sets of paiallel lines, one system lepiesentmg decli- 
nation cncles, the other, at light angles to the first, representing 
parallels of decimation* The relative decimation of two stars 
which pass o\ei the field is determined by merely obseivmg the 
divisions of the graduated declination scale over which 01 near 
which they pass, and their relative right ascension is found 
fiom the obseived times of their transits over the lines which 
represent decimation ciicles, these times being noted by the aid 
of the electro-chronograph f 

An ingenious mode of employing a double eye piece micro- 
meter (consisting of two complete eye pieces), apparently giving 
veiypiecise results, is suggested bj Mr Alyan Clark, of Boston, 
in the Proceedings of the Am Association for the Adv of 
Science, 10th meeting, p 108 

v 4 

CORRECTION OF MICROMETRIC OBSERVATIONS FOR REFRACTION 

292 Since the position of each of the two observed stars is 
affected by the atmospheric refraction, their relative position, de- 
termined by the miciometei, is also affected by it The object 
of the following investigations is to determine the correction of 
the micrometiic measures themselves, without requiring a sepa- 
rate consideration of the absolute places of the two stars t 

293 To find the effect of refraction upon the observed angular distance 
of two stars and upon the angle which the great aide joining the stars 
makes with a vertical circle , — This mode of observation is indeed 
not practised, but the investigation of the effect of refraction m 


* For a description of a number of double mage micrometers, see Peabson’s 
Practical Astronomy 

-f See Annals of the Astronomical Observatory of Harvard College, Vol I 
$ I have followed Bessel’s methods {Astron XJnlermch , Vol I ) m the investiga- 
tion of the greater part of the formulae That portion of Ins article which relates to 
the ring micrometer is, however, considerably abridged and simplified 
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this case is very simple, and will serve as the ground-work of 
the subsequent applications. Denote by 

C, C', and z, the true and apparent zenith distances of the 
two stars S and 8', 

A, their difference of azimuth , 
r, r', their refractions , 

A, A', and l, l', the true and apparent angles which the great 
circle joining the stars makes with their re- 
spective vertical circles, all reckoned in the 
same direction, 

e, s, the true and apparent distances of the stars 


'We have, in the triangle formed by the zenith and the appa- 
i-ent places of the stars, by the Gaussian equations of spherical 
Trigonometry, 

sinjssin J(Z + l') = smM sm§(z + /) 

8inJseosi(Z + l') = cos 1.4 sinj(z — z') 

and in the triangle formed by the zenith and the true places of 
the stars, 

8ini<r sin + A') — smj-d 8111 -+ O 

mniff cosi(A + A') = cosM sini(C — C') 

If we put 

l 0 = } (l + l') A„ = }(7+*') C 0 = i(C + fO 

and also substitute C - r and C' — r> for z and z', the elimination 
of A from the above equations gives 


sin 1 <s sin A 0 = sin 1 s sin l t 


sm C n 


sm [C Q — Kr+r')] 
sinHC-Q 

sin Jvcos A 0 = sin }scosi 0 sjn ^ ^ 

"We may evidently, in the first equation, put for £ (r + r ), 
Which is equivalent to assuming that the mean of the refractions 
for the zenith distances C and C' is the same as the refraction for 
the mean of these zenith distances, an assumption producing here 
no sensible enor in the factor sin [Co — i ( r + r )3 or sm & r#) 

"We may also take 
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m which the differential coefficient expresses the rate of change 

of the refraction corresponding to £ 0 . Then, m the fraction 

smK:-C') 

sin J [S — — (> — 03 

which differs hut little from unity, we may put the arcs for their 
sines . so that, denoting this fraction by b, we have 

. Z — Z' 1 j- 


Z — t' — (r — r') 1 r-f> 

c-r 


1 ts 


If we also put 

n = 81PC « - 

sin(: 0 — r 0 ) 

and substitute \a and Js for their sines, our formulse become 


From these we have 


a sin A 0 = s a sin \ 
e cos k. = sb cos Z. 


tan = — tan l 0 


which developed* gives 


b — a 


0 0 l | _ w 1 

0 a 

From the same formulae we derive 


am 2Z„ -|- V ( \ ) sin 4Z 0 — &c (342), 

" \ o + a I 


a cos — Z 0 ) = s -)- (p — &) cos 2 Z 0 ] 
and, dividing this by cos (A 0 — Z 0 ) — 1 — J — Q 2 + &c , we obtain 
c — s = s£a — l-f (6— n)cos 2 Z 0 + |^^|) sm 2 2Z 0 +&c] (343) 

294- To facilitate the computation of (842) and (348) a con- 
venient method of finding a and b is necessary Wh have, for 
any indeterminate £, 

smC sin O+r) . sinr 

sm (C — t) sin z tan z 

v dZ _d(* + r)_ 1 ^dr_ 

0 dZ — dr dz dz 

Adopting for the refraction the form (Vol. I Arts. 107 and 
117) 


r = k tan z 
* By PI Trig Art 254 
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tn which 

ft = ./SV 

we have, putting cos r = 1, 

a = 1 + ft 

b — a — ft tan’ 2 + — tan z 
as 

These quantities may therefore he found by the aid of Column 
A of Table II But, as the argument is there the apparent 
zenith distance, while in micrometer observations it is generally 
the true zenith distance that is given, it is expedient to form 
new table, by which a quantity x, depending upon the refraction, 
may be found with the argument C, such that 

b — a = x tan 2 C 

In order to obtain the value of * for any state of the air, 
Bessel gives it the same form as that already adopted for ft, 

and assumes ^ ^ 

m which the factors j8 and r , depending on the barometer and 
thermometer, have the same values as befoie f 

The quantities log a", A", A", which are given in Column C of 
Table II , must be determined so as to satisfy the abo 
bon of x for all values of 0 and y We have 

tan’ * dft tana = l k + ^. co t zY^l 
* ~~ k tatfl + dz tan’ C \ dz /tan C 

Taking the Napierian logarithms, 

*-*+*■*+*-►- •(*+ s - *) + “(Sf ) (844 > 


From the definition of ft, we have 
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Since p and y diff er but little from unity, Ip and ly aie so small 
that we may neglect their squares, so that the logarithm of the 
last factor of the above expression, under the form l (1 + x), may 
be put = x, and hence 


l(* + J z cot *) = la + Alp + Ur + z(i + ^ 


+ 


7 rs dA . , d!K 

+ ** 


i + 


da 

rdz 


COt - 


(S45) 


Now, let (z) denote tnat value of z which corresponds to the 
given £ when p = 1, y = 1, a value which can be found from 
Column A of the table, as in Art 119, Vol I let the corre- 
sponding values of cl, A, A, as found from that column, be denoted 
by (a), (A), (1), and the corresponding refraction by (r) , then, 
a ', A X' being taken from Column B for the given £, we have, 
as in the article just referred to, 


(r) = («,) tan (z) = o' tan C 
2 = ( 2 ) — o' tan C (A' i/9 -|- X' ly) 


The second member of (345) is a function of z, which may be 
transformed into a function of ( z ) The small terms multiplied 
by ip and ly will not be sensibly affected by substituting ( z ) for 
z, (A) for A, &c The other terms may be developed by the 
formula 


m which 


/*=/(*) + 


d(z) 


y + 


y = — o' tan C (A' It S -f- X' ly) = — (a) tan ( 2 ) (A' i/9 + X’ ly) 
"We find 

d( a) 


l [ k + f C ° U ) = 1 (<t) + (A) i/S + ( A )^~ M ( 1 + (?fdk)) 


(o)d(o) 

d(z) w 1 + 


d(o) 


(A' I/S + / ip 


+ 


+ i/M 

P d(a) 7 d{z) 


1 + 


d (°) 


(r)d{z) J 
cot ( 2 ) 
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We have, also, 

tan z tan [(g) + y} tan (z) «■/ ^ v 

tan C tan C tan C cos 2 ( 2 ) 

Hence, substituting in (344), 

u" + A" ifi + A" i r = 2 v - ?« + 1(1 + 


+J/9 


(•)*(•) 

. (>•)<?(*) 

sec 2 ( 2 )A'+^cot( 2 ) 

+ 

1 1 rf(a) 


1 (r)i(») J 


COS 2 (2) d(«) 

w lW B ec 2 ( 2 )A'+^ cot ( 2)1 

2(a) „ d(a) , ..r ,'..r I (r) rf(z) - ; d(i 3 1 

W-“,i; ;i '-^ tan(2)A + 1 + J*(2L 

+ (?)<*(*) J 


cos 2 (2) d (z) 


Since this must be satisfied foi all values of j9 and r , the coefficients 
of ip and Zr m the two members must be equal, respectively. 
Now, we have found, 111 Vol I Art 119, 

(4) = A'(1 + *[» + «•“’ w + 3w to ° W 1 

w „ A'(i + ^g)= >' [1 + W ,ec 'W + T §) *“ !2) ] 

Substituting these values in the above equations, and comparing 

similar terms, we find . dM \\ 

W =2Za'-?(a) + i( 1 + (r)d(z) ) I 

by wind, 

n'Mn Column Cm in parts of the radius, so that we must add to 
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the value found by the first of the equations (346), the constant 
log sin 1" = 4 685575. In the second member of the other two 
equations we must also put (a) sin 1" for (a), and d (z) sin 1" 
for d(z) 

295 "With the table thus prepared, the computation of x is 
precisely like that of k m finding the lefraction For example, 
to find log x for £ = 80°, Barom. 30.35 inches, Attached Therm. 
40° F , Ext Therm 35° F , we have 

A"= 0 994 A" = 1 099 log »"= 6 3947 

log B = + 0 01092 log y — + 0 01185 A" log p = + 0 0105 
log T = — 0 00031 A" log r — + 0 0130 

log j9 = + 0 01061 log x = 6 4182 


296 Our fundamental equations (342) and (343) may now be 
reduced to a much more simple form It is evident that on 

account of the small value of x we may omit the terms in (5 — af, 

± b —a „ b — a . 

&c For the same reason, we may put ■ for - > from 

Al O — (— Cl 

which it differs only by terms involving x 2 In (343) we may 
put a — 1 = x instead of its true value k, without sensible error , 
for even at the zenith distance 85° the difference of x and k is 
only 0 00006, and consequently the error of substituting one for 
the other in this term will be less than s X 0 00006, so that even 
if s were as great as 1000" the error would not amount to 0" 06 
We therefore adopt as fundamental the following simplified 


forms 


a — s = sx (tan 2 C cos 2 Z 0 + 1) 
A 0 — 1 0 = — x tan 2 C cos l 0 sm / 0 



In these equations £ is the mean of the true zenith distances of 
the two stars, and x the corresponding quantity in the refraction 
table. The quantity l a is that which would be given dnectly by 
the observation. 

The mean zenith distance £ will be found, by a single com- 
putation, from the mean of the hour angles of the two stars and 
the mean of their decimations Denoting these by r 0 and 8 0 , and 
the latitude of the place of observation by <p, we have, by equa- 


tions (20), Vol. I , 


tan N = cot <f cos r 0 


tan C sin q = 


tan t 0 sin N 
sin (<S 0 + N~) 


tan f cos q = cot (5 0 -j- N ) 
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The parallactic angle q which these formulae give at the same 
time with £ will he required m the subsequent problems In. 
the observatory the computation, is facilitated by a table, com- 
puted for the given latitude, which gives the value of N, and of 
log n = log (tail r 0 sin N), for every minute of the hour angle r. 
We then have only to compute the equations 


tan C sm q = n cosec (5 0 + iV) 
tan C cos q — cot (< 5 0 + N) 



297 Correction for refraction of micrometric obseriations of the 
distance and position angle between two stars —The obseived position 
angle p is the position angle at the middle point of the arc joining 
the two stars (Art 260) Let n denote the true value of this 
angle, q the true parallactic angle found by (S48), then we have 

K=* — i 

and if q' is the apparent parallactic angle, we have 

l o = P~f 

From the differential formula (47) of Vol. L we find that if C 
varies by dr = r, the angle q varies by the quantity 

q' — q = r sm q tan S a 

and if we take for r the form (Vol. I Art 119) 


r = Jd tan C 

we have w „ , * 

= q + Jd tan C sm q tan S 0 

and, consequently, 

l 0 = p — q — V tan C sm q tan 

This value of l 0 is to be substituted m (847), but in the terms 
already multiplied by sx we may take l 0 = p-q Hence w 
have 

: i; = “ 

Since the position angle cannot be d ® ter ^“ e ^ 1 t ^ t a t ^“ f 
ber of seconds, the error of putting x for k' in the last term or 

the formula for n — p will oe or no p** f , reduced 

moieover, smee tie tonoa of the senes (842) have to he -educe* 
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to seconds by multiplying by the radius m seconds (= cosec V ), 
we have, finally, 


«r — S = s x [tan 2 C cos 2 (p — q) + 1] ( 349 ) 

Tc—p — — x cosec 1" [tan 2 £ cos (p — q) sm (p — q) -f tan » sin ? tan 5 o] 

Having obtained <r and n by adding these corrections to s andjp, 
the true difference of light ascension and declination of the stars 
may then be computed by Art 264, employing a and n for s and 
p; that is, by the formulse 

sin i (a! — a)= sin l a sm ~ sec 3 0 1 

sm i (S' — S) = sin \ a cos n sec i (»' — o) ) * 


or by the approximate formulse 


o! — a = a sm 7r sec <5 0 

(V d = ff COS 7T 



298 If the apparent diffeiences of right ascension and decli- 
nation have already been computed fiom s and ]> by Art 264, 
and we wish to correct them foi lefraction, we have, by conipaiing 
the formulse (284) and (850*), and denoting the corrections which 
the apparent values of a' - a and d' — d lequire by the symbol a, 

A (V — ») = (a sin * — s sin p) see <S 0 
a(<S' __ a) = a cos n — s cos p 

*(„' — a ) = [(<r — S) Sill p + * (sill 7r — sin j))] sec S a 
a(5' _ s') = (<r —s') cos p <r(eos!t — cos_p) 

or, again, with sufficient accuiacy, 

A(a — a) = [(<7 — s) Sin p + S (it — P) Sin 1" COS 86C S„ 
a(<$' — S) = (a — s) cos p — s(x — p) sm 1" sin p 

and, substituting the values of a — s and n — p from (349), 

A(o'— o)=s x [tan 2 : cos (p—q) sm q — tan C sin q tan o 0 cos^+sinp] sec S n 
A(i’ —S)=s x [tan 2 C cos (p—q~) cos g+tan C sm q tan 5 0 sm p+ cos^j] ^ 

These formulse are somewhat abridged by introducing an 
auxiliary u such that 


tan m = tan C sin q tan 
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by winch they become 

A(a' — a) = SK [tan 2 C COS (p—q) em g+sec u sm (p— «)] sec \ \ 
a (5'— 8) = sx [tan 2 Ceos (p—q) cos g+sec u cos (p— «)] J ( - SOi J 

Example. — In the example, Art 264, we had the observed 
quantities s = 316" 993, p = 169° 57' 7 The latitude of the 
place of observation was <p = 38° 53' 7, and the sidereal time 
was 0* 17”“ 52* The right ascension and declination of the 
middle pomt between the stars were, approximately, 

% = 21* 51“ 52* 3 0 = — 13° 28' 5 

The corrections foi refraction being exceedingly small in the 
case of so small a value of s, the observer did not think it 
necessary to record the state of the atmosphere ; but, for the 
sake of illustration, I shall assume Barometer 30 29 inches, Att. 
Therm 49°, Ext Therm 41° Eahr 

We have, first, the hour angle of the middle pomt between the 
observed bodies, r 0 = 2 & 26“ = 36° 30', with which and the above 
values of <p and <5 0 we find, by (348), 

JV = 44° 53' 9 C = 62° 28' 5 q = 31° 28' 2 


and by Column C of Table II , 

log x = 6 4555 


Then, by (349), we find 


<s 

and hence 


s = + 0" 277 
<r = 317" 270 


r — P = + 2' 
* = 169° 59' 73 


Prom (to, 1>J (850*), the true drfferenee of right aeceudoo 
declination are found to be 


<y _ a) = + 56" 68 (*'-*) = - 5' 12 " 48 

But, supposing the apparent differences to have been already 
computed as in Art. 264, namely, 


L 56" 82 


— 8 = — 5' 12" 14 


we should compute the corrections 
which give 

A(V — a) = — 0" 136 


of these quantities by (351*1, 
AC , r _ 3) = -0"30t 
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which added to oc' — a and d'— 8 give the same values of 
(a' — a) and (S' — S) as above found. 


299 Correction for refraction of micrometer observations m which 
the difference of right ascension has been obtained from the difference of 
the times of transit of the star's over threads lying in the direction of 
circles of declination , and the difference of declination has been directly 
measured (2d Method, Art 266) 

Let t and V denote the observed sidereal times of transit of the 
two stars over the same decimation cncle A star upon the 
same parallel of declination as the second star, but having the 
right ascension ad — (t r — t ), would have been observed simul- 
taneously with the first star, and would, therefore, have had the 
same apparent right ascension The effect of refi action upon 
the time of transit of this supposed star is evidently the same as 
m the case of the real star ; and the effect upon the difference 
of decimation is also the same : so that this case is reduced to 
the preceding by supposing the stars to have been observed with 
an apparent position angle p = 0, and apparent distance s = 
S ' — 8 These substitutions in (351) give the required corrections 

&( a ' — a ) = x (8 r — d) [tan 2 C cos q sin q — tan C sin q tan $ 0 ] sec $ 0 
— <*) = (T — <$) [tan 2 C cos 2 q 1] 


These formulae are simplified by introducing the auxiliary N 
already used in the computation of £. Substituting the values of 
tan £ sing and tan f eosg from (348) and (348*), they are readily 
reduced to the following 


— d) ncos^^+JT) 
sin 2 (<3 0 + A") cos 2 


*(*' — S) = 


sm 2 (fl 0 + JST) 


} ( 352 ) 


Example. — In the example, Art 266, we have the observed 
difference of right ascension and declination of Neptune and a 
known star, 

o' — a = -fl”*45‘30 S' — d = — 7' 28" 22 
and the place of the star, 


O = 21* 50" 8* 99 


S — — 13 ° 23 ' 35 " 11 
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common hour angle at which the objects wc 
To== ii* S6 m 3 1* 4 = 24° 8' 6 

with which and , = 88° 58' ?,*.= - ^ »' 8, we tod, by (848), 

,/ = 48° 31' o log » = log (tan t 0 sin If) = 9 5-* 61 
C = 57 0 1 

and assuming Barom 30.29 inches Att Thenn 49°, Ext. Therm. 

41° Fahr , we find, by Column C of Table 11 , 

log x = 6 4577 

Hence, by (352), 

— <rw — «« — 

The differences corrected for refraction are, therefore, 

„'_„ = + l-45'29 )'_J=-r28"61 

and hence the apparent place of affected now only h, 

paiallax, was 

., = S1* 51- 54- 28 »' = -18°BVS"72 

on November 29, 1846, at 28* 28- 28- 7 eidcreal time at Wash- 
mgton 

S0O Cbmcton/w rental ^ ts 

micrometer — At each transi o a s nn „ Jg oa i to the 

TjrrTTZ um 1 : ■*— - “ ***~ “ 

„„ we shall have, hy (349), putting r for s, 

, [i + « + « tan- C cos* ( p - 4)1 ( 868 > 

,n which , 1. ‘the P-“;V”^ f ac«c aSe jtEj 
The zenith distance C and the , pamllacnc ang 4 g ^ 

middle point between fte efrw^d - f « J fot fte 

- t cCt; compared We 

SL^ere suppose t and 

f *Tfte n s^ec^3.t P the position angle, reckoned 
Hie Ke diction as for the first transit from the declination 
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circle through. C, will be 360° — p * so that, if is then the true 
distance of the star from C, we have 

ff 2 = r [1 + x + x tan 2 C cos 2 (p + 2 )] (354) 

Now, let 

t 0 = the tune of the star’s transit ovei the tine declina- 
tion circle of C, 

r l% r a = the tiue hour angles of the star, reckoned from the 
declination circle of G , at the two observed transits, 

D = the dechnation of the stai and of C, 

then we have 

^0 = ^1 H" T v t 0 = t a r a 

and in the two triangles formed by the pole, the point <7, and the 
two true places of the stais at the two observations, we have 

cos <r l = sin D sin d -|- cos D cos <5 cos r t 
cos <r a = sm D sin 5 + cos D cos $ cos r a 

From the difference of these equations, namely, 

2 sm 1 + <r 2 ) sin } (<q — <r a ) = 2 cos D cos d sm J (r x + r a ) sm } (r t — r 2 ) 

we derive, approximately, 

x /*,— M/*i+M 2s eojD8eea 

Ki—O-l-j-H-j-l Ti + t , ' 

To reduce tins expression to a practical form, we liave first, from 
(353) and (354), 


£ _ <r s ) = rx tan 1 C sm p cos p sm 2 q 


in which we may use the approximate values of siny and cosp 
given hy (331), where f is the same as p, namely, 


emp = 


(t, — t,) 008 $ 
2r 



where d is the approximate value of d — D found hy neglecting 
the refraction 

For £(<;, + <r 2 ) we may here nse r, for, being only a multiplier 
of | (^ — < 7 j), the remammg terms would give only terms in x* 
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in the product For + r 2 we put t 2 - t, These substitutions 
being made in the value of | (r, r 2 ), w r e have 

^ ( Tj _ Tj ) = dx tan 2 C siu 2 q sec D (355) 

which is the correction to be added to the mean of the observed 
times, in order to obtain the true time /„ of the star’s transit over 
the decimation circle of the centre of the nng; for we have 


t 0 = K*i + »*) + i Oi - T 0 


To find the correction of d for refraction, we observe that if 
Tl and r 2 were known, the true value of the difiference — 
would be found by the formulae 


(<5— D) s = ^ - (r, cos Sy 
(5 _ DJ = cos <5) 2 


In these formulae, indeed, the path 
rectilinear , but the correction foi 
investigated, and is given by (333) 
may be expressed as follows 


of the star is supposed to be 
curvature has already been 
The mean of these values 




and, consequently, by neglecting terms in x 2 , 


(*- 



fne difference d is found from the formula 
d?=r* — 


and therefore, observing that r x + r 2 — < s — 


— 2r J x [1 + tan 2 C (sin 2 q + cos 2 p cos 2 g)] 

Substituting d for r cosp, and then dividing both members by 
_ 2)) -f d, (or by 2d, since this will involve only errors of th 

order jc 2 ), we find 

(i _ D) — d = ~ (tan 2 C sin 2 q + 1) + i * tan 2 C cos 2 g (356) 
which is the required correction to be added to d 
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For a second star, we have, in. like manner, 

$ ft — r/) =zd'x tan’ C sm 2 q sec D 

# 0 ' = i(f I ' + t/)+^(r a '-r s ') 





The difference of right ascension of the stars found by neglect- 
ing the refraction is 

while the true value is // — ■ so that the correction for the 

refraction is 

A(*' — a) = $ ft — t/) — } ( T > — T fl) 

or, by (355) and (357), 

a(o' — a) = (^' — d) x tan* C sm 2 3 sec i t (359) 

m which we have put d„= % (8 + 8 ') instead of D The correc- 
tion of the difference of the decimations of the stars for lefrac 
tion is, by (356) and (358), 

a (4' — 4) = (<£' — d) x tan* C cos 2 q — — x (tan* f sin 1 q 1) 

dd (360) 

The values of ( and q to be used in these formulse wall be 
found by (348), employing 8 0 = £(6 + S') and the hour angle r 0 
of the centre of the ring, which will be found from the transit 
of one of the stars by the formula 

r o = i C*i 4- ® — » 

Example — To correct the results in the example of Art. 285 
for refraction — W e have there found 


d’ = + 17' 61" 9 
d = + 13 34 8 
d' — d = + 4 17 1 
»' — «=— 1*49*50 

We find, by (348), 


t = + 51° 12' 4 
S 0 = + 24 3 3 

r 0 = 5* 18” 58* 

r= 1126" 25 


2V= 9° 6 ' 7 
3 = 42 53 7 


log n = 9 89088 
C = 64° 25' 0 
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The indications of the "barometer and thermometer are not given , 
but, assuming a mean state of the air, the refraction table gives 
for tins zenith distance log x = 6 4S82, with which we proceed 
to compute (859) and (860) as follows : 


log(i' — d) 2 4101 
log x 6 4382 
log tan* C 0 6398 
9 4881 
log cos 2 q 8 8658 
1st term of (360) = + 0" 02 

log sin* q 9 6658 
log (tan*C sin 1 q + 1) 0 4802 
log (d 1 — d)x 8 8483 
log r s 6 1032 
5 4317 
log dd' 5 9412 

2d term of (860) = + 0" 81 
A (S'_$) = — 0" 29 


log sec J 0 0 0395 
9 4881 
log sin 2 q 9 9988 
log a(»' — ») 9 5264 

a(<*' — a) = -j- 0" 34 = + 0* 02 


The corrected values are then 
o' — a = — 1* 49*48 
S' — i = + 4' 16" 81 


The corrections for refraction are in this instance less than the 
probable eirors of observation. Indeed, with the ring micro- 
meter, it will seldom be worth while to consider the refraction 
unless the zenith distance is over 60° and the difference of 
declination over 10' 


CORRECTION OF MIOROMRTRIC OBSERVATIONS FOR PRECESSION, 
NUTATION, AND ABERRATION. 

801. In most eases, micromtf er observations of the difference 
of position of two celestial bodies have for their object the 
determination of the apparent place of one of these bodies from 
that of the other supposed to be given. The apparent place thus 
found is then usually to be reduced to the mean place for the 
beginning of the year, or any adopted epoch, by applying the 
corrections for precession, nutation, and aberration with reversed 
den. Sometimes, also, it is desirable to reduce the data fur- 
nished by the micrometer on different dates to a, common date. 
The only case of interest, however, is that in which the distance 
and position angle have been observed I shall consider tret 

the effect of aberration. 

Vol IL-30 
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302. To find the effect of aberration upon the angular distance of 
two stars.— Let us denote by E the point of the ecliptic from 
which the earth is moving (as m Art. 387 of Vol I ) ; by 9 V 
the true angular distances of the stars from E, by <V, the 
apparent distances from E affected by aberration , by <r and s, 
the true and apparent distances of the stars from each other, by 
ft, ft, the angles formed by a with and , by ft', ft', the angles 
formed by s with the same arcs Then, since the aberration acts 
only in the great circle joining the star and the point E, the 
angle atE between the arcs and remains unchanged, and 
we have, precisely as in the investigation of the differential 
refraction in Art 293, 


sin i « sin i (ft + ft) = sin *8 sin *(ft' + ft') 
sin i <rcos } (ft + ft) = sin J 8 cos J (ft' + ft') — 


If we write ft and ft' for *(ft + ft) and * (ft' + ft'), we may put 
these equations under the form 

a sin ft sss a 8 8U1 ft' 
a cos ft =b bs cos ft' 

in which we have put 

a sin sin } (*/ — #/) 


Now, we have (Art 385, Vol I ) 

*,'—#« = * tsin#. 

In which k = 20" .4451 , and hence 


a = 1 — k cos 

6 = = 1 — k cos 4, + A* cos* # 0 — & c 

1 k cos # 0 

so that if we neglect ft*, as we may, we have a = b, and hence 
our equations give, simply, 

ft = ft' 

* = as 


Hence it follows, 1st, that the angle which a makes with the arc 
is not senBibly changed by the aberration , 2d, that the effect 
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of aberration upon the distance a is the same in whatever dii ec- 
tion the arc a may lie, and depends only on the distance (# 0 ) of 
its middle point from the point JE, or, in general, upon the right 
ascension and decimation of this middle point This latter 
principle suggests the most simple means of investigating a for- 
mula for computing the aberration in distance , we have only to 
assume the distance a to coincide in direction with a declination 
circle, so that a may be treated as the difference of declination 
of the stais Then the effect of aberration upon a will be found 
by differentiating the expiession Cc' + Dd', which expresses the 
correction for aberration (Art 402, Vol I.) , thus, 


Air = 




Taking the values of a' and b' for the middle point of a, or 
for the right ascension a 0 and decimation <5 0 , we put 

dc' 

Y — a — — — it (tan £ Bin + sin a„ cos £ 0 ) 
ud 

> dd' 

0 — (T ~ — — G COS OIq COS Vq 


and then for .computing a<t we have the simple formula 


Air = + Gy + m (361) 

for which C and D can be taken from the Ephemens for the 
given date The correction thus found is to be added to the 
true distance to obtain the apparent distance 

The position angle p 0 at the middle point of a is composed of 
the angle 7 0 and of the angle which the decimation circle makes 
with the arc «? 0 so that the change in p 0 is the same as that in 
the latter angle, that is, it is the difference of directions of the 
declination circles drawn through the true and apparent places 
of the stars This diffeience will be obtained at the same time 
with that produced by precession and nutation in the next article 

303 To find the effect of precession, nutation, and aberration upon 
the position angle of two stare —Let a 0 , 8 0 , be the right ascension 
and decimation of the middle point between the two stars The 
change ap 0 in the position angle is simply the change of direction 
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of the declination circle drawn through this point so that we 
have 

dttQ COS Sq 

tan Aj3 0 = Ap 0 = — ji — 


or, taking ct 0 = (a 0 ) + Aa + Bb + Cc + Del as the expression of 
the apparent right ascension at any time, where (a 0 ) is its mean 
value at the beginning of the given year (Yol I. Art 402), we 
have 


Aj9 0 =COS 



=A n sin a 


+ £ — + C' — + D —1 

d^Q d8 o dd 0 dft oJ 

0 pec d 0 +B cos a 0 sec <\ -f Cc os a 0 tan $ 0 + D sm a 0 tan % 


lienee, putting 

o! = n Bin a 0 ^cc o 0 / = r Oh a 0 tan <\ 

p' ~ C0b a„ sec \ # — Bin a 0 tan £ 0 

in which, for a given year 1800 t (Yol I p 617), 

n = 20" 0607 — 0" 0000868 1 

we have 

±p 0 = Aa'+ Bp-\- C/ + D8' 

The annual increase of po is n sm a 0 sec <5 0 If we wish to leduce 
the mean value of p Q from one given year 1800 + l to another 
1800 + 1', we must, therefore, add the quantity (t f — t) n sm cc 0 sec 8 0 , 
in which a 0 and 8 0 should be taken for the date 1800 + i (i + O 
The mean value of p 0 being thus reduced to the beginning of the 
year 1800 + £', its apparent value for the day of the year will 
then he found by adding the correction &p 0 given by (363), A , 
B, (7, and D being taken for the day from the annual Bphemeris 
or the Tabulce Regiomontanee . 

The precession and nutation, evidently, do not affect the appa- 
rent angular distance of two stars* 


} (B62; 


(363) 
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METHOD OF LEAST SQUARES * 


1 A number of observations being taken for the purpose of 
detei mining one or more unknown quantities, and these obser- 
vations giving discordant lesults, it is an important problem to 
determine the most probable values of the unknown quantities 
The method of least squaies may be defined to be that method 
of treating tins geneial pioblem which takes as its fundamental 
principle, that the most probable values are those which make the sum 
of the squares of the resuiual errors a minimum . But, to understand 
this definition, some degree of acquaintance with the method 
itself is necessary 


* The first published application of the method is to be found m Legendre, Kouvellts 
rnithodes pour la determination des orbites des comltes, Pans, 1806 The development, 
however, from fundamental principles is due to G tuss, who declared that he had 
used the method as early as 1795 See his Theoria Motus Corporum Coelestium , 1809, 
Lib II Sec III , Disqumtio de elements elhpticis Palladia , 1811, Bestmmung der 
Oenauigkeit d$r Beobachtungen (v Lindenau und Bohnenbebger’s Zatschnft , 1816, 1 
s 185), Theona combmatioms observationum ei'roribus rnmtms obnoxise^ 1823, Supple- 
mentum theorise combmatioms , &c , 1826 all of which have been rendered quite access- 
ible through a French translation by J Bertrand, Mithode des mozndres carries MS- 
moires sur la combmaison des observations , par Ch Fr Gauss, Pans, 1855 

For a digest of the preceding, together with the lesults of the labors of Besbri*- 
and Hansen, see Encke, Uebei die Methode der kleinsten Quadrate. , Berliner Astron 
Jahrbuoh for 1834, 1835, 1836 , in connection with which must be mentioned espe- 
cially the practical work of Gerling, Die Ausgleichungsrcchnungen der practuchen 
Qfometrie , Hamburg, 1843 

See also Laplace, Thfont analyUque des pt obabihtds, Liv II Chap IV , Poisson, 
Sur la probability des risultatsmoyens del observations, m the Connaissance des Temps or 
1827,' Hon, m the Berlin Jahrbuoh for 1858, Bessel, » Astron JKkA , Nos 858 
859, 899, Hansen, in Astron Wash , Nos 192, 202 etBeq , Pzmcs,m e * 

Tom mil (Cambridge, Mass ), Vol II No 21, Liaqee, Oalcul des probabditis a thSorxe 

des e) rew a, Bruxelles, 1852 ^ 
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ERRORS TO WHICH OBSERVATIONS ARE LIABLE 

2 Every observation which is a measure , however carefully it 
maybe made, is to he regarded as subject to error, for expe- 
rience teaches that repeated measures of the same quantity, when 
the greatest precision is sought ,* do not give uniformly the same 
result Two lands of errors are to be distinguished 

Constant or regular errors are those which m all measures of the 
same quantity, made under the same circumstances, obtain the 
sanfe magnitude , or whose magnitude is dependent upon the 
circumstances according to any determinate law The causes of 
such errors must be the subject of careful preliminary search m 
all physical inquiries, so that their action may be altogether pre- 
vented or their effect removed by calculation For example, 
among the constant errors may be enumerated refraction, abei- 
ration, &c , the effect of the tempeiature of rods used in mear 
suring a base line in a survey , the error of division of a graduated 
instrument when the same division is used m all the measures , 
any peculiarity of an instrument which affects a particular mea- 
surement always by the same amount, such as inequality of the 
pivots of a transit instrument, defective adjustment of the colli- 
mation, imperfections of lenses, defects of micrometer screws, &c , 
to which must be added constant peculiarities of the observer, 
who, for example, may always note the passage of a star ovei a 
thread of a transit instrument too soon, or too late, by a constant 
quantity, or who, in attempting to bisect a star with a micrometer 
thread, constantly makes the upper 01 the lowei poition the 
greater, or who, in observing the contact of two images (m 
sextant measures, for instance), assumes for a contact a position 
m which the images are really at some constant small distance, 
or a position in which the images are really oveilapped, &c &c. 

Thus, we have three lands of constant errors : 

1st Theoretical , such as refraction, aberration, &c , whose effects, 
when their causes are once thoroughly understood, may be cal- 
culated a prion, and which thenceforth cease to exist as errors 

* The qualification, “when the greatest precision is sought,” is important, foi if, 
eg, we were to determine the latitude of a place by repeated measures of the meri- 
dian altitude of the same fixed star with a sextant divided only to whole degrees, all 
our measures might give the same decree The aooordance of observations is, there- 
fore, not to be taken as an infallible evidence of their accuiacy It is especially 
when we approach the limits of our measuring pouers that we become sensible of the 
discrepancies of observations 
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The detection of a constant eiroi in a ceitam class of observa- 
tions very commonly leads to investigations by which its cause 
is levealed, and thus our physical theories are impioved 

2d. Instrumental, which are discovered by an examination of 
our instruments, orfioma discussion of the observations made 
with them These may also be removed when their causes are 
fully understood, either by a propel mode of using the instru- 
ment, or by subsequent computation 

3d Personal, winch depend upon peculiarities of the observer, 
and in delicate inquiries become the subject of special investiga- 
tion under the name of “personal equations ” 

"We are to assume that, in any inquiry, all the sources of con- 
stant erroi have been carefully investigated, and their effects 
eliminated as far as practicable. W hen this has been done, 
however, we find by experience that there still remain discrepan- 
cies, which must be leferred to the next following class 

Irregular or accidental erroi s aie those which have irregular 
causes, or whose effects upon individual observations are gov- 
erned by no fixed law connecting them with the circumstances 
of the observations, and, therefore, can never be subjected 
a priori to computation Such, for example, are errors arising 
fiom tremors of a telescope pioduced by the wind : errors in the 
reft action produced by anomalous changes of density of the 
strata of the atmosphere , from unavoidable changes m the 
several parts of an instrument pioduced by anomalous variations 
of temperature, or anomalous contraction and expansion of the 
parts of an instrument even at known temperatures ; but, more 
especially, enors arising from the imperfection of the senses, aa 
the imperfection of the eye in measuring very small spaces, of 
the ear in estimating small intervals of time, of the touch in 

delicate handling of an instrument, &c 

This distinction between constant and irregular errors , 
indeed, to a certain extent, rather relative than absolnte and 
depends upon the sense, more or less restricted, in which we 
consider observations to be of the same nature or made under the 
same circumstances Foi example, the enors of ^msion o 
instrument may be regarded as 

St=«S=S5 Swiss 

instruments 
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After a fall investigation of the constant or regulai errois, it 
is the next business of the observer to dimmish as much as pos- 
sible the irregular errors by the greatest care in the observations , 
and finally, when the observations are completed, there remains 
the important operation of combining them, so that the outstand- 
ing, unavoidable, irregular errors may have the least probable 
effect upon the results For this combination we invoke the 
aid of the method of least squares, which may be said to have 
for its object the restriction of the effect of megular errors within 
the narrowest limits according to the theory of probabilities, and, 
at the same t im e, to determine from the observations themselves 
the errors to which our results are probably liable. It is propei 
to observe here, however, to guard against fallacious applications, 
that the theory of the method is grounded upon the hypothesis 
that we have taken a large number of observations, or, at least, a 
number sufficiently large to determine the errors to which the 
observations are liable 

CORRECTION OF THE OBSERVATIONS. 

3. When no more observations are taken than are sufficient 
to determine one value of each of the unknown quantities 
sought, we have no means of judging of the correctness of the 
results, and, m the absence of other information, aie compelled 
to accept these results as true, or, at least, as the most probable 
But when additional observations are taken, leading to cbffeient 
results, we can no longer unconditionally accept any one result 
as true, since each must he regarded as contradicting the others 
The results cannot all he true, and aie all probably, m a strict 
sense, false. The absolutely true value of the quantity sought by 
observation must, m general, be regarded as beyond our reach, 
and mstead of it we must accept a value which may or may not 
agree with any one of the observations, but which is rendered 
most probable by the existence of these observations 

The condition under which such a probable value is to be 
determined, is that all contradiction among the observations is to be 
removed This is a logical necessity, since we cannot accept for 
truth that which is contradictory or leads to contradictory results. 

The contradiction is obviously to be removed by applying to 
the several observations (or conceiving to be applied) probable 
corrections , which shall make them agree with each other, and 
which we have reason to suppose to be equivalent m amount to 
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the accidental eirors severally But let us here r emar k that we 
do not m this statement by any means imply that an observer is 
to arbitrarily assume a system of corrections which will produce 
accordance : on the contrary, the method we are about to con- 
sider is designed to remove, as far as possible, every arbitrary 
consideration, and to furnish a set of principles which shall 
always guide us to the most probable results The conscientious 
observer, having taken every care in his observation, will set it 
down, however discrepant it may appeal to him, as a portion of 
the testimony collected, out of which the truth, or the nearest 
approximation to it, is to be sifted 

Admitting, therefore, that the observations give us the best, 
as indeed the only, information we can obtain respecting the 
desued quantities, we must find a system of corrections which 
shall not only pioduce the desired accordance, but which shall 
also be the most probable corrections, and further be rendered most 
probable by these observations themselves 


THE ARITHMETICAL MEAN 


4 In order to discover a principle which may serve as a basis 
for the investigation, let us examine first the case of direct ob- 
servations made for the purpose of determining a single unknown 
quantity 

Let the quantity to be determined by direct observation be 
denoted by x (Suppose, for example, to fix our ideas, that this 
quantity is the linear distance between two fixed terrestrial 
points ) If but one measure of x is taken and the result is a , 
we must accept as the only and, therefore, the most probable 
value, x = a Let a second observation, taken under the same 
or precisely equivalent circumstances, and with the same degree 
of care, so that theie is no reason for supposing it to be more in 
error than the first, give the value b Then, since there is no 
reason for preferring one observation to the other, the value of 
x must be so taken that the differences x — a,x-b shall be 
numerically equal , and this gives 

* = 4 (a -f 6) 


This result must be regarded as the only one that can be mferr 
from the two observations consistently with our e m 1 
accidental eirors, foi positive and negative accidental errors of 
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equal absolute magnitude are to be legal ded as equal errors and 
as equally probable, since, from the care bestowed on the obser- 
vations and the supposed similarity of the circumstances under 
which they aie made, there is no reason a prion for assuming 
either a positive or a negative error to be the more probable 
How let a third observation be added, giving the value c. 
Since the three observations are of equal reliability, or, as we 
shall hereafter say, of equal weight, we must so combine a, b, and 
c that each shall have a like influence upon the lesult , m other 
woids, x must be a symmetrical function of a, b, and c If we 
first consider a and b alone, then a and c, then b and c, we shah 
find the values 

+ + c), l(6 + c), 

with each of which the additional observation c, b, or a is to be 
combined Each combination must result in the same sym- 
metrical function, which, whatever it may be", can be denoted by 
the functional symbol 4- We must, therefore, have 

x = Cl "t" bi), c] 

= 4- Us (a + c), b] 

= 4" [1 (b + c), c] 

Introducing the sum of a, b, and c, oi putting 

s — — — a —{— b c 

these become 

x = 4 [1 (s — c), e] — 4 [5, c] 

= 4 [1 (s - b), b] = + [s, &] 

= + [1 (s — «), «] = 4 0, a] 

But s is already a symmetrical function of a, b, and c, and there- 
fore these equations cannot all result in the same symmetrical 
function unless c, b, a, in the respective developments of the 
functions, disappear and leave only s Hence we must have 

x = 4 (s) 

How, to determine we observe that, as it must be general, 

its nature may be learned from any special but known case 

Such a case is that in which the three observations give three 
equal values, or a — b — c, and m that case we have, as the 
onlv value, x — a, or 

a = 4 (3 &'j 



METHOD OF LEAST SQUARES 


475 


and, consequently, the symbol 4 signifies here the division by 3. 
Hence, generally, 

a + b c 
X ~ 3 

In the same manner, if it had been previously shown that for 
m equally good observations the most probable value is 

~1~ ^ -1~ c ~t~ • ~t~ w 


it would follow that for an additional observation p we must 
have 

a + b ± c + + n + j> 


for, putting s = a + 6 + c+ 4- >i + j>, we Bhall have 


= 4 (s — p),p^ = * [s,i>] = 4- 00, &c 


But we have shown that the form is true for three observed 
values hence, it is true for four , and since it is true for four 
values it is true for five , and thus generally for any number * 
The principle heie demonstiated, that the arithmetical mean 
of a number of equally good observations is the most probable 
value of the observed quantity, is that which has been universally 
adopted as the most simple and obvious, and might well be 
received as axiomatic The above demonstration is chiefly 
valuable as exhibiting somewhat more clearly the. nature ot the 
assumption that underlies the pnnciple, which is that, under 
strictly similar circumstances, positive and negative errors of the 
same absolute amount are equally probable 


5 If now ft', ft", ft'" • n (m) are the m observ d values of a 
required quantity x, and if x 0 denotes their arithmetical mean, 
the assumption of x 0 as the most probable value of x gives 
„/_ x n " - Xm ft'" - x 0 , &c , as the most probable system of cor- 
rections (subtractive from the observed values) which produce 
the required accordance But the equation 


x, 


ft' 4- n" 4- ft'" + + ft 


,(m) 


<K 


m 


* Encke, Berlinei Astron Jahrbuch for 1834, p 162 
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may also be put under the form 

( n ' — x 0 ) + (*" — <r 0 ) + O'" — r 0 ) + O'”*' — x 0 ) = 0 


that is, the algebraic sum of the corrections is zero. 

This is, however, not the only chaiacteristic of the system of 
corrections resulting from the use of the arithmetical mean Let 
us examine the sum of the squares of the conections For 
brevity, let us denote the corrections, or, as they will be here- 
after called, the residuals, by the symbol v so that 

»'=»' — x 0 , v" = n" — x„ v'" = n"' — x 0} &c 

and also denote the sums of quantities of the same kind by 
enclosing the common symbol in rectangular brackets . so that 


[®] = v' v" -f- v'" + &c 
[uu] = v’v' -|- v"v" -f- v"'v" f -)- &c 


a notation usually employed throughout the method of least 
squares "W e have 

M = 0 (2) 

and 

[to] = o' _ x 0 y + O" — x 0 y + o'" — *«)’ + • • 

= [jwi] — 2 [»] x 0 + mx<? 


But since we have also 


x 0 


w 


m 


this equation becomes 

[to] = |>n] -2W^ + »|i- 

= [nn]-Wl 

J m 

Let x 1 be any assumed value of x, giving the residuals 

v, — n' — x 1 v„ = n" — x, v 3 = n'" — x v &c 
then, as above, 


(3) 


[Vjt),] = [nn] — 2 [n] x 1 + mxy 

Substituting in this the value of [nn] given by (3), we find 

r ft1 J 

OrJ = [to] + — 2 [n] x, + mxS 

7TTI 

— L vv l + m ( ^ — *j | 

= [to] + i/qt 0 - aj ) 2 


( 4 ) 



METHOD OF LEAPT SQUARES 


477 


This equation determines the sum of the squares of the residuals 
for any assumed value of x Since the last term is always posi- 
tive, we see that this sum for any value of x differing from the 
arithmetical mean r 0 is ahvajs greatei than [w?]. Hence it is a 
second characteristic of the arithmetical mean, that it makes the 
titan of the squares of the tesiduals a minimum. 

C Observations may be not only direct , that is, made direetly 
upon the quantity to be determined, but also indirect , that is, made 
upon some quantity which is a function of one or moie quanti- 
ties to be determined Indeed, the greater part of the observa- 
tions lh astronomy, and in physical science generally, belong to 
the latter class Thus, let a;, y, z he the quantities to be 
determined, and if a function of them denoted by/, or 

M = f(x,y,z ) (5) 

and let us suppose an observation to be made upon the value of 
if We then have but a single equation between x,y,z . . and 
the observed quantity if, and the problem is as yet indetermi- 
nate Vanous systems of values may be found to satisfy the 
equation, either exactly or approximately Let us, however, sup- 
pose that the most piobable system (as yet unknown) is expressed 
by x = p,y = q,z = r , and let the value of the function, 
w hen these values are substituted m it, be denoted by V, or put 

V=f(p, q, r ) (6) 

then if— Vis the residual error of the observation In like 
manner, if a number of observations of the same kind be taken, 
in which the observed quantities if', if", if'" • - are functions 
deteimmed by the same elements p, q, r, . , and if V', I ", 

ynt . are the values of these functions when p,q,r.. are 

substituted in them, then if'— V', — — ' ... 

are the residual errors of the observations If there are y 
unknown quantities and also y observations, and no moie, there 
will be y equations between the known and unknown quantities, 
which will fully determine the values of these unknown quanti- 
ties: so that the probable values p, q, r . are, m that case, 
those determinate values which exactly satisfy all the e ^ aa ^° a ®’ 
and, consequently, reduce every one of the residuals M — V , 
M" — V", &c to zero But, if there are more than y observations 
the determinate values found from y equations alone will nol 
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necessarily satisfy the remaining equations, m consequence of 
accidental errors m the obseivations The problem, then, is to 
determine from all the observations, or ft om all the equations , the 
most pi obable system of values of the unknown quantities , or, which is 
the same thing, the most probable system of residual errors In the 
case ot direct observations, we have seen that the most probable 
value of the unknown quantity was that which made the alge- 
braic sum of the residuals zeio, but this principle followed fiom 
taking the arithmetical mean of the same quantity, and is ob- 
viously inapplicable in the piesent case The second principle, 
that the most probable value is that which makes the sum of the 
squares of the residuals a minimum, is of a more general 
character, and might be assumed at once, as at least a plausible 
principle, to serve as the basis of the solution of our problem , 
but it will be more satisfactory to justify its adoption by the 
calculus of probabilities 

THE PROBABILITY CURVE 

7. Although accidental errors would seem at first sight to be 
of a capacious and irregular nature which would exclude them 
from the domain of mathematics, yet, upon examination fiom 
theoretical considerations, confirmed, as will be shown, by expe- 
rience, we shall find that they are subject to lemaikably precise 
laws In the first place, we remark that they aie subject to the 
following fundamental laws 1st Errors m excess and in defect 
— i e positive and negative, but of equal absolute value — are 
equally probable, and in a large number of observations are 
equally frequent 2d In every species of observations, there is 
a limit of error which the greatest accidental errors do not 
exceed thus, if l denotes the absolute magnitude of this limit, 
all the positive errors are comprised between 0 and + l , and all 
the negative errors between 0 and — l , and, consequently, all the 
errors are distributed over the interval 21 3d. The eirors are 

not distributed uniformly over this interval 21, but the smaller 
errors are more fiequent than the larger ones 

Thus the frequency of an enor of a given magnitude may be 
regarded as a function of the error itself so that, if we denote 
an error of a certain magnitude by A, and its relative frequency 
in a given large number of observations by <pA, this function 
should obtain its maximum value for A = 0, and become zer-o 
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when A = ±l. If, then, we denote the probability* of an error 
or put ^ (7) 

we may regard this as the equation of a curve, taking A as the 
abscissa and y as the ordinate The nature of this curve will be 
accuiately defined when we have discovered the form of the 
function <pA, but we can see in advance that a curve such as 
Fig A is required to satisfy the conditions already imposed upon 

Fig A 


T 



'this function For its maximum oidmate must coi respond to 
^ _ o , it must be symmetrical with reference to the axis of y, 
since equal errors with opposite signs have equal probabilities, 
and it must approach very near to the axis of absciss® for values 
of A near the extreme limits, although the impossibility of as- 
signing such extreme limits of error with precision must prevent 
us from fixing the point at which the curve will finally meet the 

axis 

8 The number of possible errors in any class of observations 
is, strictly speaking, finite , for there is always a limit of accuracy 
to the observations, even when we employ tlio most refined 
instruments, m consequence of which there is a numorical suc- 
cession m our results Thus, if 1" is the smallest measure m a 

A n 

* That is, if the error A occurs n times m m observations, y — p a — ~ 
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given case, the possible errors, arranged m their order of magni- 
tude, can only differ by 1" or an integral number of seconds 
Hence, our geometrical representation should strictly consist of 
a number of isolated points , but, as these points will be more 
and more nearly represented by a continuous curve as we increase 
the accuracy of the observations, and thus dimmish the intervals 
between the successive ordinates, we may, without hesitation, 
adopt such a continuous curve as expressing the law of error. 
W e shall, therefore, regard A as a continuous variable, and <p A 
as a continuous function of it. 

How, by the theory of probabilities, if <pA , <pA f , <pA " 
are the respective probabilities of all the possible errors A , A', 
A u we have* ' 

<pA -f- <pA f -|- <pA ,r -f- =1 

when the number of possible errors is finite But the assumed 
continuity of our curve requires that we consider the difference 
between successive values of A as infinitesimal, and thus the 
number of values of <pA is infinite, and the probability of any 
one of these errors is an infinitesimal To meet this difficulty, 
let us observe that if a finite series of errors A, A\ A" be ex- 
piessed m the smallest unit employed m the observations, these 
errors, arranged m the order of their magnitude, will be a series 
of consecutive integral numbers, the probability of the error A 
may be regarded as the same as the probability that the error 
falls between A and A - 1- 1 ; and the probability of an error De- 
tween A and A + i will be the sum of the probabilities of the 
errors A, A + 1, A + 2, . A + (i — 1). If i is small, the pro- 
bability of each of the errors from A to A + ^ will be nearly the 
same as that of A so that their sum will differ but little from 
up A As the interval between the successive enors diminishes, 
this expression becomes more accurate ; and hence when we take 
dA , the infinitesimal, instead of t, we have <pA dA as the rigorous 
expression of the probability that an error falls between A and 
A + dA Hence, it follows, m general, that the probability that 
an error falls between any given limits a and b is the sum of all 

* For if there are n errors equal to A, n‘ equal to A', & o , and the whole number 

of errors is m , the probabilities of the errors are respectively <pA = <pA’= — , &c . 

n 4- n' -4- m A m m 

and the sum of these is — ! ! = — = 1 

m m 
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the elements of the form <pA dJ between these 
integral 



limits, or the 


and this integral, taken between the extreme limits of error, and 
thus embracing all the possible errors, will be 



We have heretofore assumed that the function <pA is to be zeru 
for A = ±1 It must also be added that, since the probability 
of any erroi greater than ± l is also zero, we should have to 
determine this function in such a manner that it would be zero 
for all values of A from + l to + 00 and from — l to — oo The 
obvious impossibility of determining such a function leads us 
to extend the limits ± l to ± oo, and to take 



This will evidently be allowable if the integral taken from 
±1 to ± oo is so small as to be practically insignificant Besides, 
the extreme limits of error can never be fixed with precision, and 
it will suffice if the function <pA is such that it becomes very small 
for those errors which are regarded as very large 


9 Returning now to the general case of indirect observations, 
Art 6, in which we suppose a quantity M = / (x, y, z, . ) to be 

observed, let A, A', A" be the errors of the several observed 
values of M, and <pA, <pA ', <pA" their respective probabilities, 
then, the probability that these errors occur at the same time m 
the given series being denoted by P, we have, by a theorem of 
the calculus of probabilities,* 

P = <pA. <pA <pA" (9) 

The most probable system of values of the unknown quantities 

* If a single notion of a cause can produce the effeots a, o', o , with the re- 
spective probabilities p, p\ p", the probability that two successive independent 
notions of the oause will produce the effects a and a! is pp', and similarly for any 
number of effeots Thus, if an urn contains 2 white balls, 8 red ones, and 5 black 
ones, the probability that in two successive drawings (the original number of balls 
being the same at eaoh drawing) one ball will be white and the other red is ^ X fr 
Von, II —31 
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x,y,z. . will be that which makes the probability P a maxi- 
mum. Consequently, since x, y, z . are here supposed to be 
independent,* the derivative of P relatively to each of these 
variables must be equal to zero, or, since log P varies with P, 
the derivatives of log P must satisfy this condition, and we shall 
have 


1 dP 
P dx 


0, 


1 dP A , 

= 0, &c 

P dy 


which, since 


log P = log <p A + log <p A’ -f log <p A" -f . . . . 


give the equations 


,, dA , ,.,dA' , dA" 

** ^ + ( ’ J te + ri *r+ 

it — + / f + if yA y 

dy ~ dy dy 

fA dA dA' , dA" 


&c 


&c 


= 0 
= 0 
= 0 


( 10 ) 


in which we ha/e p'i- 

4 a- i9A 


^ Add 9 


(p A 




_ Xrc 


(pA r dA 


(”> 


The number of equations m (10) being the same as that of the 
unknown quantities, these equations will serve to determine the 
unknown quantities when we have discovered the value of the 
function <p'A, as will be shown hereaftei 

Since the functions <pA and <p'A are supposed to be geneial, and 
therefore applicable whatever the number of unknown quanti- 
ties, we may determine them by an examination of the special 
case m which there is but one unknown quantity, or that m 
which the observed values M. M\ M" belong to the same 
quantity In that case, the hypothesis that x is the value of this 
quantity gives the errors 


A=M — x, A'=M' — x, A" = M" — x 


* That is, subject to no restrictions except that they shall satisfy the observations, 
or the equations M =/(*, y, *, ) For the case of “ conditioned” observations, 

see Art 53 of this Appendix 
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whence 

dA _ _dA' _ dA" = _ 

dx dx dx ~~ 

and the first equation of (10) becomes 

<f' (if — a) + <f' ( M ' — x) + (if"— a) -f- =0 (12) 

This being general for any number m of observations, and for 
any observed values if, if', M" , let us suppose the special 
case 

if'=if" = if — mif 


Since the arithmetical mean of the observed quantities is here 
the most probable value of x, we have 

x = -(M+M'+ if" 4- ) 

m v 

= ^ [if + ( m — !) (if — m iO] 

ill 

= if — (m — 1) if 

whence 

if — x = (m — 1) if 

if'— 3 = if"— X =— if 


and, consequently, (12) becomes 


or, 


<p' [(m — l)if] + (m — 1) <p'(—N) — 0 

y'[(m-l)if] _ y'(- if) 

(m — 1) if — if 


That is, for all values of m, and therefore for all values of (m — l)if, 

, <f' [(m — 1) if] . , ,, p'(-if) 

we have — ^ ■ equal to the same quantity - - T - 

(m — 1) if — if 

Hence we have generally equal to a constant quantity, and, 

denoting this constant by k, we have 


or, by (11), 

Integrating, 

whence 


<p'A = kA 
*^ = kA dA 

<pA 

log <p A = £ k A 9 -)- log h 
( pA = x 


in which e is the base of the Napierian system of logarithms. 
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Since <pJ must dociease as J mci eases, must be essentially 
negative representing it, therefore, bj — /? 2 , our function becomes 

<pj = x e— hhA * 


Vo determine the constant x, let this value be substituted in (8), 

= 1 


which gives 


Putting 

this integral becomes 


t " hJ 


. /• -f CO 

J I e-«dt 


1 


(IS) 


The known value of the definite integral m the first member is 
V^(seeVol I p 153); whence 

_ h 

* ~~ V* 


and the complete expression ot <pA becomes 


ip A 


^ p — hh AA 

“lA 


( 14 ) 


The constant h must depend upon the nature of the observa- 
tions, and will be particularly examined hereafter. If we here 
take xt as the unit of abscissee in the curve of probability, the 
equation (7) becomes 



by which the curve may be constructed The values of y for a 
few values of A are as follows 


A 

y 

Diff 


A 

y 

Diff ] 

j 

00 

02 

04 

06 

08 

10 

12 

14 

1 16 

0 5642 

0 5421 

0 4808 

0 3936 

0 2975 

0 2076 
01337 

0 0795 

0 0436 

— 0221 

— 0613 

— 0872 

— 0961 

— 0899 

— 0739 

— 0542 

— 0359 


16 

18 

20 

22 

24 

26 

28 

30 

00 

0 0436 

0 0221 

0 0103 

0 0045 

0 0018 
0.0007 

0 0002 

0 0001 
ooooo 

j 

i 

— 0215 

— 0118 

— 0058 

— 0027 

— 0011 

— 0005 , 

— 0001 
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The curve, Fig A, in Art 7, is constructed from this table , hut, 
to exhibit its character more distinctly, the scale of the oidinates 
is four times that of the abscissae (which, indeed, conesponds to 
the case of h = 2) We see that the curve appioaches veiy near 
to the axis for moderate values of A, and that the assumption of 
± eo instead of finite limits of A can involve no piactical error 
It is evident that the axis XX is an asymptote to the curve 
The differences m the above table indicate that the curve 
appioaches the axis most rapidly at a point whose abscissa is 
between 0 6 and 0 8 The exact position of this point, which 
is a point of inflexion, is found b\ putting the second differen- 
tial coefficient of y equal to zeio, which gives 

d 2 y 

dA 2 

whence 


The ordinate Mm is drawn at this point We shall have occa- 
sion to refer to it again hereafter 

THE MEASURE OF PRECISION 

10 The constant h l equires special consideration. Since the 
exponent of e m (14) must be an abstract number, ^ must be a 
concrete quantity of the same kind as A In a class of observa- 
tions m winch J is small for a given probability <pA, ^ will be 

small, and h will be large. Thus, h will be the greater the more 
precise the nature of the observations, and is, therefore, called by 
Gauss the measure of precision If in one system of observa- 
tions the probability of an error A is expressed by 

-b— g—hhtki. 

V* 

and in another, more or less precise, by 

h' 

'A e — him 

V* 

the probability that in one obseivation of the first system the 


2 4AA 

= — e— -I — 7 — e— aa = 0 

yr r yn 


A = A: = 0 7071 
V* 
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error committed will 1)6 comprised between the limits 8 and 
4- d will be expressed by the integral 

f +! JL e -MAAdj 
J-\ y* 

and, in like manner, the probability that the error of an observa- 
tion m the second system will be comprised between 8' and 
+ 8' will be expressed by 

/.+ S' V 

| JL e-w** dA 
y* 

These mtegrals are evidently equal when we have h8 — h'8' If, 
for example, we have hi = 2A., the integrals will be equal when 
8 — 2d', that is, the double error will be committed in the first 
system with the same probability as the simple error m the 
second, or, in the usual mode of expression, the second system 
will be twice as precise as the first We shall presently see how 
the value of k can be found for any given observations. 

THE METHOD OE LEAST SQUARES 
11 The preceding discussion leads directly to important prae 
tical results We have seen (Art 9) that to find the most probable 
values of x,y, z . from the observed valueB of M=f {x,y, z, ) 
we are to render the probability P = <pA <pA' tpA" a maxi- 
mum, that is, by (14), 

P — Jim n —im g—Kh (AA + A'A' + A"A"+ ) (16) 

must be a maximum, and this requires that the quantity 
A A + A' A' + A" A" + should be a minimum Thus, the prin- 
ciple that the most probable values of the mknoion quantiles are those 
which make the sum of the squares of the residual errors a mimmum, is 
not limited to the case of direct observations, but is entirely 
general 

The principle is readily extended to observations of unequal 
precision For if the degree of precision of the observations 
M, M', M". . be respectively h, h', h" , and we compare 

these observed quantities with the values V, V 1 , V" , computed 
with the most probable values of x, y,z ,wheieby we obtain 
the residual errors M -V = A, W -V = A> , it is the same 
^^xng &g xf we had taken observations of equal precision (repic- 
eented by 1) upon the quantities hM, h'M', h"M", ., and had 
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compared them with the computed quantities h V, h' V' h" V" . 
whereby we should have found the enors hM — hV — kJ 

h'M' — h'V'— h'A' , m which case we should have to reduce 
to a minimum the quantity 

h n A n •+ h m A m + 

that is, each error being multiplied by its measure of precision, and 
thereby reduced to the same degree of precision, the sum of the squares 
of the reduced errors must be a minimum 

In what precedes is involved the whole theory of the method 
of least squares. I proceed to develop its practical features 


THE PROBABLE ERROR 

12 Prom the preceding articles it follows that the probability 
that the error of an observation falls between A and A + dA is 
expressed by 

J}i_ g — maa £a 

V* 

and the probability that it falls between the limits 0 and a is 
expressed by 

h = a 
— I e-MAA dA 

■j/tT 4/ A = 0 


and this integral expresses the number of errors that we should 
expect to find between the limits 0 and a when the whole num- 
bei of errors is put = 1 [equation (8)] If we put t = AJ, the 
integral takes the form 

1 ft = ah 

-A- I e-«dt 

ynJt = o 


The whole number of errors, both positive and negative, whose 
numerical magnitude falls between the given limits is twice this 


integral, or 


9 ft — ah 

-A- I e~ tt dt 


(16) 


The value of this integral (which may be computed by the 
methods of Vol I Art 113) is given in Table IX The number 
of errors between any two given limits will be found by taking 
the difference between the tabular numbers corresponding to 
these limits Since the total number of errors is taken as unity 
in the table, the required number of eirois in any particular case 
is to bo found by multiplying the tabular numbeis by the actual 
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number of observations Thus, if there are 1000 observations, 
•we find that 

between t = 0 and i = 0 5 there are 520 errors 
« * = 05 “ # = 10 “ “ 822 “ 

« * = 10 “* = 15 “ “128 « 

« < = 1 5 “ * = 2 0 “ « 29 « 

« < = 20 “ *= oo “ “ 5 « 

18. The degrees of precision of different senes of observations 
may be compared together either by companng the values of h, 
or by companng the errors which are committed with equal 
facility m the two systems The errors to be compared must 
occupy m the two systems a like position in relation to the ex- 
treme errors, and we may select for this purpose in each system 
the error which occupies the middle place m the senes of errors arranged 
m the order of their magnitude, so that the number of eirors which are 
less than this assumed error is the same as the number of errors which 
exceed it The error which satisfies this condition is that for 
which the value of the integral (16) is 0 5 Denoting the coi- 
responding value of t by p, we find, by interpolation ftom Table 
IX, 

p = 047694 

and we have 

££•'**-£ <*> 

If then we denote by r the error which, in any system of obser- 
vations whose degree of precision is h, corresponds to the value 
t = p, or put 

P = hr A = £ (18) 

there will be a probability of J that the eiror of any single obsei- 
vation in that system will be less than i , and the same proba- 
bility that it will be gi eater than j , which is sometimes expressed 
by saying that it is an even loagei that the ei ror will be less than r 
Hence » is called the pi obable ei ror 

We may, therefore, compare difieient series of obseivations 
by companng their probable errois, then degrees of precision 
being, by (18), inversely proportional to these errors. 

14 In order to apply Table IX in determining the number 
cf eirors m a given class of observations, we must know the 



METHOD OP LEAST SQUARES 


489 


measure of precision h, or the probable error r thus if we 
wish the number of errors less than a, we enter the table with 
the argument t = ah, or t = j 

For greater convenience, we can employ Table IX A, which 
gives the same function with the argument - . For exam ple, if 

there are 1000 observations whose probable error is r = 2", 
and we wish to know the number of errors less than a = 1", we 

take from Table IX A, with the argument ^ = 05, the n um ber 

0 26407, which multiplied by 1000 gives 264 as the required 
number 

The following example from the Fundamenia Astronomies of 
Bessel will serve to show how far the preceding theory is sus- 
tained by experience In 470 observations made by Bradley 
upon the right ascension of Sinus and Altcnr, Bessel found the 
probable error of a single observation to be 

r = 0" 2687 

Hence, for the number of errors less than 0'M the aigument of 

Table IX A will be ■ ?*._ = 0 3792, and for 0."2, 0" 3, &e , the 
0 2bo7 

successive multiples of 0 3792 Thus, we find from the table 


for 0" 1 with arg 0 3792 the number 0 20187 


a 

0 

2 

a 

0 7584 

U 

0 39102 

a 

0 

3 

a 

11376 

it 

0 55710 

« 

0 

4 

it 

15168 

it 

0 69372 

u 

0 

5 

it 

1 8960 

a 

0 79904 

u 

0 

6 

(' 

2 2752 

it 

0 87511 

u 

0 

7 

a 

2 6544 

il 

0 92661 

a 

0 

8 

a 

3 0336 

it 

0 95926 

a 

0 

9 

u 

3 4128 

it 

0 97866 

u 

1 

0 

a 

3 7920 

it 

0 98946 





QO 

it 

1 00000 


Subtracting each numbei from the following one, and multiply- 
ing tb fl remainder by 470, the number of observations, there were 
found 
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1 Between 

No of errors 
by the theory 

No of errors by 
experience 

0" 

0 

and 

0" 

1 

95 

94 

0 

1 

it 

0 

2 

89 

88 

0 

2 

it 

0 

3 

78 

78 

0 

3 

it 

0 

4 

64 

58 

0 

4 

it 

0 

5 

50 

51 

0 

5 

tt 

0 

6 

36 

36 

0 

6 

it 

0 

7 

24 

26 j 

0 

7 

tt 

0 

8 

15 

14 

0 

8 

it 

0 

9 

9 

10 

0 

9 

tt 

1 

0 

5 

7 


over 

1 

0 

5 

8 


The agreement between the theory and experience, tb 
not absolute, is remarkably close The number of large e 
by experience exceeds that given by the theory, and tlii^ 
been found in other cases of a similar kind, which shows at 
that the extension of the limits of error to ± qo has not 1 
duced any error The discrepancy rather indicates a sour< 
error of an abnormal character, and calls for some criteria 
which such abnormal observations may be excluded frotf 
discussions and not permitted to vitiate our results Si 
criterion has been proposed by Prof Peirce, and will b© 
sidered hereafter 

THE MEAN OE THE ERRORS, AND THE MEAN ERROR. 

15 The selection of the probable error as the term of 
panson between different senes of observations is arbi 
although it seems to be naturally designated by its middle 
tion in the series of errors There are two other errors i 
have been used for the same purpose 
The first is the mean of the errors, these being all taker 
the positive sign In order to find its relation to the pro 
error, let us first consider a finite senes of errors 

J, A', A", 

with the respective probabilities 

2 a 2a" 

In’ HT 
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so that m m observations there will be 2 a errors (numerically) 
equal to A, 2 a! equal to J', &c , the probability of a positive error 

A being — The mean of all these errors, each being repeated 
a number of times proportional to its probability, is 

2 a A + 2 a' A' -f 2 a" A" -f = 2 A Sl -f 2 A’ — + 2 ~ + 

m m m m 

When the number of errors is infinite, the probability of an 
error A is to be understood as the probability that it falls 
between A and A + dA, which is <pA dA (Art 8), and the above 
formula for the mean of the errors becomes the sum of an mfi 
nite number of terms of the form 2 AfA dA . Hence, putting 



7 ] = the mean 

of the errors, 


we have 





r 00 2h 

Tj=) —— Ae 

J° iA 

-MtAA dA _ 1 

h - |/jt 

(19) 

or, by (18), 





r 

17 pV* 

• = 1 1829 r 

\ (20) 


1 

• = 08453tj 

i 


Another error, very commonly employed in expressing the 
precision of observations, is that which has received the appella- 
tion of the mean error ( der mittlei e Fehler of the Germans), which 
is not to be confounded with the above mean of the errors. Its 
definition is, the error the square of which is the 'mean of the squares of 
all the errors . Hence, putting 


we have 


or, by (18), 


e = the mean error, 


e = JL- = 1 4826 r 

p t /2 

r = 0 6745 • 


When we put h = 1 , we have e - Vi The mean error is 
ZrnfoZ the ahscisaa of the pent of mfieehon of the curve of 
JSXV the figure, p 479, OXn the men error, 
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OP the probable error, 0E ~ the mean of the errors, and Mm , Pp, 
Me, their respective probabilities 


THE PROBABLE ERROR OP THE ARITHMETICAL MEAN 

16 The error above denoted by i is the probable enoi of any 
one of the observed values of the unknown quantity x We are 
next to determine the relation between this and the probable 
error r 0 of the arithmetical mean of these values 

If A, A', A" are the eriois of the obseived values, the 
most probable value of x is that which rendeis the piobability 

p __ Jim — 1 m e — (, AA + A'A' + A"A" + ) 

a maximum (Art 11), and, consequently, the sum AA + A' A’ 
+ a minimum But this sum is rendered a minimum by 
the assumption of the arithmetical mean x 0 as the most piobablo 
value (Art. 5), and hence the quantity P expi esses the probability 
of the arithmetical mean if A, A A" aie the enors of the 
observations when compared with this mean The piobability 
of any other value of x, as x 0 — 8, will be 

P'= i e -W^(A-S)2 + (<l'-5)s+ » 

— h m T:— i m e~ 2[A]S+»lS«} 

Since [zf] = A -f- A' + A" + - =0 (Art 5), and [AA] — met 

(Art 15), this expression may be put undei the form 

jp t — j^tn jj > — ^ q — mhh («»; 4" ,,,, 

and at the same time we have 

J> Ji rn Ti~^ m 6 

so that 

P: P' —1 

that is, the probability of the error zero m the arithmetical mean 
is to that of the enor 8 as 1 • Foi a single observation, 

the probability of the error zero is to that of the error 8 as 
l e~ M . Hence the measuie of precision (Art 10) of the 
single observation being h , that of the arithmetical mean of nt 
such observations is h\, m, from which follows the important 
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theorem that the precision of the mean of a nvmber of observations 
increases as the square toot of that number * 

If, then, r is the probable enor of u single obsenation, and n 
that of the arithmetical mean of several observations, we must have 



and from the constant lelation between the mean and the proba- 


ble error (22), 


(24) 


DETERMINATION OF THE MEAN AND PROBABLE ERRORS OF GIVEN 

OBSERVATIONS 

17 The principles now explained will enable us to determine 
the mean errois of any given series of directly observed quanti- 
ties Let n, ri, n" be the observed values, x 0 their arith- 
metical mean, v, v', v" the lesiduals found by subtracting 
x a from each obseived value so that 

v = n - x 0 , vf ■= vl - x 0 , v” = n” - x 0 , &c 

If x 0 weie certainly the true value of x, so that v, v', v" were 
the actual or (as we may say) the true eirors, and, consequently, 
identical with f J', A" , we should have, according to the 
above, mee = [AA^ — \yv\i anc ^ hence 

— JCS 1 ) 

and this must always give a close approximation to the value of e 
But the relation mte = [JJ] was deduced fiom a consideration 
of an infinite series of errois which would reduce the mean 
error of x 0 to an infinitesimal, according to the principles assumed, 
and thus make v, v', v" identical with A, A\ A" A better 
approximation to the value of e, where the senes is limited, is to 
be obtained by considering the mean error of x 0 itself, and conse- 
quentlv, also, the mean eirois of the residuals v, v', v" 11 

then we suppose the true value of x to be x 0 + S , we shall have 


the tiue errois 



* See, in connection, Aits 21 and_26 
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whence, observing that [v] =- 0, 

[J J] = mee = — 2 [v] $ -f 

— [w>] -j- m£ 2 

Thus the approximate value mss — [w] requires the correction 
m<J 2 , the value of which depends upon the value we may ascribe 
to 8 As the best approximation, we may assume it to be the 
mean erroi e 0 so that, by (24), 


md 2 = me 2 = m —== se 
0 m 


which gives 


mee = [yv~\ + £S 


whence 


[w>] 

m — 1 

• = x/(S) 

(25) 

and consequently, also, by (22), 



'-W(S) 

| q = 0 6745 

(26) 

Thus from the actual residuals the mean and the probable error 
of a single observed value are found. Hence, by (23) and (24), 
the mean and probable errors of the arithmetical mean will be 
found by the formulae 

i — i 
Si 

£, 

1 

< 

,-aJl I>1 -\ 

(27) 

0 \ \ m (m — 1) / 

0 \ \ m (m — 1) / 


Example — Let us take the following measures of the outer 
diameter of Saturn’s ring observed by Bessel at the Konigsberg 
Observatory with the heliometei, m the years 1829-1831 * The 
measures, denoted by w, are all reduced to the mean distance of 
Saturn from the sun, and are here assumed to have the same 
degree of precision 


* Astron Nach , Vol XII p 169 
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n 

V 

vv 

38" 

91 

— 0" 

40 

01600 

39 

32 

+ 0 

01 

0001 

88 

93 

— 0 

38 

1444 

89 

31 

0 

00 

0000 

39 

17 

— 0 

14 

0196 

39 

04 

— 0 

27 

0729 

39 

57 

+ 0 

26 

0676 

89 

46 

+ 0 

15 

0225 

39 

30 

— 0 

01 

0001 

39 

03 

— 0 

28 

0784 

39 

35 

+ 0 

04 

0016 

39 

25 

— 0 

06 

0036 

39 

14 

- 0 

17 

0289 

39 

47 

+ 0 

16 

0256 

39 

29 

- 0 

02 

0004 

39 

32 

+ 0 

01 

0001 

39 

40 

+ 0 

09 

0081 

39 

33 

+ 0 

02 

0004 

39 

28 

- 0 

03 

0009 

39 

62 

+ 0 

31 

0961 


n 

V 

VV 

39" 

41 

+ 0' 

10 

0 0100 

39 

40 

+ 0 

09 

0081 

39 

36 

+ 0 

05 

0025 

39 

20 

— 0 

11 

0121 

39 

42 

H~ 0 

11 

0121 1 

39 

30 

— 0 

01 

0001 1 

39 

41 

+ 0 

10 

0100 

39 

43 

+ 0 

12 

0144 

39 

43 

+ 0 

12 

0144 

39 

36 

+ 0 

05 

0025 

39 

02 

— 0 

29 

0841 

39 

01 

— 0 

30 

0900 

38 

86 

— 0 

45 

2025 

39 

51 

+ 0 

20 

0400 

39 

21 

- 0 

10 

0100 

39 

17 

— 0 

14 

0196 

39 

60 

+ 0 

29 

0841 

39 

54 

+ 0 

23 

0529 

39 

45 

+ 0 

14 

0196 

39 

72 

+ 0 

41 

1681 


x 0 = 39 308 [TO] = 1 5884 


Heuee, since m — 40, we have, by (25) and (26), 

vK 1 frH " 202 

, = 0" 202 X 0 G745 = 0" 136 


and consequently, by (23) and (24), or (27), 


0 " 202 
~ i/(40) 


= 0” 032, 


0" 136 
“ V ( 40 ) 


0 " 022 


That is, the piobable error of a single observation was 0" 136, 
and that of the final result x 0 = 39" 308 was only 0" 022 


18 The preceding method of finding the piobable eiror from 
the squares of the residuals is that which is most commonly 
employed, but when the number of observations is very gieat, 
it is desirable to abridge the labor, if possible A sufficient 
appioximation can be obtained by the use of the first powers of 
the residuals as follows 

The number of obseivations being very great, we shall ^pro- 
bably have as many positive as negative residuals If r', 
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. aie the positive and v v u„ i>, . .the negative residuals, 
and if the true value of x is r, + d, the true errors will he 
v r^.S }V »—S,v ,,, -d . ,and — v t — S, — v t — 8,— v 3 — 3, 

If they are all taken with the positive sign only, the errors are, there- 
foie, 

v' — <5, v" — 8, v'" — 8, and v 1 -f 8, v a + s , »» + 

the mean of which, upon the hypothesis of an equal number of 
positive and negative residuals, is the same as that of the senes 

v', v", v'" v v v 2 , v 3 

Hence, denoting the sum of the numerical values of the residuals 
by [»], and the mean of the actual errors by tj, as in Art 15, we 
have * 



and hence, by (20), 

r = 0 8453 S3 (28-) 

m 

and consequently, also, by (22), 

e = 1 2533 ^ (29) 

m 

In the example of the preceding article we find the mean of the 
residuals taken with the positive sign to be 0" 1555, which by 
(28) gives r = 0" 1555 X 0 8453 = 0" 131, which is perhaps a 
sufficient approximation to the value found above. In this 
example, however, we have 22 positive residuals, 17 negative 
ones, and 1 zero so that the hypothesis upon which the foimula 
(28) was founded is not strictly applicable In a larger number 
of observations we should expect a closer agreement with the 
hypothesis, and more accordant results 
"We may, however, employ the first powers of the residuals 
more strictly according to the theory of probabilities In a 
limited series each residual is to be regarded as liable to a pro- 
bable error r', and their mean is to be regarded as the mean of 
the errors of the residuals themselves, rather than as the mean 
of the errors of the observations Hence the formula 

i J = 0 8458 S3 
m 
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gives the probable eiroi of a residual The relation between 
r' and r (= the probable error of an observed quantity n) may be 
found as follows Each observed n may be supposed to be the 
result of observing the mean quantity x g increased by an ob- 
served error v The probable error of n = x Q -f- v is, therefore 
(by a principle hereafter to be proved), 


whence 


or 


r = 1 /(r 0 = + O = V(^ + r ' 1 ) 


r 



m 

7 ) 1 — 1 


r = 0 8453 


[>] 

■j/[m (m — 1)] 


(30) 


which agrees with the formula given by C A F Peters * Ac- 
cording to this formula, we find in the above example r = 0".133 


DETERMINATION OP THE MEAN AND PROBABLE ERRORS OF FUNCTIONS 
OF INDEPENDENT OBSERVED QUANTITIES. 

19 Suppose, first, the most simple function of two independ- 
ent observed quantities x and x v namely, their sum or difference 

X = x ± x, 

and let the given mean errors of x and x l be e and e, Although 
the number of observations by which x and x l have been found 
may not be given, we may assume it to have been any large 
number m, and the same for each of the quantities , the degrees 
of precision of the two series being inversely proportional to e 
and s. The true errors of the assumed observations may be 
assumed to be — 

for x, A, A', A" 
for x v A v A’, A” 

and the errors of X, consequently, 

A±A U A' ±A 1 ’, A" ± A,", 

Denoting the mean error of Xby E, we have, by the definition, 

nE J = (A ± A t )> + (A' ± A/) 1 -f (A” ± 4") 2 + 

= [ AA ] ± 2 [ AAJ + [ 44 ] 


Vol 11—32 


* Astron Nach , V ol XLIV p 82 
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In a great number of observations there must be as many posi- 
tive as negative products of the form and such that we shall 
probably have [4JJ = 0 rf and since we also have me* = [4i], 
me* = [JjJj], this equation gives 

E* = e 2 + ex 2 (31) 

If we have 

X — x ± iCx ± x a 

and the mean errors of x, x v x 2 aie e, e„ s 2 , we have by the pre- 
ceding equation the mean error of x ± x, = ^/(s 2 -f- e, 2 ), and by 
a second application of the same equation, considering x ± x, as 
a single quantity, the mean error ot X will be found bv the 
formula 

E* = s 2 + + ** (31*) 

and the same pnneiple may be thus extended to the algebnnc 
sum of any number of observed quantities 

In consequence of the constant relation (22), if i, r v r 2 
are the probable errors of x, x v x 2 and R the probable error 
of X = x ± x, ± x 2 . , we shall have 

R* = r* + r, 2 + r* + (32) 

Example 1 — The zenith distance of a star observed in the 
meridian is 

C = 21° 17' 20" 3 with the mean error e = 2" 3 

and the declination of the star is given 

S = 19° 30' 14" 8 with the mean error e l = 0" 8 

Required the mean error E of the latitude of the place of obser- 
vation, found by the formula <p = f + d We have, by (31), 


Hence 


E = t/[(2 3) 2 + (0 8) 2 ] = 2" 44 


<f = 40° 47' 35" 1 with the mean error E = 2" 44 


Example 2 — The latitude of a place has been found with the 
mean error e = 0" 25, and the meridian zenith distance of stars 
observed at that place with a certain instrument has been found 
to be subject to the mean error e x = 0" 62 what is the mean 
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error E of the declinations of the stars deduced by the formula 
$ = <p — r‘> We have 

E = i/l(0 25) s + (0 62) J ] = 0" 67 

20 Let us next consider the function 

X— ax 

and suppose x has been observed with the mean error e, and a is 
a given constant Every observation of x with the error ± d 
gives X with the error ± ad so that the mean error of X must be 

E = as 

In general, by combining this with the preceding principle, if 
we have 

X = ax + a l x 1 -f a 2 x 2 + 

and if the mean errors of x, x v x 2 ... are e, e v e 2 , . . . , and E 
that of X, we shall have 

B* = aV + afeS + + = [a’e 5 ] (33) 

and the same form may be used for probable errors. 

Example — As an example illustrating the application of both 
the preceding principles, suppose that in order to find the rate 
of a chronometer we find at the time t its correction + 12 m 13* 2 
with the mean error 0* 3, and at the time i' the correction 
+ 12”* 21* 4 with the same mean error 0* 3, and the interval V — t 
— 10 days. The rate in the whole interval is 

12“ 21* 4 — 12“ 13* 2 = + 8* 2 

with the mean error, according to Art. 19, 

^[(0 3) 2 + (0 3)*] = 0*42 

The mean daily rate is then 

+ — = + 0* 82 
^ 10 

with the mean error, according to Art 20, 
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21 If x, x 1 , x 2 . are the several observed values of the 
same quantity, their arithmetical mean being 

x 0 = — (x + X, + x t + ) 

m 

and if r is the probable error of each observation, what is the 
probable eiror r 0 of x 0 ’ By Art 19, the probable error of the 
sum x + + x 2 + .is 

y'O 2 -f > 2 •+- r 3 + ) = i /(mr 2 ) = r-y/m 

and the probable error of — th of the sum is, by Art. 20, 


r 0 ~— X ry/rn = — — 

m v y/m 


as has been otherwise proved in Art 16 

22. Let us now take the general case m which X is any func- 
tion whatever of the observed quantities x, x v x 2 , expressed 

V 

X — f(v,x 1 ,x 1 , ) 


Let the variables be expressed in the form 


x — a + + x{, Xi = a 2 -|- Xi, 


a, a v a 2 . being arbitrarily assumed very nearly equal to 
x, x v x 2 respectively, and such that x', x/, x 2 ' . . may 

be so small that their squares will be insensible The given 
mean errors e, e v e 2 may then be regarded as the mean 
enors of x', x/, x/ ... The function X developed by Taylor’s 
theorem is 


X + 5-*,' + + 


and the mean eiror of X will be that of the quantity 



METHOD OF LEiST SQUARES. 


501 


or, if r, r v r 2 . . are the probable eirors of x, x v x a , and JR 
that of X, 



This formula is, indeed, but approximative, since we have 
neglected the terms involving the higher powers m the develop- 
ment of X, but the mean errors of these small terms will he in- 
sensible if we suppose that the eirors e, s v e 3 are so small 
that the differences between the observed values x, x v x a 
and the true values are of the same order as the quantities 
x', x/, x a ' , which will always be the case where proper care 
has been taken to reduce the accidental errors of observation to 
their smallest amount If the given function is implicit, as 

0 = f ( X : , x, ajj, ) 

we should still by diffeientiation obtain the differential coeffi- 
cients, and then find the mean erroi of X by (34) 

Example — The local apparent time at a place in latitude 
ip = 38° 58' 53" was found (Vol I Art 145) from the sun’s 
zenith distance £ = 73° 12' 25", when the decimation was 
8 — _ 22° 50' 27", to be t — 2 h 47'" 89' 4 What is the probable 
error of this result, supposing the probable erroi s of the data 
to be — 

Probable eiror of <p = ) = 0" 5 
“ “ j =r,= 0 6 

« “ f = r„= 3 5 

The formula 

0 = — cos Z -f- sin sin i -j- cos </> cos S cos t 

expresses t as an implicit function of tp, 8, and £ We find 
(Yol. I. Art 35) 


dt _ 

1 

d(p 

cos <p tan A 

dt _ 

1 

d$ ~~~ 

cos S tan q 

dt _ 

1 

dZ ~~ 

cos <p sm-4. 
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where A is the azimuth and q the parallactic angle "We find 
from the data A = + 40° 1', q = 32° 51', whence 

— = — 1 532, 47= 1680, -^ = + 2001 

i j[(p do CLQ 

and the probable error of t is, by (34*) 

R = -^[(0 5X1 5B2) 1 + (06xl 680) 3 +(35 x 2 001)*] = 7" 12 
or, m seconds of time, 

12 = 0*47 


23. To complete this branch of our subject, it is to be observed 
that the preceding demonstrations apply only to the case wheie 
the quantities entering into combination are independent , but 
when they are merely different functions of the same observed 
quantities, the above formulae are incomplete Let us suppose 
that we have X and X', different functions of the same observed 


quantities x, x v . , or 



X = f 

) 


X f = f f (Xy Xtf X 2 , 

) 


the mean errors of x , x v x 2 being e, 


, and that we 


wish to find the mean error X of the function, 

Y = F(X, X') 

If any single observation of x, x v x 2 is affected by an error 
d, 8 V S 2 , . respectively, the corresponding errors in X and X' 

will be — 

Error m X, A = ad + a 1 o l + a 2 <5, + 

“ X’, A' = a'S + a l '5 1 + a's t + 

in which a, +, a 2 . are the differential coefficients of X, and 
a', a/, a 2 ' the differential coefficients of X', with reference 
to sc, x 1 , x 2 , . The corresponding error in Y will be 

A"=AA + A’ At 

in which + and A' are the differential coefficients of Y with re- 
ference to X and X' The square of the mean error JE will be 
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the mean of the squares of all the values of A" which result 
fu/in all the possible values of 8, 8 V <3 2 

Substituting the values of A and A', we have 

A" == (Aa + A' a’) 8 -f + A ' a O 5 i + • • • 


which we may briefly express as follows 
A" =0.8 + / 5 <?, + + 

If the number of values of A" is denoted by m, the mean of all 
the values of A" 1 will be 


io_ rf ia + ,Ba + ,Ha + 
+ ^m +lv m + 


In consequence of the various signs of <5 8 V 88 2 , &c , the mean 
value of each of these quantities will be zero , and the mean 

values of 8\ 8*, &c are s 2 , e?, &c Hence the formula becomes 

simply 

W = {Aa + A'a'y e J + ( Aa , + A'a.'f «» + 
or 

E 2 = A 1 (ah* + + )+ A '* ( a ' v + a i'V + H (35) 

+ 2 AA' (aaV + a,a/» ,* + ' ’ 

To illustrate by a very simple example, let 

X= 2x X' = Bx 

and suppose * = 0.1 , then, to find the mean error Sot 

Y=X+X' 

we cannot take E= t/[( 0 2) 2 + (0 3) 2 ] as we should if Xand X 
were independent, but by the above formula we must take 

J$ = |/[(0 2)* + (0 3) ! + 2X2X3X(01) > ] = 05 

as m fact we find dnectly, in this simple case, by first substi- 
tuting iu Y the values of X and X f „ 
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WEIGHT OP OBSERVATIONS 

24 Observations of the same kind are said to have the same 
or different weight according as they have the same or different 
mean (or probable) enors We assume a priori that observations 
will have the same weight when they are made undei precisely 
the same circumstances, including under this designation every 
thing that can affect the observations , but whether this condi- 
tion has in any case been lealized can only be learned, a pos- 
teriori, from the mean enors revealed by the observations them- 
selves 

In order to obtain a numerical expression of the weight, let 
us suppose all our observations to be compared with a standard 
fictitious observation the mean error of which is any assumed 
quantity e t Let the actual observations be subject to the mean 
error e Let it require a number p of standard observations to 
be combined in order to reduce the mean error of their arith- 
metical mean to that of an actual observation, that is, to e , or, 
according to (24), let 

e = -fa or P s * = e , 3 (36) 

then one of our actual observations is as good, that is, has the 
same weight, as p standard observations, and the number p may 
be used to denote that weight If, m like manner, othei obser- 
vations of the same kind are subject to the mean error s', and 
we have 

p'e ’ 3 = e* 

one of these observations has the weight of p' standard observa- 
tions, and the weights of the observations of the two actual 
senes may be compared by means of the numbers p and p' 
The weight of the fictitious observation is here the unit of 
loeight, but this unit is altogether aibitraiy, since it is only the 
'i dative weights of actual detei ruinations that are to be con- 
sidered 

It follows immediately, since we have 

t* = pe* = p's'* 

or 
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that the weights of two observations are reciprocally proportional to the 
squares of their mean en ors 

The measure of precision (Art 10 ) and the weight are to he 
distinguished from each othei the former vanes inversely as 
the mean error, the latter inversely as the square of this error 


25 To find the most probable mean of a number of observations of 
different weights — Let n', n", n'" he the given observed 
values, p', p", p"' their respective weights By the pre- 
ceding definition of the weight, the quantity n’ may be considered 
as the mean of p' observations of the weight unity, n" as the 
mean of p" observations of the weight unity, &c "We may, 
therefore, conceive the given series of observed quantities re- 
solved into a senes of standard observations, all of equal weight, 
and then apply to the lattei senes the principle of the arithme- 
tical mean The whole number of equivalent standaid observa- 
tions will be p' + p" 4 - p'" + , the sum of the p' standard 

obseivations will be p'n', the sum of the p" standard observa- 
tions will be p"n" , &c hence the desired mean x 0 will be 


oi, more briefly, 


p'n’ -f p"n" -|- p'"n'" 4 - 
p' + ff' + p"' + 



(38) 

(38*) 


This formula shows that although the above demonstration 
implies that p', p", p'" are whole numbers, yet any numbers, 

whole 01 fractional, may be used which are in the same piopor- 
tion, foi f being any aibitiary factor, whole or fractional, we 
may write for (38) the following 


fp’n’ fp”n" -j- fp'"n"' 

~ fp' + ff + fp'" + 

and then/p', fp", fp'" may be 1 egarded as the weights 
The value of x 0 is here an arithmetical mean only in the con- 
ventional sense implied 111 the substitution of fictitious observa 
tions with uniform weights for the given observations It may 
be called the general mean, the pi obable mean or the mean byweiqhts 
The weight of this geneial mean, referred to the unit of //, 
p", is = p' 4- P" 4- ff" + 
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The mean error of the general mean will be expressed by 


i /(p'+p" + p'"+ ) t/M 


where e t is the mean error corresponding to the unit of weight 
If e 1 is not given, we shall have to find it from the observations 
themselves Taking the difference between x # and each of the 
given quantities, we have the residuals 

v'=ri — x 0 , v" = n" — x„ v'" = n'” — x 0 , 

If e', e", s'" . are respectively the mean errors of n r , n n , n 1 ", .... 
we shall have, as m Art 17, 


whence 


e' 2 = v'v' + e 0 * 
p'e' 1 = = p’v’v' -f j>'e 0 * 


and, m like manner, 

e* = p"v"v" + 
ei *=jp"VV''+2>"'e # ’ 
&c 


The number of given values n', n" being = m, the sum of 
these equations is 

me* = [pvv\ + |j>] 

which combined with the above value of e 0 gives 



and consequently, also, 

Example — Let us suppose that the observations of Saturn’s 
ring in Art 17 had been given as in the following table, where 
the mean of the first seven observations of Art 17 is given 
= 39" 179 with the weight = 7, the mean of the next following 
four = 39".285 with the weight — 4, &c. 
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p 

n 

V 

vv 

pvv 

7 

39" 179 

— 0" 129 

016641 

1165 

4 

285 

— 0 023 

529 

21 

5 

294 

— 0 014 

196 

10 

4 

407 

+ 0 099 

9801 

392 

1 

410 

+ 0 102 

10404 

104 

3 

320 

+ 0 012 

144 

4 

3 

377 

+ 0 069 

4761 

143 

4 

310 

+ 0 002 

4 

0 

3 

127 

— 0 181 

32761 

983 

6 

448 

+ 0 140 

19600 

1176 

[f] = 40 

ic 0 = 39 308 



[pyu] = 3998 


Here the general mean x 0 found by (38) of course agrees with 
that found before Tor tbe mean error coiresponding to tbe 
unit of weight (which in this case is that of an observation as 
given m Art 17), we have, by (39), since m = 10, 

•,= A /( i f i )= 0 " a11 


and for the mean error of x a , by (40), 


I/ 3998 \ 
\\9 X 40 / : 


: 0" 033 


which agree sufficiently well with the former values A perfect 
agreement in the mean errors is not to be expected, since our 
formulae are based upon tbe supposition that we have taken a 
sufficient number of observations to exhibit the several errors 
to which they are subject in the proportion of their respective 
probabilities, and this would require a very large number ot 
observations 


26 In the application of the preceding formulas, it must be 
observed that when the weights of different determinations of 
the same quantity are inferred from their mean errois, we must 
be certain that there are no constant errors (that is, constant 
during the observations which compose a single determination) 
before we can combine them together according to these weigh s, 
unless the constant errors are known to affect all the determina- 



508 


APPENDIX 


tions equally and with the same sign Foi example, if ten 
measures of" 1 the zenith distance of a star are made at one cul- 
mination, giving a mean error of 0" 4, and five measures at 
another, giving a mean error of 0" 8, the weights according to 
these errors would be as 4 to 1 But if it is known that the 
errois peculiar to a culmination (and affecting equally all the indi- 
vidual observations at that culmination) exceed 1 ", it would be 
better to regaid the observations as of the same weight, since 
there would be a greater probability of eliminating such peculiar 
enors by taking the simple arithmetical mean If, however, the 
observer, from considerations independent of the obseivations, 
can estimate the weight of deteiminations made under different 
circumstances, then it is evident that these weights will serve 
for the combination, if the mean accidental errors of the several 
determinations are sensibly equal 

But if from the different circumstances we have deduced 
weights for the several determinations, and at the same time the 
mean eirors (deduced from a discussion of the discrepancies of 
the observations composing each determination) are widely dif- 
ferent, it is not easy to assign any general rule for reducing the 
weights which shall not be subject to some exceptions In such 
cases, practical observeis and computeis have lesorted to em- 
pirical formulae, involving some arbitrary considerations, more or 
less plausible 

In many cases we can proceed satisfactorily as follows Let 

e = the mean accidental enor of a single observation, 
ij = the mean error peculiar to a deteinunation which rests 
upon m such observations, 
e = the total mean enor of such a determination, 

then, e and ij being supposed to be independent, we shall have 

* = - + * (41) 

m 

If then 7j can be obtained from independent considerations, this 
formula will give the value of e, and, consequently, the weight 
for each determination, and the combination may then be made 
by (38) For an example of a discussion according to these 
principles, see Tol L Art 286 
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INDIRECT OBSERVATIONS 

27 I proceed now to the application of the method of least 
squares to the solution of the general pioblem of determining 
the most probable values of any numbei of unknown quantities 
of which the observed quantities are functions The observa- 
tions are then said to be indirect The particulai case of direct 
observations, already considered, is, however, included in this 
general problem, being the case in which the numbei of un- 
known quantities is reduced to one, and this one is directly 
observed 

The general problem embraces two classes of problems, which 
must be distinguished fiom each othei In the first class, the 
unknown quantities are independent, m the sense that they aie 
subject to no conditions except those established by the observa- 
tions so that, before taking the observations, any assumed system 
of values of these quantities has the same probability as any 
other system In the second class, theie are assigned, a prion, 
ceitain conditions which the unknown quantities must satisfy at the 
same time that they satisfy (as nearly as possible) the conditions 
established by the observations Thus, foi example, if the thiee 
angles of a plane triangle aie to be determined fiom observations 
of any kind, we have, apnon, the condition that the sum of 
these angles must be equal to two right angles, and all the 
systems of values which do not satisfy this condition are excluded 
at the outset This class will be briefly considered hereafter, 
under the head of “ conditioned observations ,” but our attention 
will be chiefly directed to the first class, which includes most of 
the pioblems occurring in astionomical inquiries 
Again, the equations which the observations are to satisfy may 
be linear 01 non-linear, the observed quantities may be explicit or 
implicit functions of the required quantities , but, foi simplicity, 
we consider first the case of linear equations, to which all the 
others may always be reduced 

EQUATIONS OF CONDITION FROM LINEAR FUNCTIONS 

28 Let us suppose the equations between the known and 
unknown quantities are of the form 

ax + by cz -f 


+ 1=7 
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in which a, b, c, , l are known quantities given by theory for 
each observation, V is the quantity observed, and x, y, z . are 
the quantities to be determined For each observation, we have 
a similar equation, and thus a system such as the following : 

a'x + b'y -j- dz -f + V =V' 

a"x + b"y + d'z + + l" = V" 

a!"x + b'"y + d"z + + V" = V'" 

&c &c 

the number of these equations being greater than that of the 
unknown quantities (Art 6) If our observations were perfect, 
all these equations would be satisfied by the same system of 
values of x,y,z , but, being imperfect, let M', M", M"' 
denote the values obtained by observation for V', V", V" 1 . . 
When these values are substituted m the second membeis of (42), 
thei e will, m general, be no system of values of x, y , z which 
satisfies all the equations at the same time, and we can only 
determine that system which is rendered most probable by the 
observations Let us therefore denote by N', N", N'" tire 
values which the first membeis of our equations obtain when 
any hypothetical or assumed system of values of x, y, z is 
substituted in them , and put 

v'=N' — M', v" = N" — M", v'" = IP" — M'", 

then v', v", v'" . are the errors of the observations according 

to this hypothesis. Finally, let us put 

n'= l ' — M\ n" = l" — M", n'" =V" — M"', 

then our equations may be thus expressed 

a'x + b'y -)- dz -f- -f n' = vf 
a"x b"y -(- d'z -f- n" — v" 

a"'x + b"'y + d”z + + n'" = v'" 

&o &c 

If our observations were perfect, we should be able to find 
values of x, y, z which would reduce all the quantities v', v", 
v'" . . to zero It is usual, therefore, to write zero in the second 

members . 

a'x -f- b'y + dz -(- +n' =0 ) 

a"x + b"y + d'z + 4- n" = 0 / 

a"'x + b'"y + d"z + +n"'= 0 ( 4S ^ 

&c &c J 
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and these aie called the equations of condition , since they express 
the conditions which the unknown quantities are required to 
satisfy as nearly as possible W e may, however, with more rigor 
regard (48) as oui equations of condition, and treat them as 
expressing the geneial condition that the unknown quantities 
«ha,n be such as to give the most probable system of enois 
!>', v"> V 

Now, according to Art 11, the most probable system ot values 
of x, y, z (and, consequently, the most probable system of 
enors) is that which makes the sum of the squares of the errors 
a minimum thus, we are to reduce to a minimum the function 

[vv] = »V + v"v" -f v'"v'" + 

Regarding [w] as a function of the variables x, y, z (which we 
must remember are here independent), the condition of minimum 
requues that its derivatives taken with reference to each variable 
shall each be zero , that is, 


or 


<Z[iw] d\vv\ __ d[w>] _ 0 

dx ~ ’ dy ~ ’ dz 


,dv’ „ dv” 
dx dx 


v'"^- + =0 

dx 


, dv f , „ dv" , dv 1 " n 

1 / — + v" b v i h = 0 

dy dy dy 

,dv r , „ dv" , , ft dv 1 " n 

dz dz dz 



(which we might have obtained directly from (10) by substituting 
<p'A = kA — kv, and dividing by the constant k) But, by differ- 
entiating the equations (43) with reference to x, y, z ... succes- 
sively, we have 


dv ' f 

— = a\ 

dv' 

= v, 

dv' 

= <!,.. 

dx 

dy 


dz 


\% 

ii 

dv" 

= b", 

dv” 

= d', . . 

dx 

dy 


dz 


&c 


&c 


&c 


so that (44) are the same as the following : 
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= 0 
= 0 
= 0 


a'v' + a"v" + a'"v'" f 
b'v' + b"v" + V"vf" + 
cV _j_ c"v” + d"vT + 
&c 



The number of these equations is the same as that of the un- 
known quantities , and if we now substitute in them the values 
ot o', o", o'" from ( 43 ), we have the final oi, as we shall call 
them, the normal equations, which determine the most probable 
values of r, y, z 


NORMAL EQUATIONS 

29 We see by (44*) that to form the first normal equation we 
multiply each of the equations of condition (43) or (43*) by the 
coefficient of x m that equation, and then form the sum of all 
the equations thus multiplied The resulting equation is called 
the normal equation in x * The sum of the equations of condi- 
tion sevei ally multiplied by the coefficients of y is the normal 
equation in y, &c To abbreviate the expression of these sums, 
we put 

[аа] = a'a' -\- a!' a" + a!" a'" -f 

[а б ] = a'b' + a"b" + a"'b"' + 

[«e] = a'c' 4 - a''c" 4 - a'"d" + 

&c &c 

then the normal equations are 


[aa ] 

X + 

+ 

** 

1 — l 

O 

a 

+ 

Ss 

1 — 1 

1 1 

+ 

[an] = 0 ) 

1 

[a&] 

x 4* 

[ 66 ] y 4- [&«] s + 

+ 

[ 6 n] = 0 

r 

[«c] 

X + 

[ 6 c] y 4- [cc] a + 

+ 

[cn] — 0 




&c &c 

i 

1 

formation of such normal 

equations is one 

of the 


most laborious parts of the computations involved in the method 
of least squares, especially when the number of equations is very 
great t It is important to have a means of verification, or 
“ control,” to insure their accuracy, before proceeding with the 
next important process of elimination A very simple and 
effective control is the following 


* The “normal equation m x” is so called because it is the equation which deter 
mines the most probable value of x when the othei variables are leduoed to zoio, ot 
when x is the only unknown quantity , and so of the othei s 

f This labor may be abridged by the use of Dr Ceelxb’s JRechentafeJn, Berlin, 
1869 
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Form the sums of the coefficients of the unknown quantities 
in the several equations, namely, 

a' +6' -fc' + = s' 

a" + b" + c" + = s" 

a'" V" c'" + ■ = s'" 

&c 

If we multiply each of these hy its n, and add the products, we 
have 

[aw] + [bn] + M + = [«*] ( 47 ) 

Also, multiplying each of (46) by its a, and adding, then each 
by its b, and adding, and so on, we have 

[aa] + [a6] + [ac] + = [as] 

[ab] + [66] + [be] + = [6s] 

[ac] + [6c] + [cc] + = [cs] 

&c 

The equations (47) must be satisfied when the absolute terms of 
the normal equations are correct, and (48) when the coefficients 
of the unknown quantities are correct 

31 The normal equations will give determinate values of 
a :,y,z , provided they are really independent If, however, 
any two of them become identical by the multiplication of either 
of them by a constant, the number of independent equations is, 
in fact, one less than that of the unknown quantities, and the 
problem becomes indeterminate This difficulty does not arise 
from the method by which the normal equations are formed, but 
from the nature of the given equations of condition. In any 
such case, additional observations are necessary, for which the 
coefficients have such varied values as to lead to independent 
equations Even when two equations cannot be reduced pre- 
cisely to a single one by the introduction of a constant factor, if 
they can be made very nearly identical, the problem is still prac- 
tically indeterminate The mdetermination will become evident 
in the actual elimination in practice when any one of the un- 
known quantities comes out with so small a coefficient that small 
errors in the observations would greatly change this coefficient. 
(See Art 52 ) 

Vol II— 3S 
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32 By whatei ci method the elimination is perfoimed, we 
shall necessanly airive at the same final values ot tlie unknown 
quantities, hut, when the numbei of equations is considerable, 
the method of substitution, with Gauss’s convenient notation, is 
umvei sally followed, but, foi the present, leaving the reader to 
choose his method, I proceed to explain the punciples by which 
the mean enors of the values of x , y, z aie determined 


MEAN ERRORS AND WEIGHTS OF THE UNKNOWN QUANTITIES 

33 Since we have put »' = V - M \ n" = kc (Art 28), 

the mean erior of n’" is also that of 31' , 1S1 , > 

that is, the mean erior of »i", n'". is to be regarded as the 
mean error of an obseivation If the elimination of the nounal 
equations weie fully earned out, each unknown quantity would 
be finally expressed as a linear function of n r , w", n"', , and the 

mean errois of the latter being given, those of the unknov n 
quantities would follow by the principle of Art 20 It lesults, 
however, from the symmetry of the normal equations that several 
forms may be obtained for computing directly the weights of the 
unknown quantities, and from these weights the mean errors 
can afterwards be found 

34 First method of computing the weights of the unknown quantities 
—Bor simplicity, let us first suppose all the observations to be 
of equal weight, or the mean errors of n", n'" to be equal. 
Let 

e = the mean error of an observation, 

= the mean error of the value of x found from the normal 

X 

equations, 

p x = the weight of the value of x, the weight of an observa- 
tion being unity, 

then (Art. 24) 


How, let us suppose the elimination to be performed by the 
method of indeterminate coefficients Let the first equation of 
(45) he multiplied by Q, the second by Q f , the third by Q f , kc , 
and the products added Then let the factors Q, Q', Q" 
(whose number is the same as that of the unknown quantities) 
be supposed to he determined so that in this final equation the 
coefficients of all the unknown quantities shall be zero, except 
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that of x, which shall be unity The conditions for determining 
these factors are, therefore, 

[aa\ Q + [a6] Q> + [ac] Q" + =1 

[aft]« + [6J]e+M«"+ =0 

[ac] Q + [6c] q + [cc] Q" + =0 

&c &c 

and the final equation m x is 

x + [an] Q + [6n] Q' + [cn] Q' =0 

Comparing (45) and (49), we see that the coefficients of 
Q, Q" are the same as those of x,y,z , but that the 
absolute terms are — 1 in (49) instead of [an] in (45), and zero 
instead of [6n], [cn], &c Hence, if the elimination of (45) were 
carried out, and the values of x, y, z determined in terms of 
n', n", n'" . , the values of Q, Q', Q". . would be found from 

these by merely putting [an] = — 1, and [6n] = [cn], &c = 0. 
This is also evident from (50) I shall now show that Q is the 
reciprocal of the required weight of x 
The final value of x being a linear function of n', n", n"\ , 

the equation (50) may be supposed to be developed in the form 

x + a ' n > + a " n " a "V" + =0 (51) 

inwhicha / ,a ,, ,a /// , are functions of a', b', . , a", b", . . ,&e , 
and these functions are immediately found by developing [an], 
[6n], &e , in (50) , for we then have, by comparing the coefficients 
of (50) and (51), 

a' = a' Q + b' Q + d Q' + 
a" = a" Q + b" q + c" q' + 
a '"= a"'Q + V"q -f d"Q' + 

&c &c 

Multiplying each of these equations by its a, and adding all the 
products, we obtain, by (49), 

aV + a" a." + a'V" + =1 

Multiplying each of (52) by its b, and adding, we obtain, by (49), 
6V + 6V'+ 6'V" + =0 

and so on for as many equations as there are unknown quantities 
These relations are briefly expressed thus 

[a<>] = 1 [6a] = 0 [ca] =3 0, &c (53) 
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If, then, each of (52) is multiplied by its a, and the results are 
added, we find, by (53), 

[aa] = a' 3 + a" 3 + a'" 3 + = Q (54) 


But, by Art. 20, when e is the mean error of each of the quan. 
titles n', n", n'", , the mean error of x found by (51) is 


Hence 


*,= « |/[»“] 



11 
[aa] ~ Q 


(55) 


as was to be proved. 

Hence we have a first method of finding the weights In the 
first normal equation write — 1 for the absolute term [ari], and in the 
other equations zero for each of the absolute terms [bn], [cn], &c , the 
value of x then found from these equations will be the teciprocal of the 
weight of the value of x found by the general elimination 

This rule is to be applied to each of the unknown quantities 
in succession, so that the reciprocal of the weight of y is that 
value of y which will be found by putting [bn] = — 1, and 
[an] = [m] = &e = 0 , the reciprocal of the weight of z is that 
value of z which will be found by putting [en] = — 1, and 
[ari] = [fin], &e = 0 ; &c 

It is evident, moreover, that although we have deduced the 
rule by the use of indeterminate multipliers, it must hold good 
whatever method of elimination -is adopted 


35. Second method of computing the weights of the unknown quan- 
titles — If we write the normal equations thus, 

[aa] x + [afi] y + [ac] z + + [«»] = A 

[«6] x + [66] y + [bc]t+ + [6m] = B 

[ac] x + [6c] y + [cc]z + + [cm] = G 

&c &c 

and perform the elimination, we shall obtain x , y, z in terms 
of [aa], [ab], &c , and of A, B, C, &c , and if in the general values 
thus found we make A = B = C, &c =0, these values will be 
reduced to those which would be found by carrying out the 
elimination with zero in the second members of the normal 
equations If we suppose the elimination performed by means 
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of the indeterminate factors Q ) Q f , Q n already employed, the 
final equation for determining x will be 

x + \ari\Q + [&»]# + [cn]Q'+ =QA + QB +$'C+ 

where the coefficient of A is the reciprocal of the required weight 
of x But, whatever method of elimination is employed, the 
coefficient of A in this general value of x will necessarily he the 
same , and hence we derive the second method of determining 
the weights Write A , B , C \ &c , instead of 0, m the second members 
of the normal equations , and carry out the elimination (by any method 
at pleasure) , then the final values of x, y, z . are those terms in the 
general values which are independent of A, B, C . , the weight of x 
is the reciprocal of the coefficient of A m the general value of x, the 
weight of y is the reciprocal of the coefficient of B in the general value 
ofy, &c 

36 Third method of computing the weights of the unknown quantities . 
—Let us suppose the elimination to he perfoimed by the method 
of substitution, still retaining A, B, C m the second members, 
as in the preceding article The final equation m x , according 
to this method, is found by substituting in the first normal equa- 
tion the values of y, z . given by the other equations These 
substitutions do not affect the coefficient of A , which remains 
unity, so long as no reduction is made after the substitutions. 
Thus, the final equation m x is of the form 

Rx = T -f A + terms m B , C, 

m which T is the sum of all the absolute quantities resulting 
from the substitution, and is a function of [aa], [ai], . [an] 
Hence the value of x is 

T A 

x = -=■ + -= + terms m B, C, 

R It 

T 

in which is the final value of x which results when A = B 
Jtt 

= C =0, and — is necessarily the quantity denoted by Q m 

the preceding articles Therefore J? is the weight of x , and 
hence we have a third method of finding the weights Let the first 
normal equation (the equation m rr, Art 29) be tahen as the final 
equation for determining x , and substitute in it the values ofy , z in 
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terms of x as found from, the remaining equations, then , before freeing 
the equation of fractions or introducing any reduction factor, the coeffi- 
cient of xm this equation is the weight of the value of x In the same 
manner, substitute m the second normal equation (the equation in y) 
the values of x, z.. m terms of y as found from, the other equa- 
tions, the coefficient of y is then the weight of the value of y, and so 
•proceed for each unknown quantity 

According to this method we determine each unknown quan- 
tity, together with its weight, by a separate elimination earned 
through all the equations, in each case changing the order of 
elimination, until every unknown quantity has been made to 
come out the last The algorithm of this process, with Gauss’s 
convenient Bystem of notation, will be given hereafter (Art 45) 


S7 To find the mean error of observation — The weight of x being 
found, we have the ratio of e x to e, but we have yet to determine 
e, which, in general, cannot be assigned a prion, but must be 
deduced a posteriori, that is, fiom the observations, and conse- 
quently from the equations of condition The residuals o',v",v '". . , 
m (48), are those which result when the most probable values of 
x,y,z. . (namely, those resulting from the normal equations) 
are substituted in the first members The actual or true eirors 
(Art 17) of observation are, however, those values of the fiist 
members of (43) which result when the true values of x, y, z, 
are substituted. 

Let x + ax, y -f Ay, z + az, be the true values which, sub- 
stituted in the equations of condition, give the true residuals 
u', u", u"' . , so that we have 


a' ( x + ax) + V (y Ay) -| - d (z + az) -f 

a" (x + ax) ■+ b"(y + Ay) + cT (z + az) + 

a'"(x + ax) + b'"(y + Ay) + d’\z + az) -f 

&c &c 


w' = u' 



/ 


If these equations be multiplied by a', a ", a , respectively, 
the sum of the products is 


[aa] x + [aft] y + [ac] z + + [an] j _ 

-f [aa] ax -f- [a&] Ay + [ac] a z ) 

which by the first of (45) is reduced to 

[aa] aar + [a5] Ay + [ac] az + — [aw] = 0 
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In the same manner, multiplying each of the equations (56) by 
its b, c, &c , successively, we form the other equations of the 
following group 

[аа] ax 4 [a6] Ay + [ac] A z 4 — [au] == 0 

[аб] ax + [66] a y + [6c] a z 4 — [6 m] = 0 

[ac] ax + [6c] Ay + [cc] a z ■+ — [cm] = 0 

&C &C 

These being of the same form as the normal equations (45), we 
see that the value of ax resulting from them will be of the same 
form as that of x resulting from (45), with only the substitution 
of — u for n hence, by (51), 

AX — *'«' — al'u" — *"V" — =0 (58) 

Again, multiplying (56) by v f " . , respectively, the sum 

of the products is, by (44*), reduced to 

[ mm ] — [ vu ] 

and in the same manner, from (43), 



whence 


[tin] = [um] 

[MM] = [mm] = [MM] 


(59) 


The sum of the products obtained by multiplying the equations 
(43) respectively by a', u", u'" is 

[<nt] x + [6 m] y + [cm] s + 4 [»«] = [«*] = [mm] 


and from (56), m the same manner, 

[au] x 4 [6m] y 4 [cm] z 4 
4 [mm] ax 4 [6w] Ay 4 [ CM ] 4 

which two equations give 


+ [*“] J _ [ UM ] 


[mm] = [mm] 4 [mm] ax 4 [6m] a y 4 [cm] az 4 (60) 

Now, [mm] being the sum of the squares of the true errors of the 
observations, its value is, as in Art 17, = mss, if we put 


m = the number of observations, 

— the number of equation of condition 
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Consequently, 

have 


if we could assume ax, Ay 


es 


[vv] 

m 


. to vanish, we should 


and this will usually give a close approximation to the value of 
e, hut it will give the true value only m the exceedingly impro- 
bable case in which the values of x, y, z . are absolutely true, 
whereas they are to be regarded only as the most probable ones 
furnished by the observations. This formula, then, must always 
give too small a value of e, since it ascribes too high a degree of 
precision to the observations We must, therefore, add to [ro] 
the quantities [aw] ax, \bu\ Ay, &c , as in (60) , but, as we cannot 
assign any other than approximate values of these quantities, let 
us assume for them their mean values as found by the theory of 
mean errors. The mean value of [aw] ax will be found by mul- 
tiplying together 

[aw] = « V -|- a"u" -f a"’u’" + 
and AX = a'u' a"u" -f- a!"u"' -(- 


observing that the errors u', u" , u'" ., when we consider only 

their mean values, are to be regarded as having the double sign 
± , so that the mean value of the product will contain only the 
terms a' a' u' w', a" a" u" u", &c. Hence we take 

[aw] ax = aVwV + aW'w" + a!"o!"v!"u"’ + 

and substituting in this the mean value of wV, u"u", &c., which 
in each case is ee, we have 

[aw] ax = (o!a! -\- a"." -f- a'" a!" } ££ 

or, finally, by (53), 

[aw] AX = ee 

in the same manner, it must follow that ee is the mean value of 
each of the terms [6w] a y, [cit] az, &c If then we put 

ft = the number of unknown quantities, 

the equation (60) becomes 


mes = [w] + fiee 



whence 
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[w] 

ee = — — — 
m — fi 

, [wl 

e = \ — — — 

\ m — ft 

(61) 


It is to be observed tbat when there is but one unknown 
quantity, or p — 1, this general form is reduced to the simple 
one (25), already given for direct observations 

Finally, p x , p y , p„ . denoting the weights of x,y,z . . found 
by any of the preceding methods, we have 




(62) 


38 Example — Let us suppose the following veiy simple equa- 
tions of condition to be given :* 

x — y + 2z— 3 = 0 
3a; + 2 y — 5 z — 5 = 0 
4a; -f y + 4z — 21 = 0 
— x + By -j- 3z — 14 = 0 

If but the first three of these equations had been given, the 
problem would have been determinate We should find from 
r 18 28 13 

them x — —,y = -^,z = —, and we should have to accept these 

values as final ones, with no means of judging of their accuracy, 
or of that of the observations upon which the equations are sup- 
posed to depend A fourth observation having given us our 
fourth equation, we find that the values of x,y, z denved from 
the first three will not satisfy it, for when they are substituted in 

it the first member becomes — instead of zero If we deter- 
mine the values of x, y, and z from any three of the equations, 
and substitute these values in the fourth, we shall find a residual. 
Bach one of the four systems of values of the unknown quantities 
thuB found satisfies three equations exactly, and the fouith 
approximately, but, all the observations being subject to error, 
the most probable system of values can seldom satisfy any one 
of the equations exactly Hence the necessity of a principle of 
computation which shall lead as directly as possible to such a 
probable system of values, and this principle is furnished by'the 
method of least squares 


* Gauss, Theoria Motua , Art 184 
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"We are, then, by Art 29, to deduce fiom these four equations 
three normal equations, and the values of x, y, z which exactly 
satisfy these are to be regarded as the most probable values 
To form the first normal equation, we multiply the first of the 
above equations of condition by 1 (= a'), the second by 3 (=«")’ 
the third by 4 (=«'"), and the fouith by — 1 (=« 1T )> au<i ad<i tae 
products We thus find [aa] = 27, [aft] = 6, [ac] = 0, and 
[ an ] = — 88 

To form the second normal equation, we multiply the first 
equation of condition by — 1 (= 6'), the second by 2 (= b"), the 
third by 1 (= 6"'), and the fouith by 3 (= 6"), and add the pro- 
ducts We thus find [ab] = 6, [66] = 15, [be] = 1, [bn] = - 70 
The third normal equation is formed by multiplying the fust 
equation of condition by 2 (= c / ), the second by 5 ( e ), the 
third by 4 (= c"'), and the fourth by 3 (= e"), and adding the 
products We find [ac] = 0, [6c] = 1, [cc] = 54, [c>?] 107 

Eence our normal equations aie 

27a +6 y — 88 = 0 

6# + 1 by + 2 — 70 = 0 

y 542 — 107 = 0 

the solution of which gives, as the most pi obable values, 


_ 49154 
* — 19899 
2617 
V ~~ 737 
12707 
6633 


= 2 470 


= 3 551 
= 1916 


In order to determine the mean, and hence also the probable, 
etfrors of these values, let us first determine their weights accord- 
ing to the preceding methods 

First By the method of Ait 34, we first write — 1, 0, 0 , foi 
the absolute terms of the three normal equations, and we have 
the three equations foi determining the weight of x, 

27x'+ 6 y'— 1 = 0 

6af + 15 y' + 4 = 0 

y f -f- 542' = 0 

in which accents are employed to distinguish the particular 
values from the above general ones. These give 
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809 

19899 


winch is the reciprocal of the required weight Hence, 


19899 0 „ 

p = = 24 597 

Fm 809 

In a similar manner, to find the weight of y, we take the 

equations 

27x" + 6 y" = 0 

6n"+15 y"+ 2" — 1 = 0 


y" + biz" =0 

and find 

54 

V 737 

whence 

p,= W= 18 648 

And to find the weight of z, the equations 


27a;'" + 6 y"' = 0 

6a:'" 4- 15]/'" +2"' =0 


y'" + 542"' — 1 = 0' 

which give 

2'"= 41 


2211 

and 

p — — == 53 927 

41 

Secondly By the method of Art. 35, we write our normal 

equations thus 

27a: + 6y — = A 

6a; + 15y + z — 70 = B 


2/ -}- 54^r — 107 = C 

and, carrying 

out the elimination as if A, B, and C were known 

quantities, we 

find 


19899 a: = 49154 + (809 ) A — 324 B+ 6 0 
737 y = 2617 — 12 A + (54) B — C 

66335 = 12707 + 2 A — 9 B+ (123) C 
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and, therefore. 


49154 4 . x , . , 19899 

x = -with the weight » = ... » 

19899 809 




2617 

737 

12707 

6633 


“ Py = 
“ 1 ».= 


737 

54 

6633 

123 


the same as by the first method 

Thirdly By the method of Art 36, to find x and its weight 
we eliminate y and z from the equation in x (the first normaL 
equation) by means of the other equations, employing successive 
substitutions The last normal equation gives 


z 


1 , 107 

54 y+ 54 


which being substituted in the second gives 

- , 809 3673 

Qx + — y — =0 

54 54 

The value of y from this, namely, 

824 , 3678 

V = x H 

y 809 T 809 


being substituted in the first normal equation, and no reduction 
being made, gives 

19899 49154 A 

x = 0 

809 809 


where the coefficient of x is the weight, and the value of x is the 
same as before found 

To find y and its weight, we make the second the final equa- 
tion. From the first and third we find 


x = 

z = 


_ ji 88 
27 V + 27 

1 _i_ 107 

~54 y + “5¥ 


which substituted m the second give 


737 2617 

54 V ~U 


where the coefldcient of y is its weight. 
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Finally, to find z with its weight, we make the third normal 
equation the final one From the first two we find 

9 454 

y ~ ~ 123 * i ' 123 
which substituted in the third gives 

6633 12707 n 

z == 0 

123 123 

where the coefficient of z is its weight, and its value is the same 
as was before found 

By a little attention, it will be perceived that the three methods 
involve essentially the same numerical operations 

We are next to find the mean errors of x, y, and z, for which 
purpose we must first find the mean error of an observation, 
assuming here, for the sake of illustration, that the absolute teims 
of the given equations of condition are the observed quantities, 
and that they are subject to the same mean error Substituting 
m these equations the above found values of x, y, and z, we 
obtain the residuals as follows 


No 

V 

vv 

i 

— 0 249 

0 0620 

2 

— 0 068 

0046 

3 

H- 0 095 

0090 

4 

— 0 069 

0048 


m — 4, fi = 3, [»u] = 0 0804 


JHHl = 0 0804 
m — /i 

Hence, by (61), 

e = i/0 0804 = 0 284 

which is the mean error of an observation, so far as this error 
can be mferied from so small a number of observations (See 
the next article ) Consequently, the mean euors of x, y, and z 
are as follows 

‘.= ^r = 0057 
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Multiplying these errors by the constant 0 6745, we shall have 
(Art 15) the probable errors as follows. 

Probable error of an observation = 0 192 

a « x ==■ 0 088 

a << y = 0 052 

u « z = 0 026 

39. It has already been remarked in the foregoing pages, and 
the rernaik is especially important in the present connection, 
that the method of least squares supposes in general a great 
number of observations to have been taken, or a number sufth 
ciently great to determine approximately the errors to which the 
observations are liable. Theoretically, the greater the number 
of observations the more nearly will the series of residuals ex- 
press the series of actual errors, and, consequently, the more 
correct will be the value of e mfeired from these residuals In 
practice, therefore, no dependence should be placed upon the 
mean or probable errors deduced from so small a number of 
observations as we have employed, for the sake of brevity and 
clearness, in the preceding example Nevertheless, the method 
is, even in this case, the best adapted for determining the most 
probable values of the unknown quantities deducible from the 
given observations, and also their relative degree of precision 
Thus, m this example, the degrees of precision (denoted by h, 
Art 10) of x, y, and z, being inversely proportional to the mean 
errors, or directly proportional to the square roots of the weights, 
are nearly as the numbers 5, 8 7, and 7 3, so that from the four 
given obseivations z is about twice as accurately found as y, 
while the precision of x falls between that of y and z But we 
can place but little dependence upon the result which assigns 
0 284 as the mean error of observation, and 0 057, 0 077, 0 039 
as the mean errors of x, y, and z, because this result is derived 
from too small a number of observations 


EQUATIONS OF CONDITION FROM NON-LINEAR FUNCTIONS# 

40 Let the relation between the observed quantities V', V", 
V ,n . . and the unknown quantities JT, Y, Z . . . . be, for the ob- 
servations severally, 

f (V, X,Y Z, )=0 
/" ( V", X, Y, Z, ) = 0 

/"' ( V'", X, Y, Z, ) = 0 

&c 


( 63 ) 
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Let the values of V', V", V" , found by obseivation, be 
M M", M"’ These values being substituted, we shall 
have the equations 

f (M\ X,Y,Z, 
f" (M", X, T, z, 
f" (M">, X, Y, Z, 

&e 

from which the values of X, Y, Z are to be found But, as 
we cannot effect the direct solution of these equations according 
to the method of least squai es so long as they ai e not linear, we 
resort to the following indirect pioeess, by which linear equations 
of condition are formed Let approximate values of X, F, Z be 
found, either by some independent method or from a sufficient 
number of the equations (64) treated by any suitable process, and 
denote these approximate values by X 0 , F 0 , Z 0 . Let the most 
probable values be 

X=X 0 + x, Y = Y 0 + y, Z=Z 0 + z, 

then x, y, z are the corrections requned to reduce our ap- 
proximate values to the most probable values , in other words, 
x, y, z are the most probable conections of the approximate 
values, and the method of least squares is now to be applied in 
finding these corrections 

Substitute the approximate values X 0 , F 0 , Z 0 in (63), and 
find, by resolving the equations, the corresponding values of 
V', V" which denote by F</, F„" These will be func- 
tions which may be thus generally expressed 

V;=F' (X 0 , F 0 , Z a ) 

V" = F" (X 0 , Y 0 , Z a ) 

&c 

Now, the values of V', V " which result when the most pro- 

bable values X 0 + x, F 0 + y, Z^ -f z are substituted, and which 
are yet unknown, being denoted by N r , N' r we have 

1 V' = F' (X„ + x, Y 0 + y,Z o + * 

N"= F"(X 0 + x, F 0 + y, Z, + z, ) 

&c 

and by Tatlor’s Theorem, when we neglect the higher powers 


) = ° ) 

) = 0 

1 = 0 (64) 
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of x,y,z. 
have 


Ty]i lc Ti are supposed to be very small quantities, we 


y + 


ir "= r -+z£ x + d jZ , + 

&c &C 


dv: 
dZ | 


* + 
« + 


where Hal, & c , &c are simply the values of the 

derivatives ofV', 7" ° found by differentiating (63) with 
reference to each of the variables, and afterwards substituting 
Zt, r„ &c for x . ; r, . &o 

If now we denote the derivatives of V 7 , 7" . with reference 
to Xby a', a' 1 . . , their derivatives with reference to 7 by £>', 

b" . . &e • so that 

JP =F„' + a'x + Vy + dz + 

M" =F 0 " + -f b"y -f- d’z + . . 

&c &c 

and then also put 


d=N' — M', 
ri=Yl-M', 


if =N"—M", &c 
n" = V" — M", &e 


our equations become 


a'x Vy + dz 
a"x + Vy + d’z -f 


„w 


’x -(- V"y + d"z -+ 


-f n’ = v' 
-f- n" = v" 
-f »"'= v"' 


in which <&' . a", 6" ..ri, n" .. are all known quantities; 
and v\ v" . . are the residual errors of observation. These 
equations of condition are precisely like those already treated, 
and, being solved by the same method, give the most probable 
values of x,y,z. , and hence, also, the most probable values 
of X, Y, Z . 

This process rests upon the assumption that the approximate 
values X 0 , T 0 , Z 0 . . are already so nearly correct that the squares 
of x, y, z . may be neglected But should the values found 
for x y y, z . show that this assumption was not admissible, the 
computation is to be repeated, starting with the last found values 
X« + x, r„ + y, Zq + z . . as the approximate values , and then 
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the corrections which these last require will generally he so small 
that their higher powers may be neglected without sensible error 
However, should this still not be the case, successive approxima- 
tions, commencing always with the last found values, will at 
length lead to values which require only corrections suitably 

small _ 

Even when the given function is already linear, it is mostly 
expedient to follow the general method just given • namely, to 
substitute approximate values and form equations of condition 
to determine their corrections This reduces x, y, z to small 
quantities, greatly simplifies the computations, and diminishes 
the chance of error 

TREATMENT OF EQUATIONS OF CONDITION WHEN THE OBSERVATIONS 
HAVE DIFFERENT WEIGHTS. 

41 The process above explained assumes that all the observa 
tions are subject to the same mean error, and hence are all of 
the same weight The more general case, in which the obser- 
vations are of different weights, is easily reduced to this simple 
case For, let 

a’x -1 -b'y + c'z+ + ri = v' 

be an equation of condition of the weight p' ; that is, one formed 
for an observation ot the weight p' ■ The mean error of an ob- 
servation of the weight unity being s v the mean error of the 

actual observation, and, therefore, also of n', is e' = Hence 

the mean error of n’y/p' is, by Art 20, equal to s'y'p', that is, 
equal to If, therefore, we multiply the equation by yp', so 
that we have 

a'y'p' x b'-\/p' y -f dy/p' z + + n 'y'P' = vyp 

it becomes an equation in which the mean error of the absolute 
term is the mean error of an observation of the weight unity 
Hence we have only to multiply each equation of condition by 
the square root of its weight m order to reduce them all to the 
same unit of weight, after which the normal equations will be 
found as m other cases 

The mean error of observation, found by (61) from the equa- 
tions of condition thus transformed, will be that of an observa- 
Vol 11—34 
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tion of the weight unity, and the weights of the unknown quan- 
tities will come out with reference to the same unit 

ELIMINATION OF THE UNKNOWN QUANTITIES FROM THE NORMAL 
EQUATIONS BY THE METHOD OF SUBSTITUTION, ACCORDING TO 
GAUSS * 

42 . By means of a peculiar notation proposed by G-auss, the 
elimination by substitution is carried on so as to preserve 
throughout the symmetry which exists m the normal equations. 
In order to explain this method, it will be expedient to suppose 
a limited number of unknown quantities I shall take but^bwr, 
but shall give the process in so general a form that it may readily 
be extended to any number 

The unknown quantities will be denoted by 


x, y, z, w, 

and their coefficients in the equations of condition by 

^ C) (l) 

respectively, with sub-numerals denoting the number of the 
equation or observation upon which it depends, and by 

n v n a , n 3 , &c 

the absolute terms of the 1 st, 2 d, 3 d, &c. equations respectively . 
so that the m equations of condition (here supposed to be 
reduced to the same weight by Art 41 ) will be 


aye + \y + + dyo 4 «, = 0 \ 

aye 4- byy 4- cy -f dye 4 n a = 0 ) 

aye + byy 4 cy 4- dye 4 n a == 0 i ( 65 ) 

«„* + & Jf + o n z + d m w + n m = 0 / 


and the four normal equations formed fiom these are 


[aa] v 4 [ai] y 4 [ac\ z 4 [«rf] w 4 [ an] = 0 

[«5] x 4 [W] y 4 [6c ] z 4 [6rf] a) 4 [6w] = 6 

[ac] x 4 [6c] V 4 [cc ] 2 4 [erf] 10 4 [cm ] = 0 

[arf] x 4 [6rf] y 4 [erf] z 4 [rfrf] w 4 [rfn] = 0 


(66) 
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The value of x from the first equation is 




w 

[««] 


y 


C «] , _ [*<q 

[aa] [aa] ® 


[aw] 

[aa] 


If this is substituted in the other three equations, we Shall pre- 
serve the symmetry of the lesult by the following notation 


M~f3m = N i] 


[in] ~ jSj M = P” '] 

M - ^ [»»] = [<• 1] 

[ *0- £23 M = [*,!] 


The three equations thus become 


[66 1] y -f [6c 1] z + [6d 1] to -f- [6w 1] = 0 ] 

[6c 1] y -f- [cc 1] z + [c<Z 1] to + [cw 1] = 0 V (67) 

[bd 1] y + [cd 1] g -f- [<M 1] to + [ dn 1] = 0 j 


The presence of the numeral 1 is all that distinguishes these 
from original normal equations in y, z, and w The elimination 
of y will, therefore, be effected in the same manner as that of x 
Thus, from the first, we have 


y — 


[6c 1] \M 1] 

[66 1 ] [66 1 ] 


to 


[6n 1] 
[66 1 ] 


the substitution of which in the other two equations leads to the 
following notation • 


[« 1] “ pH] ih ° 1] = [CC 2] 

[«* 1] = [cd 2] 


O 1]- 1^-11 [6n l] = [cw 2] 
[dn l]_^^[6w l] = [*i 2] 


[dd 1] 
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qnd the resulting equations are _ 

[ cc 2] z + [cd 2] w + [cn 2] = 0 
[cd 2] 2 + [dd 2] w + [dn 2] = 0 

From the first of these we have 


} 


( 68 ) 


r fd 2] w [cn 2] 
[cc 2] [cc 2] 


which, substituted in. the second, leads to the following notation : 


[dd 2] — [cd 2] = [dd 3] 

[cc 2] 


[dn 2]-g-|^[cn 2] = [an 3] 


and the resulting equation is 

[dd 3] to + [d?i 3] = 0 (69) 

whence 

[dn 3] 

w = — — 

[dd 3] 

Having thus found ?o, we substitute its value m the first of (68), 
and deduce 2 Then the values of 2 and w being substituted 111 
the first of (67), we deduce y , and finally, substituting the values 
y, 2 , and 10 in the first of (66), we deduce x. These latter substi- 
tutions are made in the numerical computation, but it is not 
necessary to write out here the formulae which result from the 
literal substitutions, as it would not facilitate the computation 
It may be observed that all the auxiliaries [ bb 1], \bc 1], [cc . 2], 
&c., may be expressed by the general formula 


[fir /*] — [o-r /i] = [fir (a + !)] 

[aa fi] 

a, ft, y denoting any three letters, and / u any numeral 

For the convenience of reference, the final equations employed 
in the actual computation are brought together as follows, the 
coefficient of that unknown quantity which is found fiom each 
after the substitution of the values of the others being reduced 
to unity. 
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i [«&] 

x + tty + 


[ aa ] 


y + 


!M,+ 

[aa] + 
L be 1] 


[66 1 ] 


2 + 


[ad] 
[aa] 
[M 1] 


w + 


[bb 

led 


lee 2] 


iv -f 
V) + 


W o 

[aa] u 
[ 6 » 1 ] 


[66 

[cn 


i] 

2J 


= 0 


to + 


[ca 2] 
[dn_3] 
[eta 3] ~ 


(703 


As the number of unknown quantities mei eases, the number ot 
auxiliaries to be found mci eases very lapidly If we include the 
coefficients and absolute terms of the normal equations, the 
whole number of auxilianes is shown in the following scheme * 


No 

of unknown quantities 

1 

2 

3 

| 4 

5 

6 

7 

8 

No 

of auxiliaries 

3* 

7 

16 

30 

50 

77 

112 

156 


43 For the purpose of verification, it is expedient to repeat 
the elimination in mveise order, commencing with the last 
normal equation and ending with the fiist, which will bung out x 
It will not be necessary to wnte out the formulse foi this inverse 
elimination, since when the form for computation has been once 
prepared, it suffices to place m it the coefficients of the normal 
equations m inverse oidei, and then to proceed with the numeri- 
cal operations piecisely as in the first elimination The unknown 
quantities coming out in the first elimination in the order w, z, 
y, x, they will m the second come out in the order x, y, z, w 

This inversion has also the advantage of giving the weights of 
all the unknown quantities with the greatest facility, as will 
hereafter be shown 

44 A very complete final verification, or “ control,” is obtained 
as follows Substitute the values of x, y, z, id in the equations of 
condition, and thus find the residuals v v v 2 , v s v m , or the 
values which the first members assume Form the sum 

[»»] = V A + + v,v, + + t>,p, 

* The number of auxiliaries will be, m general, 

»(» + !) (*4-5) 

2 3 


where i denotes the number of unknown quantities 
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which, is also required in finding the mean error of observation 
by (61). Also form the following new auxiliaries 


[nw] 


[n»] — 
[nn 1] — 


[an] 2 
[aa] 
[bn l] s 
[bb 1] 


n i n i + Vi + + 


= [nn 1] 


[nn 2] 


= [nn 2] 


[nn 3] — 


+ n m n m 
[cn 2 y 
[cc 2] 
[dn 3] 3 
[dd 3] 


= [nn 3] 
= [nn 4] 


then, if the whole computation, both of the normal equations 
themselves and of the subsequent elimination, is coirect, we 
must have 

[) vv ] = [nn 4] (71) 


To demonstrate this, we observe first that we have already, by (59), 


[v%] = [vn] 

If now we go back to the equations of condition, and multiply 
each by its n, the sum of the products is 

[an] x -f [bn] y + [cn] z + [d?i] w + [nn] = [tm] = [vv] 

If this equation be annexed as a fifth normal equation to the 
group (66), and the successive substitutions are made in it as m 
the others, beginning with x , it evidently becomes, successively, 


[bn 1 ]y + [cn 1] z + [dn 1] w + [nn 1] = [vv] 
[cn 2] 2 + [dn 2] w -j- [nn 2] = [vv] 
[dn 3] w -|- [nn 3] = [vv] 
[nn 4] = [vv] 

which last is the same as (71). 


DETERMINATION OF THE WEIGHTS OF THE UNKNOWN QUANTITIES 
WHEN THE ELIMINATION HAS BEEN EFFECTED BY THE METHOD OF 
SUBSTITUTION. 

45 By the general method explained m Art. 36, the elimina- 
tion would have to be performed as many times as there are 
unknown quantities. It is desirable to have more direct methods 
When there are but four unknown quantities, we can find their 
weights from the auxiliaries occurring m two successive elimina- 
tions m inverse order In the first elimination, according to the 
order a, i, c, d , we find w by substitution in the last noimal 
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equation, and, the coefficient of w being then [dd 3], it follows, 
by Art. 86, that the weight of the value of to is 

Pm = W 8] 

In the inverse elimination, in the older d, c, b, a, the coefficient 
of x ill the final equation, which would be denoted by [aa 3], 
will be the weight of x, or 

. P x = 3] 

Now, if a third elimination were earned out m the order x, y, w, z, 
or a, b, d, c (the thiid normal equation now taking the last place), 
we should have the same auxiliaries as in the first elimination, 
so far as those denoted by the numerals 1 and 2 , and the equa- 
tions (68) would still be the same, but m the following order . 

[dd 2] w -f- [cd 2] z -(- [dn 2] = 0 
[cd 2] w -f [cc 2]: | [m 2] = 0 

The value of w given by the first of these ib 


_ [cd 2] , [dn 2] 

[dd 2] * [dd 2] 

which, substituted in the second, gives for the coefficient of z y 


& 2 3 = *1 x {fj-f 


Therefore we have 


2>,= [ce 2 ] 


[dd 3] 
[dd 2] 


In the fourth supposed elimination, in the order d, c, a T b, the 
auxiliaries denoted by 1 and 2 would be the same as xn our 
actually performed second elimination, but in the final equation 
m y we should have for the coefficient of y the quantity 


[bb 3] = [56 2] 
and, therefore, 


2] = [«a 3] X 

\jxa 2] 


[66 2 ] 
[aa 2] 


p,= [66 


[aa 3] 
J [aa 2] 


Thus, when the elimination has been once inverted, we have 
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found the weights of two of the unknown quantities directly, 
and the weights of the other two in terms of the auxiliaries pre- 
viously used, and in a form adapted for logarithmic computation. 

46 In order to give the above method greater generality, so 
that the reader may be enabled to extend it to a greater number 
of unknown quantities, we remark that the product of the form 

P = [aa] [bb 1] [cc 2] [dd 3] 

has the same value whatever order may be followed in the elimi- 
nation This is the same as saying that it is a symmetrical func- 
tion of a, b, c, d which is, consequently, not affected in value 
by the permutation of these letters * Suppose, then, four ordeis 
of elimination, m which each unknown quantity in turn becomes 
the last, while the order of the remaining three quantities 
remains the same , and, to distinguish the auxiliaries which occur 
in each elimination, let the 1 etter which occurs in the last auxiliary 
be annexed to each of the others ; the above constant product 
may thus be expressed m the following four forms : 

P=[aa] 4 [66 1 ] d [cc 2] d [dd 3] 

= [aa] c [66 l] c [dd 2] c [cc 3] 

= M Lee 1] 5 [dd 2\ [bb 3] 

= P*]. [« 1], [dd 2] a [aa 3] 

Now, it is evident that each time a new unknown quantity Is 
made the last, we do not change all the auxiliaries, but only 
those which involve the letter which has become the last m the 
new order It is readily seen, therefore, that if we annex a letter 
to those auxiliaries only which have a different value from that 
which is denoted by the same symbol in the first elimination, we 
shall have, simply, 

P = [aa] [65 1] [cc 2] [dd 3] 

= [<za] [66 1] [dd 2] [cc 3] 

= [aa] [cc 1] [dd 2] s [66 3] 

= [66 ] [cc l] a [dd 2] o [aa 3] 


* The quantity P ib, in fact, -netting more than the common denominator of the 
values of x, y, z, to, when these values are reduced to functions of the known quan- 
tities and in the form of simple fractions ; and this common denominator mast evi 
dently have the same value whatever order of elimination is followed 
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from which we deduce 

Pm 

V. 

P, 

Px 

If this method is applied in the case of six unknown quantities, 
we shall in each of two eliminations have the weights of three 
of the unknown quantities by computmg each time but one new 
auxiliary, and, therefoi e, the weights of all six when the second 
elimination is the inverse of the first In the case of but four 
unknown quantities, by inverting the elimination we can find 
the weights of z and y twice, and thus verify our work 


= [dd 3] 

= [cc 3] = [cc 2] 
= [66 3] = [ 66 1] 
= [aa 3] = [aa] 


[dd 3] 

[dd 2] 

[cc 2] [ dd 3] 

[cc 1] [dd 2], 

[66 1] [cc 2] [dd 3] 
m [cc 1], [dd 2], 


(72} 


47 If we have but three unknown quantities, the weights are 
determined at the same time with x, y, and z themselves, by a 
smgle elimination in the order a, b, c, in which z comes out first 
with the weight 

P, = L cc 2] 

and then y and z, with the weights 


in which 


p, = [66 2] = [66 1] 


[cc 2] 
[cc 1] 


p m = [aa 2] = [aa] 


[66 1] [cc 2] 
[66] [cc 1], 


[cc l] a = [cc]-M [6c] 


INDEPENDENT DETERMINATION 07 EACH UNKNOWN QUANTITY AND 
ITS WEIGHT, ACCORDING TO GAUSS 

48 Let the four equations (70) be multiplied respectively 
by 1, A', A ", A'", and let these factors be determined by the 
condition that m the sum of the products the coefficients of y, 
z, and w shall be zero Also, let the last throe equations of (70) 
be multiplied respectively by 1, B", B"', and let these factors 
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bs determined by the condition tliat in the sum of the products 
the coefficients of z and xo shall be zeio Finally, let the last 
two equations of (70) be multiplied respectively by 1, V", and 
let be determined by the condition that m the sum of the 
products the coefficient of w shall be zero The conditions 
which determine these factors aie then 


0 = 
0 = 
0 = 


[oft] 
[act] 
[oc] 
[aa] 
[ud] 
[a a] 


+ * 


+ 

+ 


I > 1] 

[bb 1] 
[ bd 1] 
[» 1] 


A' + 


A' + 


A" 


L c d 2] , A „, 

Lee 2 ] 


o = E^2] 
[bb 1] 

Q _ [M 1] 

[bb 1] 
0 _ Led 2 ] 

Lee 2 ] 


+ B" 

[cd 2] B „ £ ,„ 

Lee 2] ^ 

+ C'" 


(73) 


and the final values of x, y, z, w, m teims of these factors, aie 
given as follows . 

[an] [bn 1] [cn 2] A „ [dn 3] A „, 

[ad] " r [bb 1] [cc 2] " r [dd 3] 

U>n 1] [cn 2] B „ [dn 3] pw 

[66 1] ^ [cc 2] [dd 3] 

[cn 2] [dn 3] c „, 

[cc 2] " 1 " [di 3] 

[in 3] 

[dd 3] 

49 As the equations (73) are above airanged, all the factors 
A are determined from the first system of three equations , the 
factors B from the second system of two equations, &c , m each 
case, by successive substitution This method then enables us 
to find each unknown quantity independently of the others 
Another form may be given to the computation of the auxiliary 
factors Since in the formation of the equations (74) we have 
regarded [an], [bn], [cn], kc. as independent, we must still s^ 
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regard them when wo invert the process and leeompose the 
equations (70) from (74) If, then, we multiply the equations (74) 

respectively by 1, and add the products m order 

to recompose the first of (70), the coefficient of [an] will be — - 

but the coefficients of [bn 1], [cn 2], &e must severally be equal 
to zero The same principle will apply when we recompose the 
second equation of (70) from the last three of (74), &c Hence 
we have 


0 = A' + 


[ab] 

[_aa] 


o = A" + p3i"+H 

1 [aa] 1 [aa] 

0 = A’" + B"' + P^C'"+ 

1 [aa] [aa] [aa] 


0 = 5" + 


\bc 1] 
[bb 1] 


0 = B r " A~ n"> _i_ j] 
' r [bb 1 ] _r [66 1 ] 


0 = C'" + 


[cd 2] 
[cc 2] 



According to this scheme, we first find A', B", C'" from the 
equations in which they occur singly, then, with these factors, 
we find the values of A", B"', from the equations involving two 
factors, &c. 


50 Again, let us write the 3d, 5th, and 6th equations of (75) 
m the following order 


A"' + , 

[aa] 


5"' + 


[«C] C m , [ gd ] _ 0 

[ad] [aa] 

[be 1] [bd 1] = 0 

[66 1 ] [66 1 ] 


C"’ + 


[cd 2] 
[cc 2] 


= 0 


Comparing these with the first three of (70), we at once infer 
that A"', B"\ C" are those values of x, y, z, respectively, which 
wo should obtain from oui fiist three normal equations by putting 
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w = 1 and omitting the terms in n, or, going back to (t>6), that 
A"', B'", C’" may be determined by the following conditions : 

[aa\ A!" + [aft] B"' + [ac] C" + [ad] = 0 
[aft] A!" + [65] B"’ + [6c] C’" + [ftd] = 0 
[ac] A!" + [6c] B"' + [cc] C" + [cd] = 0 

If now we multiply the normal equations (66) by A'", B'", C’", 
and 1, respectively, and add the products, the conditions just 
given will cause x, y, and z to disappear, and the resulting equa- 
tion in w must be identical* with (69) so that A'", B'", C"' 
must also satisfy the following condition : 

[an] A'" + [ft»] B"' + [cn] C'" 4- [dn] = [dn 3] (76) 


The second and fourth equations of (75) being written as follows, 


A "- f 


[aft] B » . 

[aa] 


B" + 


[oc] 
[aa] 
[6cJ] 
[66 1 ] 


= 0 


= 0 


and compared with the first two of (70), we infer that A", B" 
are those values of x and y which we obtain from the first two 
noimal equations by putting z = 1, w = 0, and omitting the 
terms in n; that ib, A" and B" must satisfy the conditions 


[аа] A" + [aft] B" + [ac] = 0 

[аб] A" + [66] B" + [6c] = 0 

Therefore, if we multiply the first three normal equations (66) by 
A", j B", 1, respectively, and add the products, x and y will dis- 
appear, and, the resulting equation being identical with the first 
of (68), we must also have 

[an] A" + [6n] B” + [cn] = [cn 2] (77) 

Lastly, it is evident that A' must also satisfy the condition 

[an] A + [im] = [6n 1] (78) 

From these relations we readily infer general foimulse for the 
weights of the unknown quantities 


* The equation (69) is the last normal equation, unchanged except by the substitu- 
tion of equivalents for x , y, and z , and in the present article we eliminate as, y, and * 
by the use of factors, but do not change the last normal equation, since we multiply 
it by unity 
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According to Art, 34, the reciprocal of the weight of x is that 
value which we obtain foi x if we put [on] = — 1 and [6n] = [cn] 
= [dn\ = 0 But, under these conditions, the equations (76), 
(77), (78) give 


[d» 8] = — A'", [cn 2] = — A", [bn 1] = — A' 

In order, therefore, that the value of x given by the first equa- 
tion of (74) may become we have only to substitute — A 

— A", — A', — 1, respectively, for [dn 8], [an 2], [bn 1], [<w\ 
In the same manner, the weight of y being found by putting 
[Jn] = — 1 and [aw] = [cn] = [dri\ = 0, we have to put 


[dn 3] = — [cn 2] = — JB", [bn 1] = — 1 

m the Becond equation of (74), in order that we may put ■— for y 
For the weight of z we have to put " 


[dn 3] = — O'", 


[cn 2] = — 1 


m the third equation of (74), and — for z 

Jri 

For the weight of w, we have to put 
[dn 3] =. — 1 

m the last equation of (74), and change w to — 

P w 

The final formulse for the weights are, therefore, 


1 1 _ A' A' A" A" A'" A" \ 

p, [aa] + [bb 1] + [cc 2] + [dd 8] | 

I _ I B"B" BT'ff" I 

P, [bb 1] + [cc 2] + [dd 3] ( 

1 _ 1 0»'W" ( ™ 

P.~ [cc 2] + [dd 3] \ 

1 1 I 

p m ~ [dd 3] / 


MEAN ERROR OF A LINEAR FUNCTION OF THE QUANTITIES X, y, Z, W 

60 To find the mean error of the function 

X —fx + gy + he -f ito + l 
when x, y, z, w are dependent upon the same observations 


(80) 
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The quantities x, y, z, to not being directly observed, their 
mean errors cannot be treated as independent, as was done m 
the case of directly observed quantities 111 Art 22 We might 
proceed by the method of Art 28, but, as we here suppose 
x, y, z, w to have been determined from the noimal equations 
(66)’ we can obtain a more convenient method by the aid ot the 
auxiliaries which have been introduced in the geneial elimina- 
tion The quantities x, y, z, w being functions of the directly 
observed quantities n', n", n"\ the mean enor of X can be 
readily obtained by the principles of Art. 22, if we first reduce 
X to a function of these observed quantities T*or this puiposc, 
if the values of x, y, z , w deduced from (70) be substituted in X , 
we shall have an expression of the form 

X=k a [an] + A, [bn 1] + \ [cn 2] + A, [dn 3] + l (81) 

in which the coefficients A 0 , k v /r 2 , A s are functions ot [aa], [ ab ], 
&c In order to determine these coefficients, let us substitute in 
this expression the values of [an], [bn , 1], &c given by (70). We 
find 

X= — [aa]k a x — [ab]ty— [ac] k 0 z — [ad]k 0 u>+l 
— [bb 1] k x y — [be 1] lc x z — [bd 1] k x w 
— [cc 2] k a z — [ed , 2] A a te 
— [dd 3] k a w 


which becomes identical with (80) by assuming 

[aa] A„ = — / 

[a&]A 0 + [bb l]k x — — g 

[ac ] A 0 + [bo 1] k x + [cc 2] k u = — h 

[ad] k„ + [bd 1] k x -f [cd 2] k a + [dd 3] A„ = — t 


These equations fully determine the coefficients We find A 0 
directly from the first, and then k v L,, /. 3 , bj successive substitu- 
tions m the others 

How, to find the mean error of X under the form (81), let the 
mean error of each of the observed quantities ?)', n", n r " be 
denoted by e (these observed quantities being supposed of equal 
weight, or, lather, the equations of condition being supposed to 
have been reduced to the same weight), and let the correspond- 
ing mean errors of 

[an], [bn 1], [cn 2], [dn ,3], X, 
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be denoted by 


E„ E v E„ E a , (eX) 


Since we have 

[an] = a'n' + a"n" + a"'n'" -f 
we have, by Art 22, 

E* = [aa] 

Again, we have 


and hence 




[aa\ 

2[a6] 




= [65 l ]* 2 

In a similar manner, we have, also, 


E* = [cc 2] e 2 , ^ 3 2 = [dd 3] t* 

The quantities x, y, z, w, being determined from the equations 
(70), their mean errors involve those of the quantities [an], [bn 1], 
[cn 2], [dn 3], precisely as if the latter had been independently 
observed quantities affected by the mean errors just deteimmed 
Hence also m (81) we regard [an], [bn 1], &c as independent , 
and it then follows directly fiom the principles of Art 22 that 

W = k 0 *E 0 ' + A , 2 E* + k?E* + k a *E a * 

01 

(UT) 2 = (/c 0 2 [aa] + A, 2 [bb 1] + A a 2 [cc 2] + V {dd 3]) e 2 (83) 

51 From the preceding article we may easily find the for- 
mulae (74) and (79) The function X becomes x when we assume 
f=l, g = h = i = l = 0, and then (81) gives x while (83) gives 

an( l hence the weight = p This hypothesis gives in (82) 

[aa] A 0 = — 1 , and the remaining equations of (82) aie identical 
with the fiist three of (73) if we put [bb 1] />, — —A', [cc 2] A 2 
— — A", [dd 3] k a = — A'", and then (81) becomes identical with 
the first of (74), and (83) with the fiist of (79) In a similar 
manner we may deduce the remaining equations of (74) and (79) 



544 


APPENDIX 


Example —In order to exhibit the numerical operations which 
the preceding method requires, in their proper order and within 
the limits of the page, I select an example involving but three 
unknown quantities The following equations of condition were 
proposed by Gauss ( Theorvx Motus Corp Coel, Art 184) to illus- 
trate his method 

(1) x — y + 2s = 3 

(2) 3x-\-2y — 0s = 5 

(8) 4:r+ y + 4s = 21 

(4) — 2x + 6y + 6s = 28 

of which the first three are supposed to have the weight unity, 
while the last has the weight J Multiplying the last by V i = ^ 
(Art 41), the equations of condition, i educed to the same weight, 
are — 

(1) x — y + 2s — 8 = 0 

(2) 3x+2y — 5s — 5 = 0 

(3) 4x + y + 4s — 21 = 0 

(4) _ x + 3y + 3z — 14 = 0 

The next step is to form the coefficients \aa\, [ ab ], &c , of the 
normal equations In the present example this can be done very 
easily without the aid of logarithms , but, in order to exhibit the 
work usually required in practice, I shall give the forms for 
logarithmic computation The sums of the coefficients of the 
unknown quantities will be employed as checks, according to 
Art 30 Their loganthms, together with those of a, b,c, n, are 
given m the following table 


( 1 ) 

( 2 ) 

( 3 ) 

W 


log a 

log b 

logo 

log a 

log n 

0 00000 

n0 00000 

0 30103 

0 30103 

raO 47712 

0 47712 

0 30103 

?i0 69897 

— oo 

«0 69897 

0 60206 

0 00000 

0 60206 

0 95424 

nl 32222 

nO 00000 

0 47712 

0 47712 

0 69897 

nl 14613 


It is important, where many operations are to be performed, to 
write down no moie figuies than are necessary for the cleai piose- 
cution of the work Hence, in combining the preceding 
loganthms it will be found expedient to proceed as follows 
Write each log a upon the lower edge of a slip of papei , then, 
placing this slip so that log a shall stand over log a, log b, log c, 
&e , of the same horizontal line, in succession, add together the 
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two logarithms mentally , and, with the sum in the head , take from 
the logarithmic table the corresponding natural number (aa, ab, 
ac, as, or an), which place in a column appropriated for the pui- 
pose. Then write log b in the same manner, and form bb, be, bs, 
bn, and so proceed to form all the coefficients of the normal 
equations, as in the following table • 


[aa] 

W 

\ac] 

[«] 

[an] 


M | 

+ 

+ 

— 

+ - 

+ - 

+ 

— 

+ 

+ 

— 

10 


10 

20 

20 


3 0 

1 0 


20 

90 

60 


150 

00 


15 0 

40 


10 0 

16 0 

40 


16 0 

30 0 


84 0 

1 0 

4 0 


10 


30 

80 

5 0 

14 0 


90 

9 0 



10 0 

40 

18 0 18 0 

38 0 5 0 

14 0 

102 0 


13 0 

12 0 

+ 27 0 

+ 6 

0 

00 

+ 33 0 

— i 

18 0 

+ 15 0 

+ 

1 0 



m 

M 

M 

[««] 

M 

[nn\ 

+ - 

+ 

— 

+ 

+ 

— 

+ - 

+ 

— 

+ 

20 

30 


40 

40 


60 


6 0 

90 

00 


10 0 

25 0 


00 

25 0 

00 


26 0 

90 


21 0 

16 0 

36 0 


84 0 


189 0 

4410 

15 0 


42 0 

90 

15 0 


42 0 


70 0 

196 0 

24 0 2 0 

“To 

73 0 


55 0 

0 0 

25 0 132 0 

00 

265 0 


+ 22 0 

— * 

'0 0 

+ 64 0 

+ 55 0 

— 107 0 

— 2 

65 0 

+ 671 0 


Having ascertained that the lesults satisfy the test equations 
(48), we can write out the normal equations as follows • 

27 a; + 6 y —88 = 0 

6x-{-15y+- s — 70 = 0 
y -+ 54z — 107 = 0 

"We proceed to determine the values of x, y, z, accoiding to 
our geneial formulae, still cairymg out the work with logarithms 
for the sake of illustration Here, again, system and concise- 
ness are indispensable The whole computation is given below 
neaily m the form proposed by Encice Tins foim corresponds 
to the group of equations (70) It is divided into three puncipal 
compartments, coi responding, respectively, to the fust thiee equa- 
tions of (70), each beginning one column farthei to the right In 
the first eompaitment the first line of numbers contains the values 
of [aa], \ciU], &e , the second line their logarithms, and the third 
line the loganthms of the coefficients of the first equation. The 
logarithms in this third line aie formed by subtracting the fii st, 
log in the second line fiorn each of the subsequent ones, for this 

Voi 11—35 
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purpose writing the first logarithm upon the lower edge of a slip 
of paper 

In the second compartment, the first line contains the values 
of [JJ], [5c], &c , the second line, the quantities subtractive from 
these, according to the formulae in Art 42 To form these sub- 
tractive quantities, write the logarithm of ^ (which is here 

9 84679) upon the lower edge of a slip of paper, and hold it suc- 
cessively over log [a6] and each of the subsequent logarithms in 
the same line, add the two logarithms mentally in each case, take 
the corresponding natural number from the logarithmic table, 
and write it in its place below Subtracting these numbers, we 
have the values of [66 1], [6c 1], &e The fourth line contains 
the logarithms of these quantities ; the fifth, the logarithms of the 
coefficients of oui second equation, formed by subtracting the 
first logari thm of the preceding line fiom each of the subsequent 
ones m that line 

In the third compartment we have — first, the values of [cc], &c , 
secondly, the values of the subtractive quantities formed from 
the last line of the first compartment as before; thirdly, the 
remaindeis which are the values of [cc 1], &c The fourth line 
contains the values of the quantities which aie subti active from 
the preceding and aie formed from the last line of the second 
compartment by adding the first logarithm of that line to the 
loganthm immediately above it and to each of the subsequent 
logautlims in the same line, the fifth line contains the remain- 
ders which aie the values of [cc 2], &c , the sixth line, the loga- 
rithms of these, and the last line, the logautlims ot the coeffi- 
cients of oui third equation 

For contiol, we carry through the operations upon [as], [6s], 
&c , piecisely as upon the other quantities, and then, according 
to the arrangement of the scheme, we should have, if we have 
computed correctly, each sum containing s equal to the sum of 
the quantities on its left in the same line, together with those of 
the same order in a vertical column over the first number in this 
line Thus, we must have, in the present case, 

[6s 1] = [66 1] -fi [6c 1] [sn 1] = [in 1] + [cn 1] 

[cs 1] = [cc 1] + [6c 1] [sn 2] = [cn 2] 

[cs 2] = [cc 2] 

lelations easily proved by means of the formulae of Art. 42 com< 
bined with (48) 
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The columns [sn] and [»n] are added to the third compart- 
ment in order to form the quantity \nn 8], from which the mean 
eiror of observation is to he deduced, as will be shown heieafter 


[aa] 

+ 27 000 

1 43136 

m 

f 6 000 

0 77815 
9 34679 

[ac] 

0 000 
— 00 

00 

[«] 

+ 33 000 

1 51851 
0 08715 

[an] 

— 88 000 
nl 94448 
nO 51312 


-88 000 

0 000 
+ 21 305 

m 

4- 15 000 
+ 1838 

M 

+ 1 000 

0 000 

m 

+ 22 000 
+ 7 333 

M 

— 70 000 

— 19 556 

— 66 695 
nl 82409 
a; = 0 39273 

+ 13 667 

1 13566 

+ 1 000 

0 00000 
8 8f3434 

+ 14 667 

1 16633 
0 03067 

— 50 444 
nl 70281 
nO 56716 


— 50 444 
+ 1 916 

M 

4- 54 000 

0 000 

M 

4- 55 000 

0 000 

[cn] 

— 107 000 
0 000 

C«] 

— 265 000 

— 107 555 

[fiwj 

4- 671 000 
4- 286 813 

— 48 528 
nl 68599 

+ 54 000 
+ 0 073 

+ 55 000 
4- 1 073 

— 107 000 

— 3 691 

— 157 446 

— 54136 

+ 384 187 
+ 186191 

log y = 0 55033 

+ 53 927 

1 73181 

+ 53 927 

log (— z) = 

— 103 309 
r?2 01414 
= wO 28233 

— 103 310 

[nn 3] = 

+ 197 996 
4~ 197 900 
4- 0 087 


After z has been found, its value is substituted in the second 
equation of (70), and y is deduced Then, the values of y and z 
being substituted m the first equation, we find x The numerical 
computations are given above in the margin 
Then, for the weights, by Art 47, we have first to find the 
additional auxiliary 

[cc l] a = [cc] - jgj [6c] 
and by the formulae of that article we have — 


m 

+ 15 000 
' 1 17609 

[6c] 

+ 1000 

0 00000 

8 82391 

log [66 1] 1 13566 
log [66] 1 17609 

log [cc 2] 
log [cc 1] 
log [cc 1] a 

1 73181 

1 73239 

1 73185 


[cc] 

1 43136 

1 13566 

1 73181 


+ 54 000 

9 95957 

9 99942 

l °g?. 


+ 0 067 

9 99996 

1 13508 


[cc 1 a] = 

= + 53 933 

1 39089 

logP, 









APPENDIX. 


548 

The final result is then 

x _ _|_ 2 4702 -with the -weight 24 597 
y = -f 3 5508 “ “ IB 648 

g = + 1 9157 “ “ 53 927 

It only remains to substitute the values ot x, y, and z m the 
original equations of condition, to foim the residuals v, and fiom 
these to determine the mean erroi of observation Since heie 
there aie but three unknown quantities, wo have, by (71), 

[- vv ) = \nn 3] 

and- hence the mean error of an observation ot the weight unity 
is, by (61), m being the number of equations ot condition, 

*=V(Sy?H 295 

The direct computation of the residuals is, therefore, not necessary 
for determining e neveitheless, it is desirable in most cases to 
resort to the direct substitution also, not only for a final verifica- 
tion, but m order to examine the seveial obsei vations, and to 
obtain the data for rejecting any doubtful one by the use of 
Peirce’s Criterion, to be given hereafter This direct substitu- 
tion has already been carried out for this example on p 525, 
where we have found [ue] = 0 0804, which agrees with the above 
value of \nn 3] as nearly as can be expected with the use of five 
decimal logarithms. 

52. It not unfrequently happens that one of the unknown 
quantities is such that the given observations cannot determine 
it with ^accuracy For example, in the reduction of a numbei 
of observations of an eclipse, one of the unknown quantities is a 
correction of the moon’s parallax , but, unless the places of ob- 
servation be remote from each other, the coirection will be very 
uncertain, and this uncertainty will affect all the other quantities 
which enter into the equations of condition In such a case, this 
unknown quantity will come out with a small coefficient, which 
of itself will reveal the existence ot the uncertainty when it is 
not otherwise anticipated In order that this uncertainty may 
not affect those quantities which are well defined by the obser- 
vations, it is expedient to determine all the latter as functions of 
the uncertain quantity, which foi that puipose must be made the 
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last m the elimination Thus, with four unknown quantities 
r > l/> z > we proceed only as fai as the auxiliaries denoted by 
the numeral 2, then, having found the factors A', A", A'" B’\ 
B'", C ,n , by (73) oi (75), if we put 5 ' ’ 


— x' 

— y' 

— z' 


[ail] 

~ [oo] 
__[to 1] 
“[» 1] 
[ cn 2] 

-p~2] 


1] A t , [cn 2] 
[bb 1] ^ [cc~ 2] 

Cg” 2] 

[cc 2] 


(84) 


these will give the values of the unknown quantities which we 
should obtain from the fust three noimal equations if the last 
unknown quantity were disregaided or put = 0 Then, by (74), 
the final values of x, y, z, as functions of the uncertain quantity 
w, will be 

x = x' + A"’w ) 

y = y' -(- B'"w l (85) 

g = s' + C"'w ) 


The values of x r , y\ z will thus be well determined, and a sub- 
sequent independent determination of w will enable us to find 
the final values of x, y, z* 

Having found the weights of x r , y', z' (which is done as if they 
were the only quantities under consideration), and their mean 
errors ej, ej, e/, then, when the quantity w is afterwards found, 
the mean errors of the final values will be 


as we find from the equations (79), or by Art. 20. 


} 


( 86 ) 


CONDITIONED OBSERVATIONS. 

58 In all that precedes, we have supposed that the severat 
quantities to be found by observation, either directly or indirectly, 
were independent of each other Although they were required 
to satisfy certain equations of condition as nearly as possible, yet 
they were so far independent that no contradiction was involved 
in supposing the values of one or more of them to be varied without 


* For an example in which three unknown quantities are thus determined as 
functions of two uncertain quantities, see Vol I p 540 
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varying the others By such variations we should obtain sys- 
tems of values more or less jnobable, but all possible 

There is a second class ol problems, m which, besides the 
equations of condition v Inch the unknown quantities aie to 
satisfy approximately, there aie also equations of condition as Inch 
they must satisfy exactly so that of all the systems of values 
which may be selected as approximately satisfying the fiist kind 
of equations, only those can be admitted as possible which satisfy 
exactly the equations of the second kind The number of these 
rigorous equations of condition must he less than the numbei of 
unknown quantities , otlienvise they would deteimine these 
quantities independently of all obseivations The^e ngorous 
equations, then, may be satisfied by various possible systems of 
values, and we can therefore express the problem here to be con- 
sidered as follows Of all the possible si/siems of values which exactly 
satisfy the rigorous equations of condition , to find the most probable , or 
that system which best satisfies the approximate equations of condition 

The folloAvmg are simple examples of conditioned observations. 
The sum of the three angles of a plane tnangle must be 180° so 
that if we observe each angle dnectly, and the sum of the obseived 
values differs from 180°, these values must be corrected so as to 
satisfy this condition The sum of the angles of a sphencal 
triangle must he 180° + spherical excess The sum of all the 
angles around a point, oi the sum of all the diftei cnees of azimuth 
observed at a station upon a round of objects m the honzon, must 
be 360° 

The approximate conditions m these cases are expressed by 
the observations themselves , for the final values adopted must 
correspond as nearly as possible to the observed values The 
corrections to be applied to the observed values are to beie- 
garded as residual errors with their signs changed ; and the solu- 
tion of our problem is involved in the following statement Of 
all the systems of corrections which satisfy the rigorous equations , that 
system is to be received as the most probable m which the sum of the 
squares of the residuals m the approximate equations is a minimum 

54 The general problem as above stated may be i educed to 
that of unconditioned obseivations, already considered Foi let 
us suppose tlieie are ml rigorous equations of condition, and m 
unknown quantities From these m! equations lot the values of 
m' unknown quantities be obtained m terms of the lemammg 
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m — m f quantities, and let these values be substituted in all the 
approximate equations of condition, then there will be left in the 
latter only m — m f quantities, which may be treated as independ- 
ent, so that, the approximate equations being now solved by the 
method of least squares, we have the values of the m — m' quan- 
tities, with which we then find the values of the first ml quan- 
tities This is a general solution of the problem, but it is not 
always the simplest in piactice I shall illustrate it by a simple 
example, before giving a method applicable to more complicated 
cases 


Example — -At Pine Mount, a station of the IT S Coast Survey, 
the angles between the surrounding stations 1, 2, 3, 4 were 
observed as follows 


weight 


1 2 

Joscelyne — Deepwater 65° 11' 52" 500 

3 

2 3 

Deepwater — Deakyne 66 24 15 553 

3 

3 4 

Deakyne— Burden . 87 2 24 703 

3 

4 1 

Burden — Joscelyne 141 21 21 757 

1 


There are here four unknown quantities subjected to the single 
rigorous condition that their sum must be 360°. But, instead of 
taking the angles themselves as the unknown quantities, we shall 
assume approximate values of them, and legard the corrections 
which they lequire as the unknown quantities 
We assume 


1 2 

2 3 

3 4 

4 1 


Joscelyne — Deepwater, 65° 11' 52" 5 +■ w 
Deepwater — Dealcyne, 66 24 15 5 + x 

Deakyne — Burden, 87 2 24 7 + 2/ 

Burden — Joscelyne, 141 21 21 8 + z 


the sum of which must satisfy the condition 


or 


359° 59' 54" 5 + w + x + y + z = 360° 
w -\- x y z — 5" 5 = 0 


The difference between the assumed value and the observed 
value in each case gives us a residual, and the approximate 
equations of condition are, therefore, 

w — 0 =0 

x — 0 053 = 0 

y — o 003 = 0 

z + 0 043 = 0 
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We have here but one rigorous condition m' — 1), and to 
eliminate this we have only to find from it the value of one un- 
known quantity m terms of the others, and substitute it in the 
approximate equations of condition thus, substituting the value 


w — — x — y — i -f 5" 5 


our equations of condition, containing now three independent 
unknown quantities, are 


— x — y — z -f- 5".5 = 0 

x — 0 .053 = 0 

y — 0 .008 = 0 
2 — 0 043 = 0 


weight 

3 

3 

3 

1 


The normal equations, applying the weights, are then 


Qx -f Sy -f 32 — 16 659 == 0 
3x -f 6y -f 32 — 16 509 = 0 
3a; -f 3y -f iz — 16 457 = 0 


which, being solved, give 

a? SB + 0" 9675 
y = + 0 9175 
z = + 2 7005 

whence also 

w = + 09145 


and the corrected values of the angles are 


1 2 

Joseelyne — Deepwater . 

65° 

11' 53" 4145 

2 3 

Deepwater — Deakyne 

66 

24 16 

4675 

3 4 

Deabyne — Burd en 

87 

2 25 

6175 

4 1 

Burden — Josceiyne 

141 

21 24 

5005 



360 

0 0 

0000 


55 Wheu the number of unknown quantities is great, or when 
there are several rigorous conditions to be satisfied, the preceding 
method would lead to very tedious computations, since we are 
required to perform two eliminations, the first from our m' 
rigorous equations to find the first m' quantities in terms of the 
others, and the second from our normal equations involving all 
the remaining quantities. In order to obtain the general form 
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for a more condensed process, let the most probable values of a 
number (m) of directly observed quantities be 

V, V", V"', &c . F<™ 

Let the observed values be 


M', M", if'", &c Jfw 
Let these observations have the weights 

p', p", p'", &c p' m> 

Let the equations which the most probable values are required 
to satisfy rigorously be expressed by 


and let 


=/' ( F', F", F'", ) = 0 

9 " = /" ( F', F", F'", ) =0 

P '" = /'"(F' ,F",F'", ) = 0 

&c 

m'= the number of these conditions 



Let the most probable corrections of the observed values be 
v', v", v'", &c »<“' 

so that 

F'= if' + v', F" = if" -f w", V'" = if'" + v'", &c 

Let the values of <p r , <p", <p'" . when the observed values are 

actually substituted be n', n", n'" . or 


/' (if', if", if'", ) = «' \ 

/" (if', M", if'", )=n" / 

(if', if", if '", ) = w'" ( ( 88 > 

&c ) 


Let the differential coefficients ~^=r, &c , -^777’ -rwr,' be 

fF' d V dV' dV" 

formed , substitute in them the values Jf M", M tn . . for V 7 , 


V", V" r , and denote the resulting values by a', a ", &o , b', i", 
&c. ; that is, put 


dtp' 

II 

S&, 

d<p’ 

dV' a ’ 

dV" 

dV’" 


d v” h „ 

dtp” 

dV’ ’ 

dV" 

dV’" 

dT_ 

W -C" 

dtp'" 

dV'~ ’ 

dV" ’ 

d V" 


= a'", &c 
= V", &c. 
= c'",&c 
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These values of the differential coefficients will generally be suf- 
ficiently exact , hut if JK', M", M'" . are found very greatly m 
error, a repetition of the computation might he necessary, in 
which the more exact values found by the first computation 
would he used 

The values of M', M ", M'" . being assumed to be so nearly 

correct that the second and higher powers of the corrections 
v", v'" may be neglected, we have at once, by Taylor’s 
Theorem, as in the similar case of Art 40, 

<p' =n' -|- a'v' a"v” -)- + a (m) v (n) = 0 

9 " = n" + b'v' + b"v" -j- b'"v"’ + + b im) v<- n> = 0 

<p nr = n rn -f- did -I- d r v n -)- d n v ,,r -f- -f- = 0 

&c &c 

which m' equations must be rigorously satisfied by the values of 
v', v", v'" 

The equations 

Y' — M' = 0, V" — M" = 0, V'" — M'" = 0, &c 

are the approximate equations of condition , or, more strictly, 

V' — M'= v', V" — M" = v", V'" — M"' = v"', &c 

are the equations of condition which are to be satisfied by the 
most probable system of residuals v', v", v"' . . These, reduced 

to the unit of weight by Art 41, become 

{V — Af') y"P' = v'Vp'i ( V" - M") yy' = v'Yp", &c (90) 

and the most probable residuals v'y'p', v"yp" are those the sum 
of whose squares is a minimum, or we must have 

pV 3 4- p'V' 3 + p"V" 3 -|- &c = a minimum 

Putting, then, the differential of this quantity equal to zero, we 
have 

p’v'dv' 4- p”v"dv" 4- p'”v'"dv"' 4 - &c — 0 (91) 

If v', v", v’" were independent of each other, each coeffi- 
cient of this equation would necessarily be zero (as in Art 28), 
and then the most probable values of V', V", V'" . would be 
the directly observed values M', M", 3P n But this minimum 
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is liere conditioned by the equations (89) If, then, we differcr 
tiate (89), the equations 

aW + a"dv" + a!"dv w + 
b'dv' + b”dv" + V"dv m + 
ddvt + c”dv" + c n, dv ,n + 

&c 

must coexist with (91) 

The number of the equations (92) is m', while the number of 
differentials is m, and since, by the nature of the case, we must 
have m > m! , we can, by elimination, find from (92) the values 
of m' differentials m terms of the lemainmg m — m! differentials 
Let us suppose this elimination to be performed, and that the 
values of the first m' differentials, found m terms of the others, 
are then substituted m (91) , we shall thus have an equation m 
which the remaining m — m f unknown quantities can be regarded 
as independent, and the coefficients of these m — ml quantities 
m this final equation will then severally be equal to zeio We 
can ainve directly at the result of such an elimination and sub- 
stitution as follows Multiply the first equation of (92) by A, the 
second by B , the third by (7, &c , and also the equation (91) by 
— 1, and form the sum of all these products Then, if A , jB, 
C are determined so that ml differentials shall disappear 
fiom the sum (and they can be so determined, since it only 
requues m f conditions to determine m r quantities), the final 
equation obtained will contain only the m — m f remaining differ- 
entials But, the latter being independent, their coefficients must 
also be soveially equal to zero , and hence we have, in all, the 
following m conditional equations • 

a f A + b'B + dG + — tfv' = 0 \ 

a" A + b ,f B -f c"C + — yV' = 0 

a"’ A + V"B -f d" C + — /V" == 0 ( 93 ) 

&c &c ) 

a! a!* 

If we multiply the first of these hy — > the second hy — > &e , and 

add the products, we have, hy comparison with the first equation 
of (89), 



[tMIMtI 0 * 


+ n'=sO 



556 


APPENDIX 


in which the usual notation foi sums is followed In this way 
we can form m' normal equations containing ml quantities, 
namely, 


Vaa 1 

IY\ 


rl £ +[f] c + 

+ nf = 0 

] 

Taft' 
L P . 

h+B 

rj* + [£] c + 

+ n" = 0 

> (94) 

{" ac~ 

l¥~_ 

-B 

r] s + [f}° + 

+ n ,ff = 0 

\ 


&c 


If the observations are of equal weight, we have only to put 
p — 1, or, in other words, omit p 
The factors A, B , C are called by Gauss the cowelahves of 
the equations of condition 

The equations (94) being resolved by the usual method of 
elimination (Ait 42), the values of the correlatives found are 
then to be substituted m (93), whence we obtain directly the 
required corrections, 

t/ = y ( a’ A 4- VB +c!C + 

w" = A. ^'A 4. b"B + d'G 4- 
P 

v"’ = y, {a!" A + b'"B + c"'Q + 

&c &c 



and hence, finally, the most probable values of the observed 
piantities, V' = M' 4 v\ V" = M" 4 i’", &c 
The comparative simplicity of this process will best be shown 
by applying it to the example of the preceding article. We 
there have given, by observation, 

ilf' = 65° 11' 52" 500, p' — 3 

M" = 66 24 15 553, p" = 3 

M'" = 8T 2 24 703, p'" = 3 

MY = 141 21 21 757, p lr = 1 

with the condition 


V + Y" 4 V'" 4 . V lT — 360° = 0 
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We have, first, 

a' ■= a" = a" 1 = a lr = l 

and when M\ M' r , to. are put for V', V ", &c , we have (88) 

»' = — 5" 48 T 

As we have but one condition, we have also but one correlative 
A; the equation of condition is, by (89), 

_ 5" 487 + v‘ f v” + v!” + »*' = 0 

and the single normal equation may be constructed according to 
the following form . 

act 


3 1 & 

8 1 i 
3 1 i 
1 1 _1 

[“H 

2A 
A 

and hence, by (95), 

xf = + 0 9145 
v" = + 0 9145 
»'"= + 0 9145 
v w = + 2 7435 

agreeing with the result found by the much longei process of 
the preceding article 

66 The fuither prosecution of this branch of the subject 
belongs more especially to woiks on Geodesy 3? or more ex- 
tended examples, see the special leport of Mi C A Schott m 
the Report of the Superintendent of the U S. Coast Survey foi 
1854, fiom which the above example has been drawn Consult 
also Bessel’s Gi admessung in Ostpreussen m 1838 , Rosen berger, 
in the AUi ononusche Nachnehten, iSTos 121 and 122 , Bessel, tbul 
Xo 438, T Galloway, Application of the Method to a Portion 


- 5" 487 = 0 
+ 2" 7435 


Collected values 

V = 65° 11' 53" 4145 
V" — 66 24 16 4675 
F'"= 87 2 25 6175 
F iT = 141 21 24 5005 



558 


APPENDIX 


of the Survey of England, m the Memoirs of the Royal Astronomi- 
cal Society , Yol XY , J J Buyer’s Kustenvermessung , Fischer’s 
Geodcesie , Geriing’s Aus^leichungs Reclmungen, Dienger’s Aus- 
gleichung der Beobachtungsf elder , Liagre, Calcul des Probability , 
and Gauss, Supplementum theories combmatioms , &c 

CRITERION FOR THE REJECTION OF DOUBTFUL OBSERVATIONS 

57 It has been already remarked (p 490) that the number of 
laige errors occurring in practice usually exceeds that given by 
theory, and that this discrepancy, instead of invalidating the 
theory of purely “ accidental” enors, rather indicates a source 
or sources of error of an abnormal character, and calls for a 
criterion by which such abnormal ©bservations may be excluded 
The criterion proposed by Prof Peirce* will be given here with 
the investigation nearly m the words of its authoi, and with only 
some slight changes of notation 

58. “In almost every true senes of observations, some are 
found which differ so much from the others as to indicate some 
abnormal source of error not contemplated m the theoretical 
discussions, and the introduction of which into the investigations 
can only serve, in the present state of science, to pciplex and 
mislead the inquher Geometers have, therefore, been in the 
habit of rejecting those observations which appeared to them 
liable to unusual defects, although no exact criterion has been 
proposed to test and authorize such a procedui e, and this delicate 
subject has been left to the arbitrary discretion of individual 
computers The object of the piesent investigation is to produce 
an exact rule for the rejection of obseivations, which shall be 
legitimately derived from the principles of the Calculus of Pro- 
babilities 

“ It is proposed to determine m a series of m observations the limit of 
error , beyond which all observations involving so great an error may be 
rejected, provided there are as many as n such observations . 

“ The principle upon which it is proposed to solve this problem 
is, that the proposed observations should be rejected when the probability 
of the system of errors obtained by retaining them is less than that of 
the system of errors obtained by their rejection multiplied by the proba- 
bility of making so many , and no more , abnormal observations 


* Astronomical Journal (Cambndge, Mass ), Vol II p 161 
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“ In deteimimng the piobability of these two systems of errors, 
it must he carefully observed that, because observations are 
1 ejected m the second system, the coriespondmg observations of 
the first system must be regarded, not as being limited to their 
actual values, but only as surpassing the limit of rejection.” 

Let 

lx = the number of unknown quantities, 
m = the whole number of observations, 
n = the number of observations proposed 
to be rejected, 

n r =m — ?i, the number to be retained, 

J, J', A", A (n) = the system of errors when no observa- 
tion is rejected, 

A v J/, A", 4 <ft/) = the system of erroi s when n observa- 

tions aie rejected, 

e, e = the mean errors of the first and second 
system, respectively, 

y = the probability, supposed unknown, 
of such an abnormal observation that 
it is rejected on account of its magni- 
tude, 

y f = 1 — y = the probability that an ob- 
servation is not of the abnormal cha- 
racter which involves its rejection, 
x = the ratio of the required limit of error 
for the rejection of n observations to 
the mean error e, so that xe is the 
limiting eiror 

The probability of an error A in the first system will be, by (14) 
and (21), 

, 1 

<pA = 6 2c 3 

£]/2i1Z 

and the same form will be used for the second system 

The probability of an error which exceeds the limit xe will he 
expressed by the integral (Arts 8 and 12) 

oo 

<pAdA 

A=*k« 


or, denoting this by ^ c, 

2 r»A—tn A 2 

4>c = — =. I 2c 3 " dA 
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which, by putting t = 


= — —> becomes 


4 'A 


V 


3_ r 

/itJ 


,~tt 


dt 


t= -2 


and this may be found dnectly from Table IX by subtracting 
the tabular number corresponding to t = from unity 

The probability of the first system of errors, embodying the 
condition that n observations exceed the limit xe, is 


P = <pA (pA! <pA n 

— e“ 2«3 


(^r 


in which 1A 2 = A 2 + 4 >2 + (4 <n V, and by (61) we have 

I A 2 = (m — (i) e 2 , whence 

p = U-M + H + <u0 

«"'(2*)i*' 


The probability of the second system of errors is 

ynyW 

A = ry w <p\ H/ <?K' = e »> (2 ^ 6 2 «*’ 

_ y n y hJ c K-«r+rt 
6^(2 *)!’■' 

To authorize the proposed rejection of n observations, we 
must have 

P<P L 

which gives at once 

e^”^ a— 15 (4«)” < y n y' nr 

The value of y must be determined by the condition that P, 
is a max imum , and therefore y n y"*' = y" (1 — y) n 'is a maximum 
Taking the logarithm of this quantity, and putting its differential 
equal to zero, we obtam for the maximum 

y_ _ V _ i — y 

n n' n’ 
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whence 


Putting then 



J’n _ ynyim — 

y y m" 
B = (4k) 



the limiting value of x, according to the above inequality, must 
be that which satisfies the equation 



which gives the required criterion 
The relation of s, to e must depend on the nature of the equa- 
tions which correspond to the lejected observations, but it will 
give a sufficient approximation to assume that the excess of E J a 
ovei Ed* is only equal to the sum of the squares of the errors of 
the rejected observations, which gives the equation 

(»i — /t) e* — 7ixh 2 = (m — fj. — n) e* 

whence 

/ e 1 \ 3 _ m — /x — ny? 

\ e I m — ii — n 


which combined with the above equation gives 


7)1 — fi — nx 2 I T \ 2n 

= 1 — in — it 

m — fi — n \Jt ) 


Putting, for brevity, 


IS 

C 1 

ll 

(97) 

we find 


A*) 

(98) 


Table X A gives the logarithms of Tand R, computed by (96) 
with the aid of Table IX can, therefore, by successive 

approximations, find the value of x which satisfies the equations 
(97) and (98) Since R involves x, we must first assume an ap- 
pioximate value of x (which the observed lesiduals will suggest), 
i\ ith which A 2 will be computed by (97), and hence x by (98). 
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With this first approximate value of x, a new value of log J? will 
be taken from the table, with which a second approximation to 
x will be found. Two or three approximations will usually be 
found sufficient 

In the application of this criterion, it is to be remembered 
that it must not be used to reject n observations unless it has 
previously rejected n — 1 observations Hence we must first de- 
termine the limiting value of x for the hypothesis of one doubtful 
observation, or n = 1, and if this rejects one or more observe 
tions, we can pass to the next hypothesis, n = 2, or n = 3, &c. ; 
and so on until we arrive at the limit which excludes no more 
observations 

The above arrangement of the tables is nearly the same as 
that given by Dr B. A Gould,* who was the first to prepare 
such tables and thus render the criterion available to pi actical 
computers The only difference is m my table of Log T, which 
I have found in practice to be more convenient than the corre- 
sponding one of Dr. Gould. 


Example — “To determine the limit of rejection of one or 
two observations in the case of fifteen observations of the vertical 
semidiameters of Venus, made by Lieut Herndon, with the 
meridian circle at Washington, m the year 1846 ” In the reduc- 
tion of these observations, Prof Peirce assumed two unknown 
quantities, and found the following residuals (v) . 


— 0" 30 — 0" 24 

— 0 44 -f 0 06 

+ 1 01 +0 63 

+ 0 48 —0 13 


_ i" 40 -f 0" 18 

— 0 22 + 0 39 

— 0 05 + 0 10 

+ 0 20 


We have here m = 15, fjt = 2, [ 00 ] = 4 2545, whence 


£> = 


4 2545 
13 


= 0 3273, 


e = 0" 572 


We first try the hypothesis of one doubtful observation, or 
n = 1 Assuming x = 2, the successive approximations may 
be made as follows . 


* Report of the Superintendent of the TJ S Coast Survey for 1854, Appendix, p 
131*, also Artron Journal , VoL IV p 81. 
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1st Approx 

2d Approx 

Table X A log T 8 404 

84044 

“ “ log R 9 309 

9 3062 

logf 9 095 

H 

9 0982 

log 9 871 

9 8712 

log (1 — I s ) 9 410 

9 4093 

12 log 12 1079 

10792 

log (x s — 1) 0 489 

0 4885 

log x a 0 610 

0 6106 

x 2 02 

2 020 


Hence xs = V 16, which excludes the residual 1".40 
We maj now try the hypothesis n = 2. Commencing again 
with the assumption x = 2, we have — 



log T 


log R 


i T 

l0 «5 

2n 4 

to — n 18 

log I s 


log (1 — !«) 

to — /i— n _ 11 

lo g-2- 

n 2 


log O 2 — 1) 


log X s 


1st 

Approx 

2d 

Approx 

3d 

Approx 

4tli 

Approx 

8 7210 

8 7210 

8 7210 

8 7210 

9 309 

9 3622 

9 3544 

9 3553 

9 412 

9 3588 

9 3666 

9 3657 

9 819 

9 8027 

9 8051 

9 8048 

9 531 

9 5624 

9 5582 

9 5587 

0 740 

0 7404 

0 7404 

0 7404 

0 271 

0 3028 

0 2986 

0 2991 

0 457 

0 4783 

. 0 4755 

0 4758 

169 

1734 

1 729 

1 7295 


Hence xe = 0" 989, which excludes the residuals 1" 40 and 1".01. 

If we now try the hypothesis n = 8, we shall find, m the same 
mannei, xe = 0" 887, which does not exclude the residual 0" 63 : 
so that the residuals V 40 and 1".01 are in this case the only 
abnormal ones [Rejecting these residuals, we shall now find 
e, = 0" 339 * 


59 In ordei to facilitate the application of Peirce’s Criterion 


* For anothei example, m 'which tlieie were four unknown quantities, and in 
wnieh the cutenon * s veiy useful, see p 207 of this volume 
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APPENDIX. 


in. the cases most commonly occurring in practice, Table X (first 
given by Dr. G-otjld) has been computed by the aid of the log T 
and log R, according to the preceding method 

The first page of this table is to be used when theie is but 
one unknown quantity (u = 1), or for direct observations. It 
gives, by simple inspection, the value of jt 2 for any number of 
observations from 3 to 60, and for any number of doubtful obser- 
vations from 1 to 9 

The second page is used m the same manner when there are 
two unknown quantities (ju — 2) 

Example — Same as in the preceding article — Having found, 
as above, e 2 = 0.3273, we first take from Table X for p = 2 the 
value of x 2 corresponding to m — 15 and n — 1, and find 

v. 1 = 4 080, whence kV = 1 3354, xe = 1" 16 

which rejects the residual 1" 40 

Then, with m = 15, n = 2, we find, from the same page, 

x 5 = 2 991, xV = 0.9790, xe = 0" 989 

which rejects the two residuals V 40 and 1" 01 

Passing, then, to the hypothesis n = 3, we find 

x s = 2 403, xV = 0 7865, xe = 0" 887 

which does not exclude any more residuals 

60 The above investigation of the criterion involves some 
principles, derived from the theory of probabilities, which may 
seem obscure to those not familiar with that branch of science 
Indeed, the possibility of establishing any criterion whatever for 
the rejection of doubtful observations, by the aid of the calculus 
of probabilities, has been questioned even by so distinguished an 
astronomer as Airy.* It is easy, howevei, to derive an approxi- 
mate eiitenon for the rejection of one doubtful observation , directly 
from the fundamental formula upon which the whole theory of 
the method of least squares is based. 

"We have seen that the function 


* Remarks upon Pbibce’s Criterion, Astronomical Journal (Cambridge), Vol IV 
p 137 Professor Wiitlock’s reply to the objections of the Astronomer Royal will 
be found in the same journal, Vol IV p 115 
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@(pt') = JLf o P e~ u dt 

(the value of which is given in Table IX A) represents, m general, 
the number of errors less than a — rt' which may be expected to 
occur in any extended series of observations when the whole 
number of observations is taken as unity, r being the probable 
error of an observation If this be multiplied by the number of 
observations = m, we shall have the actual number of errors less 
than rt 1 ; and hence the quantity 

m, — m ©(/>£') = m [1 — ©(/>«')] 

expresses the number of errors to be expected greater than the 
limit rt'. But if this quantity is less than J, it will follow that 
an error of the magnitude rt' will have a greater probability 
against it than for it, and may therefore be rejected. The lim it 
of rejection of a single doubtful observation, according to this simple 
rule, is, therefore, obtained from the equation 

i = » Cl - @0 ot')2 

or 

r4/ 2 m — 1 

If we. express the limiting error under the form xe, e being the 
mean error of an observation, we shall have 

vt* 

X = — = 0 6745f ' (100) 

With the value of Q(pt') given by (99), we can find t' from Table 
IX. A, and hence x by (100) 

Example — To find the limit of rejection of one of the obser- 
vations given on p. 562 We there have m = 15, e = 0" 572 ; 
and hence, by (99), Q(pt’) = 0 96667, which in Table IX. A cor- 
responds to i' = 3.155, whence, by (100), x = 2 128, xe = 1" 22, 
which agrees very nearly with the limit found by Peirce’s 
Criterion. 

By the successive application of this rule (with the necessary 
modifications), it may be used for the rejection of two or more 
doubtful obseivations, and I have, by means of it, prepared a 
table which agrees so nearly with Table X that, for practical 
purposes, it may be regarded as identical with that table For 
the geneial case, however, when there are several unknown 



appendix 


5C6 

quantities and seveial doubtful observations, the modifications 
which the rale requires render it more troublesome than Peirce b 
formula, and I shall, therefore, not develop it further m this 
place What I have given may serve the purpose of giving the 
reader greater confidence in the correctness and value of Peirce’s 
Criterion. 



TABLES. 




[Note — The very complete collection of tables and formulae piepared 
by Dr Albrecht, of the Piussiau Geodetic Institute, may be consulted 
with advantage The title of the woik ^ Foimeln und Hdfdafeln fui 
Qeographische Oitsbestmmungen , Debut Kuizei Anhitung mi Autfuhnng 
demlben (Leipzig, 1879, 8vo, pp 240 )] 

For the explanation of the construction and use of these tables, con- 
sult the articles referred to below 


Table I 
“ II 

“ III 

“ IY 

u y 

“ yx 
‘ YII 

“ YIII 

“ IX 
“ X 

“ XI 
“ XII 

« XIII 


Mean Refraction (Explanation, Yol I Art 107 ) 

A, B, C, D, E, and F, Bessel’s Eefraetion Table (Yol I 
Aits 107, 117, 119, and Yol II Aits 294, 295) 

Beduction of Latitude and Logarithm of the Earth’s 
Eadius (Yol I Arts 81,82) 

Log A and Log B, for computing the Equation of Equal 
Altitudes (Yol I Aits 140, 141 ) 

Seduction to the Meridian Values of 


m 


2 sin- \ t 
"sin r 


and 


2 s ng jt 
sin 1" 


(Yol I Arts 170, 171 ) 

Logarithms of m and n (Yol I Arts 170,171 ) 

A and YII B Limits of Circummendian Altitudes (Yol 
I Ait 175) 

and YIII A Fox i educing transits over seveial threads 
to a common instant (Yol II Arts 173, 187 ) 

and IX A Probability of Errors (Appendix, Arts 12,14) 

and X A Peirce’s Cntenon for the Eejection of doubtful 
Obseivations (Appendix, Aits 58,59 ) 


TABLES FOR CORRECTING LUNAR DISTANCES 

Dip of the Sea Horizon (Vol I Ait 124) 

Augmentation of the Moon’s Semidiameter (Yol I Art 
130) 

Ooirection of the Moon’s Equatorial Parallax (Vol I 
Art 97) 
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570 TABLES EOR CORRECTING LUNAR DISTANCES. 

Table XIV Mean Reduced Refraction for Lunars (Vol I Art 249 ) 

« XIV A Con ection of the Mean Refraction for the Height of 
the Barometer (Vol I Art 249 ) 

“ XIV B Correction of the Mean Refraction for the Height of 
the Thermometei (Vol I Art 249) 

« XV Logarithms of A, B, C, D, for correcting Lunar Dis- 
tances (Vol I Art 249 ) 

« XVI Second Correction of the Lunar Distance (Vol I Art 
249) 

« XVII A and B For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Moon’s Semidiameter 
(Vol I Art 249 ) 

“ XVIII A and B For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Sun’s Semidiameter 
(Vol I Art 249 ) 

u XIX For finding the value of N for correcting Lunar Dis- 
tances for the Compression of the Barth (Vol I 
Art 249) 

“ XX Correction required on account of Second Differences of 
the Moon’s Motion, in finding the Greenwich Time 
corresponding to a Corrected Lunar Distance (Vol 
I Art 66) 



TABLE I. Mean Refraction. 

Barometer, 30 inches Fahrenlieit’b Theimometer, 50° 





TABLE II. Bessel’s infraction Table. 



A. 

B. 

Arg App Z D 

Arg True Z D 


57 0 

58 0 1 1 7 

59 0 


i 76143 
I 76141 

1 76135 

I 76122 
I 76ll2 
I 76099 

I 76080 
I 76075 
I 7607O 
I 00201 I 76065 


I 0021 I I 76059 


I 76053 6 

I 76047 
I 76040 ' 

I 76032 g 
I 76024 

IO 

jo 

1 76004 
1 75993 .. 
1 75981 !* 
1 75967 4 

'4 

'75953 l6 
1 75937 g 
1 75919 „ 
1 75899 2Z 
1 75877 

15 

1 75 8 5 2 ,g 
' 758=4 “ 
1 75793 * 6 
' 75757 * 

1 75717 * 

, 47 

1 75670 

j 75615 « 

1 7S55 J 74 
1 7547* og 
I 75390 _ 


1.75184 


1 75441 l6 


I 0200 

1 754*5 J 


1 0204 

1 75408 7 : 


1 0208 

1 75391 


I 0212 

1 75373 a 


I 0216 

18 



1 75355 1Q 


I 0220 

1 75336 a * 


I 0225 

1 75316 


I 0230 

» 75=95 ai 


I 0235 

» 75=74 a . 


I 0241 

1 75252 


I 0246 

a 3 

I 75229 

1 0026 

I 0252 



0 9975 r 0197 


64458 

64458 ° 
64456 ! 

6 445= , 

64449 l 

6 4446 5 

£ 5 

64441 

64439 , 
64437 * 
64436 
64434 

1 

6 4433 4 
6 443 1 , 
6 44=9 , 
6 4428 
64425 3 

, 3 

6 4422 

64419 3 
64416 * 
6441a 7 
6 4408 * 

. 4 

64404 

6 4400 * 

64395 * 

64390 7 
64384 ” 

64378 o 

64370 

643 61 t l 

64351 II 

6 4339 ** 
*3 

64316 
6 4311 15 
6 4=9= 

64=71* 
64=46 5 
38 

6 4218 
64114 4 
6 4110 7 

64=05 * 

6 4100 3 
64194 ° 
6 

6 4x88 
64181 7 
64174 7 
64167 7 
6 41 60 ' 

64153 7 
8 

6 4145 


o 997 1 1 06a 









TABLE n, Bessel's Refraction Table. 


Zen 

Diet 

A. 

Arg App Z D 

B. 

Arg True 7 D 

€. 

Arg Tme Z. D 

Log a 

>1 

A. 

Log a' 

A ' 

A' 

Log a" 

A n 

A*” 

77 ° 0 ' 
10 
20 
30 
40 
50 

78 0 
10 
20 
30 
40 
50 

79 0 
10 
20 
80 
40 
60 

80 0 
10 
20 
30 
40 
60 

81 0 
10 

1 20 
r 80 
40 

| 50 

82 0 
10 
20 
30 
40 
50 

83 0 
10 
20 
30 
40 
50 

84 0 
10 
20 
80 
40 
50 

85 0 

* 7 5**9 a . 
*75*05 i? 

*75180 5 

* 75*55 J 
' 751*9 ll 

1 75101 

*9 

* 7507 * 
*75043 

1 75<>*3 ll 

* 749 8 « ll 

* 74947 ” 
I 74912 35 

36 

^ 487 * „ 
*74835 37 

> 74795 

1 74757 T , 

1 747*4 43 

1 74670 44 

, 47 

* 746*3 

* 74573 * 

I 74«ai ** 

* 74468 sj 

*744** | 0 
*7435* 

64 

1 74*88 , 
*74**3 6 § 

' 74*55 71 

1 74083 7 
, 74007 7 * 

I 73928 7 “ 

83 

*73845 gg 

I 73663 9 + 

* 7156 ; » 

* 73459 „ 5 

* 73347 

Il8 

1 73aa9 124 . 

1 7 3*°5 jjl 

* 71974 3 

* 7 ** 3 * 4 

1 7*681 £ 

1 7 * 5*9 

,*73 

* 71546 186 

* 71160 190 
1 7*96* ?9 

* 7 *749 ll7 
1 7 * 5 ** 

I 71279 

259 

I 7 X 020 

I 0026 
I 0026 

x 0027 
x 0027 
x 0028 

1 0029 

1 0030 

I 0030 

I 0031 

I 0032 

1 0033 

1 0034 

1 °°35 

1 0036 

1 0037 

1 0038 
x 0039 

1 0040 

1 0041 

1 0042 

1 0043 

1 0045 

1 0046 

1 0047 

1 0049 
1 0050 
1 0052 
1 0054 
1 0056 
x 0058 

x 0060 
I 0062 
I 0065 
I 0067 
I 0070 
I 0073 

I 0075 
I 0078 
I 0081 
I 0084 
I 0088 
I 0092 

1 0096 
I 0100 
1 0105 

I OIIO 

x 0x15 

X OX 2 I 

x 0x27 

I 0252 

I 0258 

I 0264 

I 0272 

1 0281 

I 0290 

I 0299 

I 0308 

I 0318 
x 0328 

1 0338 

I 0347 

1 0357 

I 0367 

I 0377 

I 0387 

I 0398 

I 0409 

I 0420 

I 0431 

I 0442 

I 0454 

1 0466 

1 0479 

1 0493 

1 0508 

1 0523 

1 0540 

1 0559 

1 0579 

1 0600 
x 0622 

I 0646 

X 0671 
x 0697 
x 0725 

1 0754 
X 0784 
x 0815 
x 0846 
I 0879 
I 0914 

1 0951 
x 0992 
I 1036 
I 1082 
x 1130 
1 1178 

’ x I 229 

1 75°°5 

I 74976 9 

1 74945 * 

1 749 H \\ 

1 74882 32 

1 74848 34 

0 35 

1 74813 *6 

1 74777 3 Z 

1 74740 I 7 

1 74701 39 

1 74660 V 

I 74617 43 
44 

174573 46 

* 745*7 4 

* 74478 49 

* 744*8 5 

* 74376 

I 74321 55 

,, 5 * 

174165 60 

*74*03 T. 

1 74141 sfi 

*74075 it 

* 74005 ' 

* 73933 7 

76 

* 73857 go 

* 73777 =. 

* 7369* g ! 

1 73605 *7 

* 735*4 l 

I 73417 w 
103 

175514 107 

* 73*07 , 

* 73095 I2I 

* 7 * 974 .to 
1 71846 118 

1 7*7 ** 135 
141 

* 7*569 ... 
1 7 * 4*8 £* 
1 71156 161 

* 7 *oi 3 ; 7 g 5 

1 71902 
. 7*708 *? 4 
209 

i 7 1 276 113 

1 71037 59 

1 70782 55 
\ 70216 19 3 
1 69902 

09975 
0 9974 
0 9973 
09972 
09971 

0 9970 

09970 
0 9969 
0 9968 
0 9967 
0 9967 
0 9966 

09965 
0 9964 
09963 
0 9962 
0 9961 

0 9960 

09958 
0 9957 
0 9955 
09954 
09952 
09951 

09949 
0 9948 
0 9946 
0 9944 
0 9942 
0 9940 

09938 
0 9936 
09934 

0 993 1 
0 9929 
0 9926 

0 9924 
0 9920 
0 9917 
09913 
0 9909 
09905 

0 9901 
09897 
09893 
0 9888 
0 9882 
1 0 9876 

0 9870 

I 0197 

I 0202 

x 0208 

I 0213 

I 0219 

I 0226 

I O234 

I 0241 

I O249 

I O257 

I 0265 

I 0273 

I 028l 

I 0289 

I O296 

I O304 

I O312 

I O32O 

I O329 

I 0337 

1 O346 

I O354 

I 0363 

I O372 

I 0382 

I O393 

I O404 

J 0416 

I 0429 

I 0444 

I O459 

I 0476 

I O493 
} I Q512 

I O53I 

x 0552 

I 0573 

I O594 
I 0617 
I 0640 
I 0664 

I 0688 

I 0715 
I 0742 
I O77I 
X 0872 

I 0834 
1 x 0868 

• 10903 

6 4145 - 

64158 8 

6 4 * 3 ° g 
64m „ 

6 4**4 0 

6 4106 5 

, 9 

64097 

64088 9 

6 4078 1 °. 

6 4067 
i 4056 12 

6 4044 

12 

6 W* „ 
6 4019 * 
6 4 o °5 4 
6 399 * 4 
6 3976 5 

6 3961 * 4 
, *5 

6 5947 16 
6 393 * 

6 39*4 7 
6 3895 5 
6 3876 19 
63856“ 
20 

6 3836 

6 3816 10 

6 3795*1 

6 5774 ii 

6 375 * 

6 3718 14 
26 

6 3701 

6 3674 „ 

6 5645 L \ 

6 3611 3 

6 3578 55 
6 3544 ” 

6 3508 36 

6 5469 ll 

6 34*7 4 

6 55 ** 11 
6 3334 Jo 
6 3184 5 

* 55 
6 3 * 3 * „ 

6 3 * 74 J' 
6 3**5 

6 3 ° 5 * 6 
6 2987 6 
6 2919 

7a 

6 2847 

0 997 
0997 
0 997 
0 996 
0 996 
0 996 

0996 
0 996 
0996 
0 996 
0 996 
0 995 

0 995 
0 995 
0 995 
0 995 
0 995 
0994 

0994 
0994 
0994 
0 993 
0 993 

0 993 

0 993 
0 992 
0 992 
0 992 
0 99 x 
o 99 x 

0991 
0 990 
0 990 
0 989 
0 989 
0 988 

0987 
0 986 
0985 
0 984 
0983 
0 982 

0 981 
•° 9 3c 
97 < 

! 097: 

’ 0 97 < 

097. 

L 

097; 

x 062 

1 064 

1 066 

I 067 

1 069 

1 071 

1 073 

1 075 

1 076 

1 078 

1 080 

1 082 

1 085 

1 087 

1 089 
x 091 

X 094 

I 096 

I 099 

I 102 

I IO5 

I 108 

I 1 1 2 

I IIS 

X IXQ 

I 123 

I 127 

I I32 

I I36 

I I4X 

I 146 

I I5X 

I 156 
x 161 

1 167 

1 172 

1 17? 

> 1 183 

1 188 
■ * 193 
l 1 199 
t x 204 

[1 1 209 
>, 1 214 

) 1 *19 

7 I 224 

5 x 228 
} x 232 

3 1 *37 


tiro 










TABLE II. Bessel’s Refraction Table. 


D* Facto I dt pending upon the Bcnometa 


lines 

Log B 

English 
mclit s 

Log if 

French 

metres 

Log B 

h u nch 
meti es 

Log B 

315 

— 0 02445 

27.5 

— 0 03191 

0.725 

— 0 01560 

0.769 

4~ 0 00488 

316 

— 0 02307 

27.6 

— 0 03033 

0.726 

— 0 01500 

0.761 

+ 0 00545 

317 

— 0 02170 

27.7 

— 0 02876 

0.727 

— 0 01440 

0 762 

4- 0 00602 

31 8 

— 0 02033 

27.8 

— 0 02720 

0.728 

— 0 01380 

0.763 

4- 0 00659 

319 

— 0 01897 

27.9 

— 0 02564 

0.729 

— 0 01321 

0.764 

-j- 0 00716 

3:0 

— 0 01761 

28.0 

— O 02409 

0.730 

— 0 01261 

0 765 

-j- 0 00773 

321 

— 0 01625 

28.1 

— 0 02254 

0.731 

— 0 01202 

0.766 

4* 0 00830 

322 

— 0 014.90 

28.2 

— 0 02099 

0.732 

— 0 01142 

0.767 

4~ 0 00886 

323 

— 0 01356 

28.3 

— 0 01946 

0.733 

0 01083 

0.768 

-j- 0 00943 

324 

— 0 01221 

28.4 

— 0 01793 

0.734 

— 0 01024 

0 769 

-j- 0 00999 

325 

O OIO88 

28.5 

— O 01640 

0.735 

— 0 00965 

0 779 

-j- 0 01056 

326 

— O OO954 

28.6 

— 0 01488 

0.736 

— 0 00906 

0 771 

-j- 0 01112 

327 

— O 00821 

28.7 

- — 0 01 336 

0.737 

— 0 00847 

0.772 

-j- 0 01168 

328 

O O0689 

28.8 

— 0 01 185 

0.738 

— 0 00788 

0.773 

-j- 0 01225 

329 

— O OO556 

28.9 

— 0 01035 

0.739 

— 0 00729 

0.774 

-j- 0 01281 

339 

O OO425 

29.9 

— 0 00885 

9.740 

— 0 00670 

0.775 

4 - ° 01337 

331 

— O 0029 3 

29.1 

— 0 00735 

9.741 

„ 0 00612 

0.776 

+ 001393 

332 

- — O 00162 

29.2 

— 0 00586 

9.742 

— 0 00553 

0.777 

+ 0 01449 

333 

— O OOO32 

29.3 

— 0 00438 

9.743 

— 0 00494 

0.778 

4- 0 01505 

334 

4- 0 00099 

29.4 

— 0 00290 

9.744 

— 0 00436 

0 . 77 D 

-j- 0 01560 

335 

-j- 0 00228 

29.5 

— O 00142 

9.745 

— 0 00378 

0.780 

-j- 0 01 61 6 

33(5 

-j- 0 00358 

29.6 

4- 0 00005 

9.746 

— 0 00319 

0.781 

-j- 0 01672 

337 

-j- 0 0048 7 

29.7 

-j- 0 00151 

0.747 

— 0 00261 

0.782 

4- 0 01727 

338 

-j- 0 0061 6 

29.8 

4- 0 00297 

9.748 

— 0 00203 

0.783 

-j- 0 01783 

339 

■f 0 °°744 

29.9 

+ 0 °°443 

9.749 

— 0 00145 

0.784 

4- 0 01838 

340 

-j- 0 00872 

30.9 

4- 0 00588 

9.750 

— 0 00087 

0.785 

4- 0 01894 

34 L 

-j- 0 00999 

39.1 

4- 0 00732 

9.751 

— 0 00029 

0.786 

+001949 

342 

-j- 001 127 

30.2 

4- 0 00876 

9.752 

4- 0 00028 

0.787 

-j- 0 02004 

343 

-j- 0 01253 

39 3 

-j- 0 01020 

9.753 

-j- 0 00086 

0.788 

4 - 0 02059 

344 

-j- 0 01380 

39.4 

-j- 0 01 163 

0.754 

4- 0 00144 

0.789 

4- 0 02114 

345 

-j- 0 01506 

39.5 

4- 0 01306 

0.755 

-j- 0 00201 

0.790 

4- 0 02169 

346 

-j- 0 01632 

39.6 

4- 0 01448 

9.756 

4- 0 00259 

0.791 

-j- 0 02224 

347 

+ 001757 

39.7 

-j- 0 01589 

0.757 

4- 0 00316 

0.792 

-|- 0 02279 

348 

4- 0 01882 

39.8 

4- 0 01731 

0.758 

4- 0 00374 

0.793 

+ 0 oz 334 

349 

4* 0 02007 

30.9 

4- 0 01871 

0.759 

4- 0 0043 1 

0.794 

-j- O O2389 

350 

-j- 0 02131 

31.0 

-j- 0 02012 

0.760 

4* 0 0048 8 

0.795 

4 * O 02443 


E. Factor depending upon the Attached Thermometer 

(F ) Fahrenheit CR ) RSanmnr (C ) Centigrade 


HI 

Log T 

R 

— 30 ° 

4* 0 00242 

— 35 ° 

— 20 

4- 0 00203 

— 39 

— 10 

-j- 0 00164 

— 25 

0 

4- 0 00125 

— 29 

4-10 

-j- 0 0008 6 

— 15 

20 

-j- 0 00047 

— 19 

30 

-j- 0 00008 

— 5 

40 

— 0 00031 

9 

59 

— 0 00070 

4- 5 

69 

— 0 00109 

10 

79 

— 0 00148 

15 

89 

— 0 00186 

20 

©9 

— 0 00225 

25 

109 

— 0 00264 

30 



35 


Log T 

C 

Log 7 

4. 0 00308 

— 35 ° 

4- 0 00246 

-j- 0 00264 

— 30 

-j- 0 002 1 1 

-j- O 00220 

— 25 

4- 0 00176 

-j- 0 OOI76 

— 20 

-j- 0 00140 

4 ~ O OOI32 

— 15 

-j- 0 00105 

-j- 0 00088 

— 10 

4. 0 00070 

-j- 0 00044 

— 5 

-j- 0 00035 

0 00000 

0 

0 00000 

O OOO44 

+ 5 

— 0 00035 

— 0 00088 

10 

— 0 00070 

— 0 00131 

15 

— 0 00105 

— 0 00175 

20 

— 0 00140 

— 0 00218 

25 

— 0 00175 

— 0 00262 

30 

— 0 00210 

— 0 00305 

35 

— 0 00244 












TABLE If. Bessel's Refraction Table. 

F. Factor depending upon the External Thermometer 

(P ) Fahrenheit (R ) RAannrar (0 ) Centigrade 


-f- o 06279 
-j- o 0618 1 
-j- o 06083 
-005985 
+- o 05887 

— - o 05790 
-- 005693 
-- o 05596 
-- 005500 
+ O 05403 
+ o 05307 
-- O 053,11 
+ o 051 15 
- - o 05020 
+ o 04924 
- - o 04829 
” 004734 
-f o 04640 
-- o 04545 

— - o 04451 
-- 004357 

— - 0 04263 
4" 0 041 69 
-j- 0 04076 
+ 0 03982 
+ 0 03889 
-- 0 03796 
-- o 03704 
+ 0 03611 
- 1 - 0 03519 
+ o 03427 

— 003335 
-- 003243 
+ O 03152 
+ o 03060 
-- o 02969 
-- o 02878 
-- o 02787 
+ o 02697 

— o 02606 
-- o 02516 

— o 02426 

— o 02336 

— o 02247 
+ o 02157 
+ o 02068 
-|- o 01979 
+ o 01890 
-- o 01801 
+ o 01713 
-- o 01624 

4 - 0 01536 

— o 01448 

4" 0 01273 
-- o 01185 





-f- 0 01185 
-j- 0 01098 
-j- 0 OIOII 
-j- 0 00924 
4 * 0 00837 
4- 0 00750 
+ 0 00664 
4- 0 00578 
4 - 0 00492 
4 - 0 00406 
4 ~ 0 00320 
4 - 0 00234 
4- 0 00149 
4 - 0 00064 
— 0 00021 

— 0 00106 

— 0 001 9 i 

— 0 00275 


0 00612 


00696 
00780 
00863 
00946 
o 01029 
0 01 112 
0 01195 
0 01278 
0 01360 
0 01443 
o 01525 
0 01607 
0 0x689 
0 01770 
0 01852 
0 01933 
0 02015 
0 02096 
0 02177 
0 02257 
0 02338 
0 02419 
0 02499 
0 02579 
0 02659 
0 02738 
0 02819 
0 02898 
0 02978 
0 03057 
0 03136 
0 03216 
0 03294 
0 03373 



+ 0 08990 
4- 0 07829 
4" 0 06698 
4- 0 06476 
4- 0 06254 
4- 0 06034 
4- 0 05815 
4- o 05596 

+ 005379 

+ 0 05163 
-j- o 04948 
4- o 04734 
+ o 04522 
4- o 04310 
4- o 04099 
-J - o 03889 
4 003681 
4- o 03473 
4- o 03266 
4- o 03060 
4- 0 02855 
4- o 02652 
4- 0 02449 
4“ 0 02247 
4- o 02046 
4- o 01846 
4- o 01646 
4- o 01448 
4- o 01 25 i 
4- o 01054 
4- o 00859 
4- o 00664 
4" o 00470 
4- o 00277 
4- o 00085 

— o 00106 

— o 00297 

— o 00486 

— 0 00675 

— o 00863 

— o 01050 

— o 01236 

— o 01422 

— o 01 607 

— 0 01 791 

— 0 01974 

— 0 02156 

— 0 02338 

— 0 02519 

— 0 02699 

— 0 02879 

— 0 03057 

— 0 03235 

— 0 041 14 

— 0 04976 



-- 007373 
-- o 06476 
-- o 05596 
4- o 05423 
- - o 05249 
4- o 05077 
-- o 04905 
-- o 04734 
-- o 04564 
-- o 04394 
4“ o 04225 

— o 04057 

— o 03889 
4- o 03722 

— o 03556 
+ o 03390 
4 o 03225 
4- o 03060 
-- o 02896 
-- o 02733 
4- o 02570 
- - o 02408 
+ 0 02247 
4- O 03086 
4- o 01926 
4- o 01766 
4“ o 01607 
4- o 01448 
4~ o 01290 

— o 01133 
4" o 00976 
4- o 00820 
-- o 00664 

— o 00509 
-- 000354 
4- o 00200 
4“ o 00047 

— o 00106 

— o 00259 

— o 00410 

— o 00562 

— o 00713 

— o 00863 
■— o 0101 3 

— o 01162 

— o 0131 1 

— o 01459 

— o 01607 
“ 001754 

— o 01901 

— o 02047 

— o 02x94 

— o 02338 

— o 03057 

— 003765 


6T5 

















ON CTV-n 


Table HI. Reduction of Latitude and Logarithm of the Earth’s Radius. 


Aigumcnt 


: Geographical Litiinde 


Compression = ^,-jj 
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TABLE It. Bessel’s Refraction Table. 

0. Factoi depending upon the Baiometci 


PftllH 

lines 

Log B 

J nglish 
inches 

Log B 

French 

metres 

Log B 

V 1 1 lich 
meti es 

Log B 

315 

316 

317 

318 
319 
3:0 
321 

, 322 

323 

324 

335 

336 
327 
338 

329 

330 

331 

332 

333 

334 

335 

336 

337 

338 

339 

340 

341 

342 

343 

344 

345 

346 

347 

348 

349 

350 

— O 02445 

— 0 02307 

— O 02170 

— O 02033 

— 0 01897 

— 0 01761 

— 0 01625 

— 0 01490 

— 0 01356 

— O 01221 
— O OIO88 

— 0 00954 

— 0 00821 
— O 00689 

— 0 00556 

— 0 00425 

— 0 00293 

— 0 00162 

— 0 00032 
-f- 0 00099 
4- 0 00228 
4* 0 00358 
-j- 0 00487 
-J- 0 00616 
4- 0 00744 
4- 0 00872 
-j- 0 00999 
-j- 0 01 127 
j- 0 01253 
-j- 0 01380 
4- 0 01506 
4- 0 01632 
4- 001757 
4~ 0 01882 
4~ 0 02007 
4- 0 02131 

27.5 

27.6 

27.7 

27.8 

27.9 
28.0 
28.1 
28.2 

28.3 

28.4 

28.5 

28.6 

28.7 

28.8 

28.9 

29.0 

29.1 

29.2 

29.3 

29.4 

29.5 

29.6 

29.7 

29.8 

29.9 
30.0 

30.1 

30.2 

30.3 

30.4 

30.5 

30.6 

30.7 

30.8 

30.9 
31.0 

— 0 03191 

— 0 03033 

— O 02876 

— 0 02720 

— 0 02564 

— 0 02409 

— 0 02254 

— 0 02099 

— 0 01946 

— 0 01793 

— 0 01640 

— 0 01488 
«— 0 01336 

— 0 01185 

— 0 01035 

— 0 00885 

— 0 00735 

— 0 00586 

— 0 00438 

— 0 00290 

— 0 00142 
-f- 0 00005 
4- 0 001 5 1 
4- 0 00297 
+ 0 °°443 
-4 0 00588 
4- 0 00732 
~i- 0 00876 
4- 0 01020 
4- 0 01163 
-j- 0 01306 
4- 0 01448 
4- 0 01589 
4- 0 01731 
4- 0 01871 
-j- 0 02012 

0.725 

0.726 

0.727 

0.728 

0.729 

0.730 

0.731 

0.732 

0.733 

0.734 

0.735 

0.736 

0.737 

0.738 

0.739 

0.740 

0.741 

0.742 

0.743 

0.744 

0.745 

0.746 

0.747 

0.748 

0.749 

0.750 

0.751 

0.752 

0.753 

0.754 

0.755 

0.756 

0.757 

0.758 

0.759 

0.760 

— 0 01 560 

— 0 01500 
— O OI44O 
— O 01380 

— 0 01321 
— O 01261 

— 0 01202 

— 0 01 142 
w O OI083 

— 0 01024 
— O OO965 
— O OO906 
— O OO847 
— O OO788 
— O OO729 
— O OO67O 

- — O 00612 
— O OO553 

— 0 00494 
— O OO436 

— 0 00378 
— O OO3I9 
— O 00261 
— O 00203 
— O OOI45 
— O OOO87 
— O 00029 

-f- 0 00028 
4- 0 00086 
4- 0 00144 
4- 0 00201 
4- 0 00259 
0 00316 
-j- 0 00374 
4- 0 00431 
-j- 0 00488 

0.760 

0.761 

0.762 

0.763 

0.764 

0.765 

0.766 

0.767 

0.768 

0.769 

0.770 

0.771 

0.772 

0.773 

0.774 

0.775 

0.776 

0.777 

0.778 

0.779 

0.780 

0.781 

0.782 

0.783 

0.784 

0.785 

0.786 

0.787 

0.788 

0.789 

0.790 

0.791 

0.792 

0.793 

0.794 

0.795 

-J- 0 00488 

4 - 0 00 545 

4- 0 00602 

4- 0 00659 

4- 0 00716 

4- 0 00773 

4- 0 00830 
-j- 0 00886 

4~ 0 00943 

4- 0 00999 

4* 0 01056 

4- 0 01112 

4- 0 on68 

4- 0 01225 

4- 0 01281 

4- 0 01337 
+ 001393 
+ 0 01449 
-j- 0 01505 

4- 0 01560 

4- 0 01616 

4* 0 01672 

4- 0 01727 

4- 0 01783 
+ 0 01838 

4- 0 01894 

4 - ° 01 949 

4- 0 02004 

4 - 0 02059 
-f 0 02114 

4- 0 02169 
-j- 0 02224 
-j- 0 02279 

4- 0 02334 

4- 0 02389 

4- 0 02443 


E. Factor depending upon the Attached Thermometer 

(F) Fahrenheit (R) Rfiaumnr (C) Centigrade 



Log /3 = log B -J- log T 















TABLE II. Bessel’s Refraction Table. 


F. Factor depending upon the External Thermometer 


(F ) Fahrenheit (R ) RAanmur (C ) Centigrade 



mam \ 

£^iSii£ 29 i 

Log y 

R. 

Log y 

m 

Logy 

-20° 

+ o 06279 

35 ° 

4- 0 01185 

— 35 ° 

4- 0 08990 

— 35 ° 

4 " 0 °7373 

— 19 

+ 0 06181 

36 

4- 0 01098 

— 30 

4 0 07829 

— 30 

4~ 0 06476 

— 18 

-j- 0 0608 3 

37 

4 * O OIOII 

— 25 

-j- 0 06698 

— 25 

+ 0 <>5596 

— 17 

4- 005985 

38 

4« 0 00924 

— 24 

-j- 0 06476 

— 24 

+ 0 ° 5+ 2 3 

— 10 

4- 0 05887 

39 

-j- 0 00837 

— 23 

-j- 0 06254 

— 23 

4- 0 05249 

15 

4- 005790 

40 

4- 0 00750 

— 22 

4- 0 06034 

— 22 

+ 0 05077 

— 14 

+ ° 05693 

41 

4- 0 00664 

— 21 

-j- 0 05815 

— 21 

+ 0 0490J 

— 13 

+■ 005596 

42 

4- 0 00578 

— 20 

4- 0 05596 

— 20 

4 - 0 °4734 

— 12 

4- 005500 

43 

4- 0 00492 

— 19 

+ 0 05379 

— 19 

4 - 0 ° 45 6 4 

— 11 

4- 0 05403 

44 

4_ 0 00406 

— 18 

4- 005163 

— 18 

+ 0 04394. 

— 10 

+ 005307 

45 

4- 0 00320 

— 17 

4- 0 04948 

— 17 

4- 0 04225 

— 9 

4- 0 05211 

46 

4* 0 00234 

— 16 

+ 0 04734 

— 16 

+ 0 04057 

— 8 

+ 0 05115 

47 

4- 0 00149 

— 15 

4- 0 04522 

— 15 

4- 0 03889 

— 7 

4- 0 05020 

48 

4- 0 00064 

— 14 

4- 0 04310 

— 14 

-j- 0 03722 

— 6 

4 0 04924 

49 

— 0 00021 

— 13 

-j- 0 04099 

— 13 

+ 0 03556 

— 5 

4- 0 04829 

50 

— 0 00106 

— 12 

4- 003889 

— 12 

4~ 0 03390 

— 4 

+ ° 04734 

51 

— 0 00191 

— 11 

4- 0 03681 

— 11 

4 0 03225 

— 3 

+ 0 04640 

52 

— 0 00275 

— 10 

+ 0 03473 

— 10 

-j- 0 03060 

— 2 

+ 0 0454s 

53 

— 0 00360 

— 9 

4- 0 03266 

— 9 

4- 0 02896 

— 1 

4- 004451 

54 

— 0 00444 

— 8 

4- 0 03060 

— 8 

4 0 02.733 

0 

+ 0 04357 

55 

— 0 00528 

— 7 

4- 0 02855 

— 7 

4- 0 02570 

+ i 

4- 0 04263 

56 

— 0 00612 

— 6 

4- 0 02652 

LAI 

4* 0 02408 

2 

4* 0 04169 

57 

— 0 00696 

— 5 

4- 0 02449 

— 5 

-j- 0 02247 

3 

4- 0 04076 

58 

— 0 00780 

— 4 

4- 0 02247 

— 4 

4 0 03,086 

! 4 

4- 0 03982 

59 

— 0 00863 

— 3 

-j- 0 02046 

— 3 

4- 0 01926 

5 

4- 0 03889 

60 

— 0 00946 

— 2 

4 0 01846 

— 2 

4- 0 01766 

0 

4* 0 03796 

61 

— 0 01029 

— 1 

4" 001 646 

— 1 

4- 0 01607 

7 

4- 0 03704 

62 

— 0 01112 

0 

4- 0 01448 

0 

4- 0 01448 

! 8 

4- 0 03611 

63 

— 0 01195 

+ 1 

4- 0 01251 

+ 1 

4~ 0 01290 

9 

4- 0 03519 

64 

— 0 01278 

2 

-j- 0 01054 

2 

4- 0 01133 

10 

4 0 03427 

65 

— 0 01360 

3 

4- 0 00859 

3 

-j- 0 00976 

11 

+ 003335 

66 

— 0 01443 

4 

4- 0 00664 

4 

4 0 00820 

12 

4- 0 03243 

67 

— 0 01525 

5 

4- 0 00470 

5 

4- 0 00664 

13 

4- 0 03152 

68 

— 0 01607 

6 

-j- 0 00277 

6 

4- 0 00509 

14 

4~ ° 03060 

69 

— 0 01689 

7 

4“ 0 00085 

7 

4- 0 00354 

15 

! 4- 0 02969 

70 

— 0 01770 

8 

— 0 00106 

8 

4- 0 00200 

16 

4- 0 02878 

71 

— 0 01852 

9 

— 0 00297 

9 

4- 0 00047 

17 

4* 0 02787 

72 

— 0 01933 

10 

— 0 00486 

10 

— 0 00106 

18 

4- 0 02697 ' 

73 

— 0 02015 

11 

— 0 00675 

11 

— 0 00259 

19 

4~ 0 02606 

74 

— 0 02096 

12 

— 0 00863 

12 

— 0 00410 

20 

4- 0 02516 

75 

— 0 02177 

13 

— 0 01050 

13 

— 0 00562 

21 

4- 0 02426 

76 

— 0 02257 

14 

— 0 01236 

14 

— 0 00713 

22 

-j- 0 02336 

77 

— 0 02338 

15 

— 0 01422 

15 

— 0 00863 

23 

4- 0 02247 

78 

— 0 02419 

16 

*— 0 01607 

16 

— 0 01013 

24 

4- 0 02157 

79 

— 0 02499 

17 

— 0 01791 

17 

— 0 01 162 

25 

-j- 0 02068 

80 

— 0 02579 

18 

— 0 01974 

18 

— 0 01311 

26 

4- 0 01979 

81 

— 0 02659 

19 

— 0 02156 

19 

— 0 01459 

27 

4- 0 01890 

82 

— 0 02738 

20 

— 0 02338 

20 

— 0 01607 

28 

4* 0 01801 

83 

— 0 02819 

21 

— 0 02519 

21 

— 001754 

29 

4- 0 01713 

84 

— 0 02898 

22 

— 0 02699 

22 

— 0 01901 

30 

-j- 0 01624 

85 

— 0 02978 

23 

— 0 02879 

23 

— 0 02047 

31 

+ 

0 

0 

in 

U) 

ON 

86 

— 0 03057 

24 

— 0 03057 

24 

— 0 02194 

32 

4- 0 01448 

87 

— 0 03136 

25 

— 0 03235 

25 

— 0 02338 

33 

4“ 0 01360 

88 

— 0 03216 

30 

— 0 041 14 

30 

— 0 03057 

34 

4- 0 01273 

89 

— 0 03294 

35 

— 0 04976 

35 

— 0 03765 

35 

4- 0 01185 

90 

— 0 03373 
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Table HE. Reduction of Latitude and Logarithm of the Earth’s Radius. 

1 

Aigument <f> = Geographical T ltitude Compression — 299^5 
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Table UL Reduction of latitude and Logarithm of the Earth’s Radios. 

$ = Geocentric Latitude. I = Earti’s Radius 























TABLE IT. Log A and Log B. 

For Computing* tie Eqitatioaa. of Ec^unl A Ititudies, 


ARGUMENT == ELAPSED TIME. 


0* 

Log A 

Log 2? 


94059 

94059 

4°59 

4059 

4059 

4059 

4059 

4059 

4°59 

4059 

94059 

94059 

4060 

4059 

4060 

4059 

4060 

4059 

4060 

4059 

94060 9 4059 

4060 

4059 

4060 

4058 

4060 

4058 



9 4109 9 3959 
4110 3957 

4*u 3955 

4m 3955 

4^3 395 ^ 

9 4113 9 3950 

4114 3948 

4 11 5 3946 

4116 3944 

4117 3943 


15 1 9 4060 9 4058 

16 | 4060 405 8 

4060 4057 


19 4061 

20 94061 

21 4061 

22 4061 

23 4061 

24 4061 

25 94062 

26 4062 

27 4062 

28 4 062 

29 4062 

30 9 4062 

31 4063 

32 4063 

33 4063 

34 4063 

35 94064 

36 4064 

37 4064 

38 4064 

30 4065 

40 9 4065 

41 4065 

42 4065 

43 4066 

44 4066 

45 9 4066 

46 4067 

47 4067 

48 4067 

49 4068 

50 9 4068 

51 4068 

52 4069 

53 4069 

54 4069 


55 9 40701 


4057 

9 4°57 
4056 
4056 
4056 
4055 

9 4055 
4055 
4054 
4054 
4°54 

9 4°53 
4°53 
4052 
4052 

4051 

I 9 4051 
4050 
4050 
4049 
4049 

9 4048 
4048 
4047 
4047 
4046 

94045 

4045 

4044 

4°43 

4043 

9 4042 
4041 
4041 

1 4040 

> 4°39 

1 9 403? 


IWi ■ BigEli 


4092 3994 

4093 3993 

4093 3991 




4071 4037 

4071 4036 

.4071 4035 

9 4071-94034 


9 41 1 8 < 
: 4119 ’ 
.4120 
4121 
4121 

9 4122 ' 

4113 

4124 

4125 

4126 

94127 

4128 

4129 

4130 

4131 
94132 

4133 

4134 

4135 
4336 

94337 

413 8 

4139 

4340 

4341 

94142 

4144 

4145 

4146 

4147 

94148 

4149 

4150 

4151 

4151 

9 4154 

4155 

4156 

4 1 57 

4158 

9 4159 

4161 

4162 

4163 

4164 

94165 

$1 

, 4*69 

4170 

94172 


9 394i 
-3939 
3937 
3935 
-3933 

9 393 1 
.3929 
.3927 
.3925 
-3913 

9 39ii 
.3919 
3917 
-3915 
3913 
9 39ii 
3909 

3907 

3905 

.3903 

9 3900 
3898 
3896 
3894 
3892 

93889 

3 |f 7 

3885 

3882 
3 880 

9 3 s 7 8 
3S75 
3873 

3871 

5868 

9 3866 
3863 
3861 

3859 

3856 

1 9385+ 

3851 
. .3849. 

; 3846 
■ 3843 
; 93841 
: 383* 

. 3836 

1 3833 

> 3830 

!> 9 3828 


9 4172 9 3828 
4173 3825 

.4174 382a 

•4*75 -38*0 
4*77 -3 8i 7 
9 4*78 9 3814 
4179 3811 

4181 .3809 

4182 .3806 

4183 .3803 

9 4184 9 3800 
4186 .3797 
4387 .3794 

4188 .3792 

4190 .3789 

94191 9 3786 
4*93 3783 

4 J 94 -378o 
4^95 3777 

4*97 3774 

94198 9 3771 
4199 3768 

4201 3765 

4202 3762 

4204 3759 

94205 9 3756 

4207 3752 

4208 3749 

4209 3746 

4111 3743 

94212 9 3740 

4114 3737 

4115 3733 

4 21 7 373° 

4218 3727 

9 4220 9 5723 
4221 3720 

4223 3717 

422I 3713 

4226 3710 

94227 93707 
4229 3703 

4231 3700 

4232 3696 

4 2 34 3 6 93 

94235 93690 

4237 3686 

4238 3683 

4240 3679 

4142 3675 

94243 93672 

4245 3668 

4246 3665 

.4248 3661 

425° .3657 

94251 93654 
4253 3650 

4255 3646 

4256 3643 

4258 3639 

94260 93635 


9 4260 
4261 
4263 

till 

9 4268 
4270 

4272 

4 2 73 

9 3«55 

3631 

-362-7 

3624 

-362O 

9 3616 
3612 
.3608 
3604 

4 2 75 

9 4 2 77 

3600 

9 3596 


64 

« 7 « 335 ^ 

«8° 3353 

4383 3348 

9 43§5 9 3343 
4387 3337 

4389 333* 


428O 3588 

4282 3584 

4284 3580 

9 4286 9 3576 

4288 3572 

4289 3568 

4291 3564 

4293 3559 

94*95 93555 

4*97 3551 

4299 3547 

4300 3542 

4302 3538 

94304 9 3534 
4306 3530 

4308 3525 


94430 93232 
4432, 3226 

4434 3220 


4312 3510 

9 43 1 4 935ii 
4315 3508 

43 1 7 35°3 

4319 3499 


k$t± gawtai! 


4439 320, 

94441 93203 

4444 3 1 97 

4446 3191 

4448 3185 


94323 93490 

4315 34^5 
4327 3480 
4329 3476 


94333 93467 
4335 346 i 

4337 3457 

4339 3453 

4341 3448 

9 4343 9 3443 
4345 343° 


4458 3160 
4460 3154 
4463 3148 

94465 9 3142 
35 


9 44771 9 3 IIQ 
:o 3 


9 4353 9 3419 
43 55 34H 

4357 3409 

4359 34^4 


94363 9 3394 
4366 3389 

4368 3384 

437° 3379 

4371 3374 

94374 03369 


9 4490 9 3 0 78 


94515 9 3010 


578 
























TABLE IV. Log A and Log B. 

For Computing t lie Equation of Equal Altitudes 


Tor Noon, A — 1 

Tor Midnight, A +- J 


ARGUMENT = ELAPSED TIME 



15 

10 

17 

18 4563 

19 456® 

20 94569 

21 4572 

22 4574 

23 4577 

24 4580 

25 94583 

26 4585 
4588 


47*9 *395 

9 473* 9*385 


473* *3 6 5 
474* *355 
4745 *344 

9 4748 9 *334 



9 2282 
2271 

MS 

2261 

4774 

4778 

94781 

4784 

4788 

2250 

2239 

9 2228 
2217 
2206 

479 1 
4794 

2195 

2184 

94798 

9 21 73 




I 


4664 2593 

4667 2584 

94670 , 9 2575 


4676 2557 

4679 2548 

4682 2539 

94685 92530 


4825 

2082 1 

4828 

2070 

9483* 

9 2 °59 

4835 

2047 

4839 

2 °35 

484* 

2023 

4846 

201 1 

94849 

9 1999 

4853 

1987 

4856 

1974 

4860 

1962 

4863 

1950 

94867 

9 1937 


4895 

4899 

9 4902 c 
4906 
4910 
4913 
49 1 7 

9 49 21 \ 
4924 ' 
4928 
4932 
4935 

9 4939 ' 
4943 
4946 

495° 

4954 

94958 

4961 

4965 

4969 

4973 

94977 

4980 

494 

4988 

4992 

94996 
5000 
5 O0 3 
5°°7 
501 1 

9 5 OI 5 
5 OI 9 
5023 
5027 
5°3 I 

9 5°35 
5038 

5 °42 

5046 

5°5° 

9 5°54 
5058 
5062 
5066 
5°7° 


Log A 

Log B ] 



9 5115 
5119 
5 I2 3 
5 I2 7 
5132 

9 5i3 6 

9 °943 
0925 
0906 
0887 
0867 

9 0848 

KHE 


5 I 44 

5148 

5153 

9 5157 

0809 

0789 

0769 

9 °749 

HX23I 

m&mi 

5165 
5*69 
5*74 
9 5*78 

0708 

0688 

0667 

9 0646 



5186 0604 


9 5i99 9 °54? 


4874 1912 
4877 1900 
4881 1887 

a 4884 9 1874 


9 5 2 43 9 °3 I 4 


5256 0242 


9 5265 9 0194 
5269 0169 


5283 

0094 

9 5 28 7 

9 0069 

5292 

0043 

5296 

001 7 

53 01 

8 9991 

53°S 

9965 

9 5 3 10 

8 9938 


9 5680 

8 6837 

5685 

6770 

5691 

6701 

5696 

6631 

5701 

0560 

9 5707 

86488 

57 1 * 

6414 

5718 

6339 


L 9II2 3 

I I IO 7 
1 I089 

> 1072 

[ IO54 

; 91036 

) 1017 

5 0999 

f 0981 
[ 0962 

> 9 0943 



5586 

7873 

5591 

782.3 

5596 

7772 

0 ^6oi 

8 7720 

5606 

7668 

5612 

7614 

5617 

7560 

5622 

7505 

95627 

8 7449 

5631 

739 2 

5 6 3 8 

7335 

5643 

7276 

5648 

7217 

9 5654 

87156 

5659 

7094 

5664 

7°3 2 

5669 

6968 

5675 

6903 

9 5680 

86837 


5926 

1354 

9 5931 

8 1080 

5937 

078 C 


5955 7 9756 
959 61 79348 


5979 
59 8 5 
9 5991 
5997 
boo; 
6009 
6015 

9 6021 

7317 
7154 
76368 
5405 
4162 
1 2407 

; 69591 

r»f 




.679 













































LI aimed 
Time 


TA33LH IV. Log A and log B. 

Eor Computing the Equation of Equal Altitudes 



0 

9 6021 

Tnf 

X 

6027 

6 9603 

3 

6033 

7*431 

3 

.6039 

4198 

4 

6045 

5+53 

5 

9 6053 

7 6428 

6 

6057 

7226 

7 

6OO3 

79°* 

8 

6069 

8488 

9 

.6075 

9°°5 

10 

0 6082 

7 9469 

11 

6088 

9889 

13 

6094 

8 0273 


6106 

°955 

6112 ! 

8 1260 


*744° 3533 

-7449 -35 6 3 
745 ^ 3593 

9.7467 9 3623 


9 7O79 

9 2150 

7088 

2150 

7O96 

2222 

7IO4 

2258 

7112 

2293 


7494 

75°3 

-3713 

374* 

9 75** 

9 377* 

7522 

3801 

lliu 

Knl 

754° 

3860 

7549 

3S89 

9 7558 

9 39 l8 

7568 

3947 

7577 

3976 

7586 

4°°5 

7595 

4033 

97605 

9 4062 

7614 

4O9O 

7624 

4119 

7633 

4*47 

7642 

4*75 

97652 

94204 

766I 

4232 

767I 

4260 

7680 

4288 

769O 

4316 

97699 

94343 


8027 5223 

8037 5248 

9 8047 9 5274 
8058 5300 


8078 5351 

8089 5376 

9 8099 9 5401 


9 8539 c 

!|S 
S Ws 

9 ! 

8608 
8620 
8632 
8644 

9 l 6 .$S ' 

8667 

8679 

869 I 

8703 

9 * 7 i 5 
8717 
8739 

Hi. 
’1 $ 
Ira 

8824 

9 8836 
8848 
8861 


8216 5677 


8923 7136 


59 J 6399 7483 

60 J 9 6406 8 7563 


9206 7644 

9 9220 9 7667 


5 S 0 






















TABLE IV, Log A and Log B. 

For Computing the Equation, of Equal Altitudes 


ARGUMENT = ELAPSED TIME. 


tor Noon or 
Midnight, 5 — 


Log A 

Log B 



9 9^7 
9300 
9314 

9 7782 
7804 
7827 

mtm \ 

Kina 

93 +' 

9 9355 
9368 
938a 
9396 
941° 

9 9414 
9437 

7873 

9 7896 
7919 
7942 

;?ti 

9 8011 
8034 


I Log A | LogS I Log A Log B Log A Log B Log A Log B Log A | Log B | Log A | Log B 

00173 99167 0124.9 00625 02623 02279 04523104372 
0188 9190 1209 0650 2649 2309 45^ 2 I 44*4 

0204 9213 1290 0676 2676 2339 

0221 9237 1310 0701 2702 2370 

0237 9260 1330 0727 2729 2401 

00253 99284 o 1351 00753 0 2-756 02431 


mm 

2462 

2810 

2493 

1838 

2524 

2805 

2 556 

0 2893 

0 2587 


9465 8080 


9 9493 9 8126 


9536 8195 

9550 8218 

20 9 9564 9 8241 

21 9579 8204 

22 9593 8287 

23 

24 

25 9 9636 9 8356 

2G 9651 8379 

27 9665 8402 

28 9680 8425 

29 9695 8448 

30 99709 9 8471 

31 9724 8494 

32 9739 85x7 

33 9754 853.0 

34 9769 8563 

35 9 9784 9 8586 

30 9798 8009 

37 9813 8632 

38 9829 8655 

39 9844 8678 

40 99859 98701 

41 9874 8724 

42 9889 8748 

43 99°4 8771 

44 9920 8794 

45 99935 98817 

40 9951 8840 

47 9966 8863 

48 9982 8887 

49 9998 8910 

50 o 0013 9 8933 

51 0029 8950 

52 0044 8980 

53 0000 9003 

54 0076 9026 

55 o 0092 9 9050 

56 0108 9073 

57 0124 909S 

58 0140 9120 

59 0156 9143 

60 o 0172 9 9167 


1 9520 I o 1 559 o 1011 o 3034 o 2746 


o 0506 9 9640 I o 1 667 o 1 146 



0700 9904 

0718 9929 

0736 9953 

075 + 9977 

00772 00002 
0790 0026 

0809 0051 

0827 0075 

0845 0100 

00864 00124 02122 01095 
0883 0149 2146 1723 

0901 0173 2170 1751 

0920 0198 21 94 1780 

°939 0223 2218 1808 

00958 00248 02243 01837 
0976 0272 2267 1866 

0995 0297 2292 1895 

1015 0322 2316 192.4 4080 3&97 

1034 0347 2341 1953 4115 3936 

01053 00372 02366 01982 04151 03974 
1072 0397 2391 2011 4187 4013 

1092 0422 2416 2040 4223 4052 

mi 0447 2442 2070 4260 4091 

11 31 0473 2467 2099 4297 413° 

0115000498 02493 02129 0433404170 
1170 0523 251a 2159 

1190 0548 2544 21 89 1 4408I 4250 

1209 0574 2570 2219 

I 1229 0599 2596 22491 44551 4331 

I 0 1249 o 0625 o 2623 0 2279 I 0 45 2 3 0 437 a 


3298 

3041 

0 3328 

03075 

3359 

3 io 9 

3389 

3 I 43 

3420 

3*77 

3451 

3211 

0 3482 

03245 

3514 

3280 

3545 

33*5 

3577 

335 ° 

3609 

33*5 

0 3641 

0 3420 

3674 

3456 

3706 

3491 

3739 

35 2 7 


mm 

0 3805 

03599 

3839 

363a 

3873 

3673 

39°7 

3710 

3941 

3747 

0 3975 

03724 



5SL 



































Table V. Reduction to tb.3 Meridian, 
















Table Y. ILectaction i;o fhe MeriSiab. 


Sum 2 J t 


I t 

9 ”* 

10 ” 

11 " 

12 " 

13"* 

14“ 

15" 

16 m 

m 

n 

I <59-02 

tt 

iq6 ^2 

tf 

* 37-54 

n 

282 68 

ft 

33 1 74 

It 

3 * 4-?4 

a 

44 * 6 3 

502 46 

l 

159 61 

196 97 

238 26 

383 47 

33 2 59 

3*1 6 j[ 

442 62 

503 5 ° 

2 

l6o 20 

197 6a 

“238 <38 

284 26 

33344 

380 56 

443 60 

50455 

3 

160 So 

198 28 

239 70 

285 04 

334**9 

38748 

44456 

505 60 

4 

161 39 

198 94 

240 42 

385 83 

335 * 5 ; 

388 40 

445 56 

506 65 

5 

161 98 

199 6o 

241 14 

286 62 

336 co 

38931 

4-4655 

507 70 

1 6 

1 62 58 

aoo 26 

241.87 

287.41 

336 86 

390 24 

44754 

508 76 

I 7 

163 17 

200 92 

242 60 

288.2® 

337 72 

391 10 

448 53 

509 81 

8 

163 77 

201 59 

243 33 

289 00 

338 58 

392 09 

449 5 1 

510 86 

9 

16437 

202 25 

244.06 

-289.79 

339 44 

393 01 

45050 

jii 92 

10 

16497 

202 92 

24479 

290 58 

340 30 

393 94 

441 5 ° 

512 98 

11 

16557 

20a <;8 

24c 52 

291 38 

341 16 

394.86 

45249 

51403 

1 12 

166 17 

204 25 

246 25 

292 18 

342 02 

395 79 

453 4 s 

515 09 

13 

166 77 

204 92 

246 98 

292 98 

342 88 

39 6 7 * 

45448 

516 15 

14 

16737 

20559 

247-72 

393 78 

343 75 

397 65 

455 47 

517 21 

13 

16797 

20625 

348 45 

39458 

344 6* 

398 58 

45647 

518 27 

16 

168 58 

206 93 

249 19 

39? 38 

34 J 49 

399 5 * 

457 47 

5*9 34 

17 

169 19 

207 60 

24993 

296 18 

346 36 

400 45 

45*47 

520 40 

18 

169 80 

208 27 

250 67 

296 99 

347 2 3 

401 38 

459 47 

5 *i 47 

10 

17041 

208 94 

251-41 

*97 79 

348 10 

402 32 

46047 

5 * 2 53 

j 20 

17 1 02 

209 62 

25215' 

298 60 

■348 57 

403 26 

461 47 

523 60 

j 21 

171 62 

210 30 

252 89 

299 40 

349 8 4 

404 20 

462 48 

52467 

j 22 

J7224. 

210 98 

35363 

300 21 

35 ° 7 1 

4°5 14 

463 4? 

n it 

\ 23 

17285 

21 1 66 

*54 37 

301 02 

35 ‘ 5 « 

406 08 

464 48 

526 Si 

\ 24 

*7347 

212 34 

* 55 -* 2 

301 83 

35146 

407 02 

*65 49 

537 89 

\ 25 

*74 08 

213 02 

355 87 

302 64 

3 53 34 

407 96 

466 50 

528 96 

S 26 

*74 70 

213 70 

256 62 

303 46 

354 22 

408 90 

5 1 

53003 

j 27 

*75 3 * 

214 38 

25737 

304 27 

355 10 

409 84 

468 52 

53* I* 

28 

*75 94 

215 07 

258 12 

305 09 

35598 

410 79 

469 53 

53218 

| 20 

176.56 

215 75 

258.87 

305 90 

35686 

4 ii 73 

470-54 

53326 

1 30 

177 18 

2161.44 

259 62 

306 72 

35 7 74 

412 68 

+71 55 

53433 

31 

17 7 80 

217 12 

26037 

307 54 

358 62 

413 63 

47 * 57 l 

535 4 1 

; 32 

*78 43 

217 81 

261 az 

308 36 

359 5 * 

4 I 4 S 9 

473 5 ® 

53 6 5 ° 

1 33 

179 °3 

218 50 

261 88 

309 x,8 

360 39 

415 54 

474 60 

537 5 8 

34 

*79 63 

219 19 

262 64 

310 00 

361 28 

41649 

475 6a, 

53867 

35 

180 3a 

219.88 

263 39 

310 8z 

362 17 

417 44 

476 64 

539 75 

35 

180 93 

220 58 

264 15 

311 65 

36307 

418 40 

477 65 

54083 

37 

181 56 

22L.27 

264 91 

312 47 

363 96 

419 35 

47* 67 

541 91 

38 

182 19 

221 97 

265 68 

313 30 

364 §5 

420 31 

47970 

543 00 

39 

182 8 a 

222 66 

260 44 

3*4 ** 

365 75 

42a 27 

480 72 

54409 

49 

183 46 

123 36 

267 2 C 

• 3*4 95 

366 64 

422 23 

481 74 

5+5 ** 

41 

184 09 

224 06 

1 267 96 

' 3 1 5 7 ® 

367 53 

423 19 

48a 77 

546 27 

42 

184 72 

224 76 

1 268 73 

; 316 6l 

368 42 

42415 

4*3 79 

547 3 6 

43 

185-35 

225.46 

1 369 49 

1 31744 

369 3 1 

425 11 

484 82 

54 8 45 

44 

185.99 

1 226 16 

1; 270 -26 

i 31 8 27 

370 2£ 

42607 

r 4 8 5 85 

549 55 

45 

186 63 

1 226 86 

i 27I 02 

i 319 10 

* 37 * I* 

427 04 

486 82 

550 6 4 

46 

47 

187.27 
187 oa 

r 227 57 
228-23 

r 27I 7C 

r 27 * $<■ 

) 3*9 94 

j 3to 78 

372 OI 

; 372 01 

428 01 
428 9; 

: 487 91 

r 48894 

55 1 73 

I- 55 2 83 

48 

188 « 

; 228 9$ 

1 3 73 3 : 

(. 321 62 

* 373 8s 

429 9^ 

j 489 91 

7 553 93 

49 

( 

1 229 6-S 

! 374 1 1 

c 322 45 

; 374 72 

4309c 

> 491 Ol 

1 555 °3 

50 

51 

, 189.83 

1 I 9 «> 4 S 

i *30 3 ^ 
r 231 i< 

> 374 8! 

> 375 «; 

3 3*3 2 9 

5 3*4 *3 

> 375 62 

t 376 55 

=■ 43 * $ 

1 432.8: 

7 492 0; 

4 493 o! 

5 556 13 

3 557 2 4 

52 

1 1 9 l i: 

1 231 8 i 

t 276 4' 

3 3*4 93 

7 377 4 : 

5 433 & 

1 494 1: 

t 55 8 34 

53 

i * 9 * 7 < 

) 232 $2 

l 277 2( 

a 3»5 8i 

[ 378 3, 

4 434 7 < 

1 wi* 

5 559 44 

54 

? 19244 

l 233 2^ 

1 277 9! 

8 320 6< 

5 379 2< 

5 435 1 [ 

$ 496 v 

9 5 6 ° 55 

55 

5 G 

57 

193 cM 
. 193 7 : 

' I 94 - 3 < 

5 233 9 : 

[ 2346: 

5 235 3: 

5 278 y< 

7 279 5: 

8 280 3 

6 3*7 5 < 

5 3*8 3; 

3 3*9 * ( 

3 380 I* 

5 381 o« 

9 381 9 ' 

7 43 6 7 

3 437 7 

9 43 8 

3 497 *: 

I 498 2 i 

9 499 3 ' 

i 11151 

* fj n 

58 

195 0 

1 236 x< 

0 281 1 

2 33 ° 

4 3 * 2 9 « 

o 439 6 

7 5 °° 3 ' 

l ll 

59 

1956' 

S 236 8 

a 281 9 

0 33° 8< 

9 3 S 3 8 ‘ 

2 440 6 

5 5 oi 4 

1 560 08 

















Table V. Reduction, to tie Meridian. 




















Table VI. Logarithms of m and n . 


























Table VI. Logarithms of m and n 







Table YI. Logarithms of m and n. 


2 sin 2 £ t 
: sm V r 


270109 275371 

70200 75458 


71900 77059 
71989 77143 
72077 77126 
72165 77309 
72254 7739a 

72342 77476 
72430 -77559 
72518 77642, 
72606 -77724 
72694 77S07 

72781 77890 
72869 77973 
72957 78056 
73044 78138 
73132 78220 

73219 7830 2 
73306 78385 
73393 78467 
73480 78549 
73567 78631 

73654 78713 

73741 78795 

73827 78877 
73914 78958 
74001 79040 

74087 79121 
*74*73 79^3 
-74 z 59 79 2 f4 
.74346 79366 
.74432- 79447 

.74518 7952-8 
.74604 79609 
74690 79690 

74775 -7977* 

74861 .79852 

.74947 79933 
75032 .80014 
75118 .800^4 
75203 .80175 
75288 .80255 

a- 75373 2 80336 


2 80336 

2 85029 

80416 

85105 

80496 

85181 

80576 

85257 

80656 

85333 

80736 

85409 

80816 

85485 

80896 

85561 

80976 

85636 

81056 

85712 

81135 

85787 

8121 5 

85863 

jj Ia 95 

85938 

81375 

86014 

81454 

86089 

81533 

86164 

81612 

86239 

8169I 

86314 

8177O 

86389 

81849 

86464 

81928 

86539 

82007 

86614 

82086 

86689 

82165 

86765 

82244 

86838 

82322 

86912 

824.OI 

86987 

8247O 

87061 

8255I 

87136 

.82636 

872IO 


84648 

84724 

84801 

.84877 

.84953 

2 85029 


2 93717 

93786 

93^55 

93923 

93992 

94061 

94129 

94198 

94266 

94335 


96095 
.961 62 
.96229 
96296 
.96362 

96429 

96496 

96563 

*96630 

96696 

96763 

96829 

96896 

96962 

97028 


2 89481 


L 97755 3 
97820 
97886 
97952 
98017 

98083 

98148 

98214 

98279 

98344 

98410 

9 8 475 

98540 

98605 

9867O 

98735 

988OO 

98865 

98930 

98995 

99060 

99125 

99 I? 9 

99254 

99319 

99383 

99448 

99512 

99576 

99641 

99705 

99769 

99834 

99898 

99902 

3 00026 
00090 
00154 
00218 
00282 


00664 

00728 

00791 

00855 

00918 

00981 

01045 

01108 

01171 

01234 

.01298 

01301 

01424 

01487 

01550 

3 01613 


3 01613 
01675 
01738 
01 801 
01864 

01926 

01989 

02052 

02114 

02177 


3 05306 


Table YI. Logarithms of ni and n. 





























Table Til. Limit s of Circum-meridian Altitudes. 

A. Limiting hour angle at which the second reduction amounts to one second 




lat 


Declination same sign aw latitude 




Decimation, different sign from latitude 


0 

10 

20 

30 

40 

50 

60 

70 


80° 


ill 


0° 

60° 

50 ° 

40° 

30° 

20° 

10° 

0° 

m 

in 

m 

m 

771 

m 

771 

m 1 

39 

27 

21 

16 

12 

8 

5 

0 

33 

24 

17 

*3 

9 

5 

0 


20 

20 

14 

10 

5 

0 

5 


26 

17 

11 

6 

0 

5 

9 

12 

22 

*3 

7 

0 

6 

10 

*3 

16 

18 

9 

0 

7 

11 

*4 

17 

21 

12 

0 

9 

*3 

17 

20 

24 

27 

O 

12 

18 

22 

26 

29 

33 

39 


20 ° 


8 

iz 

i 

i 

23 

29 
4° I 


30° 


12 

X 

I 

22 

28 

37 


40° 


50 ° 

60 ° 

70 ° 

80 ° j 

77V 

in 

777 

771 | 

21 

27 

3 2 

67 I 

24 

32 

48 


29 

40 



37 



1 


1 


B. Limiting hour angle at which the third reduction amounts to one second. 


lat 


Declimtion same sign as latitude 


Declination different sign from latitude 


O 

10 

20 

30 

40 

50 

60 

70 


70° 


13 
12 
1 18 
107 

\i 

67' 

45 


60° 


82 

73 

64 

54 

42 

27 

o 


m 

67 

59 

5 1 

42 

3* 

19 

o 

27 


50° 40° 


51 

43 

II 

16 

o 

19 

42 


0° 

80° 

20° 

10° 

0° 

m 

771 

771 

771 

171 

40 

29 

20 

II 

O 

32 

21 

* 1 

O 

II 

23I 

12 

0 

II 

20 

*4 

O 

12 

21 

29 

0 

14 

23 

3* 

40 

16 

26 

35 

43 

5 1 

32 

4 2 

5 1 

£9 

67 

54 

64 

73 

82 

9° 


10 ° 


30° 40° 


11 

20 

28 

37 

47 

59 

7 l 

96 


20 

28 

4| 

e; 

82 


29 

46 

^4 

75 


4 : 

u 

73 


50° 


5i 

I? 

75 


00 ° 


67 

22 


*0° 


80° 


*35 


The following approximate rules are sufficiently exact foi piactical 

P Tr°b 0 limit at which the second reduction amounts to 0" 1 is i tlie hour 

* an The°hmitat IhJclfthe second reduction amounts to 0" 01 is i the hour 

an^e ^ &t ^ lnch tte third reduction amounts to 0" 1 is f the hour 

a «^the third reduction amounts to 0" 01 is } the hour 
angle of Table TT! 3* 




TABLE YHI. 


For 7 educing transits over several threads to a common instant 
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TABLE VITL 

Fo T redwing transits over severed threads to a common, instant 










TABLE IX. Probability of Errors. 

(Method of Least Squares ) 


m ~vSr“ 



0 ooooo 
01128 ; 
02256 
033 8 4 
045 1 1 

o 05637 . 
06762 ' 
07886 ; 
O9OO8 
10128 

o 11246 
I2362 
13476 

14587 

15695 




° ** a 7° iog 2 
13351 IO 8 
W 1073 
HI 0 ' 1068 

165:70 xo6 3 

°S §2”* 

2Q7A2 IOSa 

3 788 1046 

sg 

* 1022 
3491 1 IOIj 

35918 100I 

3«93« 1002 
0 37938 g9 , 
38933 

399 al ' 8o 

4 °| 01 973 
4,874 965 , 
0 4*839 058 
43797 
44747 'i, 
4 5^9 HI 

46623 ®84 

°4754« 0l8 
48466 918 

49375 

5 °V 892 
S" fi 7 gi 3 

o 52050 


°5*°5° g 74 
5 * 9*4 % l \ 
53 79 ° 856 
54546 8 ' 8 
55494 8 * 8 

056331 g 30 

57161 820 

5798 * 8l0 

58791 8oi 

59594 19% 

” £!« *>• 

‘W S 

S » 

0 64*03 
64938 735 
65663 III 

66378 715 

67084 

o 67780 ,0. 

68467 ? 7 6 

69143 6 l 

698!° 6 6 ®| 

70468 658 

071116 

71754 628 

73381 *9 

73001 609 

73610 600 
0 74210 

74800 581 

75381 ?I 

75951 62 

7 5,4 53 

077067 

77610 iZ , 

78144 534 

78669 515 
79*84 5 0 6 
o 79691 
80188 497 
80677 489 
81x56 479 

81617 m 

081089 453 

8*54* 438 

81987 436 

83413 428 

83851 u 


€>(*) Diff 


o 84270 
84681 
85084 
85478 
85865 

o 86244 
86614 
86977 

87333 

87680 
o 88021 

88353 

88679 

88997 


88333 III 

IK 

89308 31 



o 89612 
89910 
90200 
90484 
90761 

o 91031 
91296 

91553 

91805 

92051 

o 92290 
92524 
92751 

92973 

93190 

o 93401 
93606 
93807 
94002 
94191 

o 94376 

94-556 


0 95229 


3°5 

538 

686 


0 98038 
98110 
98181 
98249 
98315 

0 98379 
98441 
98500 
98558 
98613 

o 98667 
98719 
98769 
98817 
98864 

o 98909 
9895a 
98994 
99035 
99074 

o 99111 

99 H7 
99182 
99216 
99248 

o 99279 

99 3 ° 9 

99338 
99366 
99393 
o 99418 

99443 

99466 

99489 

99511 


Yol II -#S 
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TABLE IX, A. Probability of Errors, 

(Method of Least Squares ) 















TABLE IX, A. Probability of Errors 

(Method of Least Squares ) 









O' iffc CO 
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TABLE X. Peirce’s Criterion. 

Values or * 2 fob, fz = 2 
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TABLE X. A. Peirce’s Criterion. 


2 9 3979 0 

a 9I7°7 9 5^53 , 

4 9 0231 9 3979 9 b 744 

5 89134 92693 9 5 I2 *9 

6 88259 9 i 7 0 7 9 3979 

7 87532 90906 93080 

8 86910 90231 92338 

9 86365 89648 91707 

10 85882 89134 9 II 57 

11 85447 88675 9 0669 

12 85051 88259 90231 

13 84689 87881 89834 

14 84355 87532 89470 

15 84044 87210 89134 

16 8 3754 8 6910 8 8822 

17 83483 86629 88532 

IS 8 3227 8 6365 8 8259 

19 82986 86117 88003 

20 8 2757 8 5882 8 7761 

21 82540 85659 87532 

22 82333 85447 87315 

23 82136 85245 87107 

24 8 1947 8 5051 8 6910 

25 8 1766 8 4867 8 6721 

26 81592 84689 86539 

27 81425 84519 86365 

28 81264 84354 86198 

29 81109 84197 86037 

30 8 0959 8 4044 8 5882 


80155 

8 0034 
7 9917 
79803 

7 9 6 9 x 

7 95^3 
7 9477 
7 9373 
79272 

7 9*74 


9 5 8 53 9 76 p 

9 4810 9 6362 

9 3979 9 54°3 

93287 94630 

92693 9 3979 

92172 9 3417 

9 1707 9 2921 

9 1288 9 2477 

9 0906 9 2074 

9 0555 9 1707 

0 0231 9 1368 

89930 91055 

8 9648 9 0762 

8 9383 9 0489 

89134 90231 


9 8130 

9 7042 9 8296 

9 6210 9 7253 

9 5527 9 6501 

9 4943 9 5»53 

9 4433 9 5298 

93979 94810 

9 357 ° 9 4374 


8 2647 
8 2540 
82435 

8*333 

8 2233 

8 2136 
8 2040 

8 1947 

iM 


8 9726 
8 957 i 
8 9420 
8 9275 
8.9134 

8 8998 
8 8865 

8 8737 

8 8613 
8 8492 

8 8374 


9 T 9°7 
9 1707 

9 i 5 j 6 

91332 

9**57 
9 0988 
9 0826 , 
9 0669 | 
9 0518 
90372 


8 9834 
8 9709 

8 9588 
8 9470 

* 9355 
8 9243 
89134 

8 9028 
8 8924 I 
8 8822 , 
8 8723 
8 8626 ' 


7 8624 

7 ^ 53 ? 

78456 

7 8374 
78293 

7 8214 
7813 7 
7 8060 
77986 
77912 
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TAILS T, A. Peirce’s Criterion. 

Log r* 


m 

to 

1 

2 

5 

4 

5 

6 

7 

8 

9 

61 

62 

63 

64 

65 

66 

67 

68 
i 69 

70 

71 

72 

73 

74 

75 

76 

77 

78 
i 79 

80 

81 
82 
83 
; 84 

85 

86 

I 87 

88 

99 

90 

7 784a 

7 776 * 

7 759 * 

7 76»9 
7 7 S 6 * 

7 7495 
7 74*9 
77364 
7 7300 
7 7237 

7 7 I 7 S 
7 7 i *4 
7 7054 
7 6994 
7 6936 

7 6878 
7 682,0 
76764 
7 6708 
76653 

76599 

76546 
76493 
7 644a 
76389 

1 S 3 

;«$ 
7 613S 

8*0886 

8 0814 
80744 
8 0674 
8 0606 

8 0538 
8*0472 
8 0407 
8 0342 
8 0279 

8 0217 
80155 
8 0094 
8 0034 
7 9975 
79017 

7 9«59 
79803 

7 9747 
79691 

79627 

79583 

7 9529 
• 7 9477 

, 7 9425 

' 7 9373 

r 7 9322 
r 7 9272 
r 7 9223 
> 7 9 * 7 ^ 

8*2684 
8.2612 
8.2540 
8-2470 
8-240 1 

I ‘a 

8 2200 
8 2136 
8 2072 

8 2009 

* \m 

8 1825 
8 1766 

8 1707 
8 1649 
81592 

1 ms 

8 1425 
8 I37 i 
81317 
8 1264 
8 1212 

; 8 1160 

i, 8 1 1 09 
1 8 1058 

\ 8 100S 

H S 095c 

8 397 « 
8 3897 
8 3825 

s$; 

8 3617 

* 3549 
8 34*3 

8 341a 
8 3353 
8 3-290 
8 3227 
8 3166 
8 3106 
8 3045 

8 2986 
8 2928 
8 2870 
8 2813 
82757 

8 2702 
8 2647 
82593 
8 2540 
8 2487 

' H a +15 

1 82384 

1 ? 2 333 

; 8 2283 

) 2 2233 

* 4977 

* 4903- 
8 4830 

8 4620 

iSfi 

8 4420 

* 4355 

8 4291 
8 4228 
8 4166 
8 4105 
8 4044 

8 3985 
8 3926 
83868 
8 3811 
8 3754 
83699 
83644 

f 35 s ? 
8 3556 
8 3483 

8 3431 

■ ? 3379 

, $ 3328 

; 2317; 

; 8 3227 

8 5806 

* 573* 

8 5649 

i 5587 

8 5516 

8.5447 
8 5378 

! S 3 ” 
8 5245 

8 5179 

8 5115 
8 5051 
84989 

8 4807 

Hitl 

8 4632 

84575 

84519 
84463 
8 4409 

84355 

8 4301 

8 4249 
■ 84197 

84145 
’ 8 4094 

f 8 4044 

8 6514 

!$? 
8 6293 
8 62^2 

8 6152 
8 6082 
8 6015 

His! 

8 5817 

* 5753 

8 <690 
8 5628 
8.556. 

8 5506 

1 5388 
8 533 ° 
8 5273 

8 5216 
8 5161 
8 5106 

! s°si 

8 4998 

84945 
8 4892 
84841 
8 4790 
8 4739 

87133 

8 6910 
5,6838 

8 6767 
8 6697 
8 6629 
8 6562 
86495 

8 6430 
8 6365 
8 6302 
8 6230 
8 6178 

8 6117 
8 6057 
8 5998 

i]I}5 

8 5825 
8 5769 
85714 
8 5659 
8 5605 

8555* 

85499 
8 5447 
' 8 5395 

• 8 5345 

8 7684 

8 7607 
* 753 * 

l;$ 

8 7335 

8 7244 

8 7175 

8 7107 

8 7040 

8 6975 

8 6910 

8 6846 

8 6783 

8 6721 

8 6659 

8 6599 

8 6529 

8 6481 

8 6423 

8 6365 

8 6309 

8 6253 

8 6198 

8 6144 

8 6090 

1 8 6037 

8 5985 

| Hill 


Log R. 


X 

0 

1 

2 

3 

4 

5 

6 

? 

8 

9 

1.0 

1.1 

1.3 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 
; 1.0 

1 3.0 

3.1 
3.3 
, 3.3 

] 3.4 

' 3.5 

i 3.7 
| 2.7 

! 2.8 

2.9 

3.0 

9 5015 
9 479 1 
9 4575 
94367 
94167 

vm 

9 3 6 °4 
9 3429 

9 3*59 
9 3095 
92915 
9 2780 
9 2630 
9 M *3 

9 * 34-1 
9 2203 
9 2068 

9 1 93 7 
9 1810 

9 1686 

9 4992 
94769 
9 4-554 
9 4347 
9 4*47 

9 3954 
93767 

9 3587 
9 34*1 
93242 

93078 
92919 
92765 
9 2615 
9 2469 

92327 
9 2189 
92055 
9 1914 
91797 

94969 
9 4747 
$4533 
94327 
94127 

9 3935 
9 3749 
9 35 6 9 
9 3395 
9 3226 

9 3062 
9 2904 
92750 
9 2600 
9 1455 

9 * 3*3 
9 2176 
9 2042 
. 9 1912 
91785 

9 4947 
9 47*5 
9 45 ” 
9 43 °® 
9 4108 

9 5916 
9 3 73 1 
93551 

9 3377 

9 3209 
93546 

9 2888 
91734 
9 i 5§5 
9 2440 

9 2299 
9 2162 
9 2029 
9 **99 
9 *773 

94924 
94704 
94491 
9 4286 
9 4088 

93897 

93712 

9 3534 
9 3360 

9 3*93 

9 393 ° 
9 2872 
9 1719 
9 i 57 i 
9 2426 

9 2285 
9 2149 
9 2016 
9 1886 
9 176c 

9 4902 

9 4082 

9 447 ° 
9 4260 
9 4069 

9 3^2 
9 3 6 94 
9 35^6 
9 3343 
9 3*76 

9 3°*4 
92857 
92704 
9 1550 
9 2412 

9 2272 

9 zl 35 
9 2002 

9 i8 73 
1 91748 

9 4880 

9 4661 
94450 
9 4246 
94050 

9 3860 
9 3676 
93498 
9 3316 
9 3160 

9 2998 
9 2841 
9 2689 
92541 
9 i 39 8 
9 2258 
9 2122 
9 1989 
9 i860 
9 1735 

94857 
9 4639 

9 44*9 
9 4226 

9 4 ° 3 ° 

9 384* 
9 3658 

9 34 ” 

9 33 10 

9 3*43 
91082 
9 2826 
9 2674 
9 1517 
92383 

9 2244 
9 2108 
9 i 9 7 6 
9 1848 
91723 

94*35 

9 4618 
9 4408 
9 4206 
9 4011 

9 3**3 
9 3040 
93464 
93293 
9 3 I2 7 
9 2966 
9 2811 
92659 
92512 
9 2369 

9 2230 
92095 
9 J 9°3 
9 **35 
9 i 7 « 

94813 

94597 

9 4388 
94186 
93992 

93804 

9 3622 
93446 
93176 

9 

9 i 95 i 

9 1795 

9 2644 

9 2498 

9 1355 

9 2217 

9 2082 

9 I 95 ° 

9 1813 

9 1698 


m 






* 

a* 




TABLES 


FOE CORRECTING 


LUNAR DISTANCES. 




TABLE XI. 


TABLE XIL 


TABLE X1LL. 


























TABLE XIV. Mean Reduced Refraction for Lnnars. 

Barometer 30 inches Fahrenheit’s Thermometer 50° 


Altitude Refraction for V 


0 9 54 * 

5 9 40 3 

IQ 9386 

15 9 31 I 

20 9 2,3 7 

25 9 165 


35 9 27 

40 8 56 o 

45 8 49 5 

50 8 43 1 

55 8 30 9 

6 0 8 30 8 

5 8 24 9 

10 8 19 1 

15 8134 

20 8 78 

25 8 23 

6 30 7 57 o 

35 7 51 8 

40 7 46 7 

45 7 41 7 

50 7 36 8 

55 7 31 9 


Appai ent 

Reduced 

Altitude 

Refraction 


10 

7 

18 1 

09 

15 

7 

13 6 

09 

20 

7 

92 

°S 

25 

7 

49 

0 8 

7 30 

7 

07 

08 

35 

6 

56 6 

0 8 

40 

6 

52 6 

0 8 

45 

6 

486 

0 8 

50 

6 

447 

0 8 

55 

6 

409 

07 

8 0 

6 

372 

07 

5 

6 

33 5 

° 7 

10 

6 

299 

0 7 

15 

6 

26 3 

07 

20 

6 

22 8 

07 

25 

6 

194 

0 7 

8 30 

6 

16 0 

0 7 

35 

6 

12 7 

0 6 

40 

6 

9 5 

0 6 

45 

6 

63 

0 6 

50 

6 

3 1 

0 6 

55 

6 

0 0 

0 6 

9 0 

5 

57 ° 

0 6 

5 

5 

54 ° 

0 6 


1° 5 51 1 
15 5 48 i 
20 S 45 3 
25 5 42 5 

9 30 5 397 

35 5 37 o 

40 s 344 
45 J 31 8 
50 5 29 2 

55 5 26 6 

10 0 5 24 1 



604 
















TABLE STY. A. 


Correction of the Mean Refraction for the Height of the Barometer 
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TABLE XIV. B. 

Correction of the Mean Refraction for the Height of the Thermometer 




















TABLE XIV. B, 

Correction of the Mean Refraction for the Height of the Thermometer 











































TABLE jJVi Log Ai 

For correcting Lunar Distances 






TABLE XV. Log A, 

For correcting Lunar Instances 







TABLE Log A. 

For correcting; Lunar Distances 






TABLE XV. Log A. 

For correcting Lunar Distances 


REDUCED PARALLAX AND REFRACTION OF D 


51' 52' 53' 


0113 0115 01*7 0119 
OIII 0113 0116 0115 
0110 0112 OII4 OIl6 

0109 oiii 0113 0115 

OIO7 OI IO 0112 OII4 
0106 0108 01 IO 0112 

0109 OIII 
0108 OIIO 

OIO7 OIO9 

OIO5 OIO7 

OIO4 OIOO 
OIO3 OIO5 

OO98 OIOO I 0102 OIO4I 

0097 0099 I 0101 0103 

. 0006 OOq8 OIOO 0102 


OO92 OO94 
OO9 1 OO9 3 
OO9O OO92 


0088 OOQO 
0088 OO89 

OO87 0088 
0086 0087 
0085 0087 
0084 0086 
0083 0085 
0082 OO84 


OOQO OO92 
0089 0091] 
0088 OO9O 


0082 0083 
0081 0082 
0080 0082 
OO79 008 1 


0075 OO79 

OO77 OO79 

0076 OO78 
OO76 OO77 
OO75 OO76 
OO74 OO76 
OO74 OO75 

OO73 OO74 
OO72 OO74 
OO72 OO73 
OO7I OO72 
OO7O OO72 
OO7O OO7I 

0069 OO7O 
0068 OO7O 
oo6g 0069 
0067 0060 
0067 0068 
0066 0067 



56' 5r 58' 


0130 0133 
0129 0131 
0127 0129 
0126 0128 
0124 0126 
0123 0125 


010a 0109 | 

0107 0108 
0105 0107 0109 
0104 oio6joio8 
0103 0105 0107 
0102 0104 0106 
0101 0103 0105 

0100 0102I 0104 

0090 oioi| 0103 
0098 OIOOI 0102 
0097 0099 0101 
0096 0098 OIOO 
0095 0097 0099 

0094 0096 0098 
0093 0095 0097 
0093 0094 0096 
0092 0093 C095 

0091 0092 0094 
0090 0091 0093 

0089 0091 0092 
0088 C090 0091 




0087 0088 OOQO 
0086 0087 0089 
0085 0086 0088 

0084 0086 0087 
0083 0085 0086 
0083 0084 0086 
0082 0083 0085 
0081 0083*0084 
0081 0082 0083 

0080 0081 0082 
0079 0080 0082 
0076 0080 0081 


007 7 1 0078 0080 
0076 0078 0079 

0076 0077 0078 
0075 0076 0078 
0074 0076 0077 
0074 0075 0076 
0073 0074 0076 
0072 0074 0075 

0072 0073 0074 


611 













TABLE XV. Log A. 

For correcting Lunar Distances 


50 ' 5 


0057 
0056 

- 0055 

,28 0 0055 
20 0054 
I 40 0053 


0065 0066 
0064 0065 
0062 0064 
0061 0063 
0060 0062 
0059 0061 

0058 0060 
0057 0050 
0057 0058 
0056 0057 
0055 0056 
0054 0055 


0067 0068 0069 
0066 0067 0068 
0065 °°66 °°^7 
0064 0065 °°6o 
0063 0064 0065 
0062 0063 0064 

0061 0062 0063 
0060 0061 0062 
0059 0060 0061 
0058 0050 0060 
0057 0058 005 Q 
0056 0057 0058 


'29 0 0052 0053 0054 0055 0056 0057 

20 0051 0052 0053 °°54 00 5 5 °°5 6 

40 0050 0051 0052 0053 0054 0055 

30 0 0050 0051 0051 0052 0053 0054 

20 0049 0050 0051 0052 0052 0053 

I 40 0048 0049 0050 0051 0052 0053 


0047 0048 0040 
20 0047 0047 0048 
40 0046 0047 0048 

32 0 0045 °°4 6 °°47 
20 0044 0045 0046 
40 0044 0045 0045 

33 0 0043 0044 0045 
20 0042 0043 0044 
40 0042 3043 0043 

34 0 0041 0042 0043 
20 0040 0041 0042 
40 0040 0041 0041 


0050 0051 0052 
0049 0050 0051 




0048 0048 0049 
0047 0048 0049 
0046 0047 0048 

0045 0046 0047 
cu 0042 0043 0044 0045 0046 0046 
40 0042 3043 0043 °°44 °°45 °° 4 ^ 

0 0041 0042 0043 °°43 °°44 °°45 

20 0040 0041 0042 0043 °°43 °°44 

40 0040 0041 0041 0042 0043 0044 

0 0039 0040 0041 0041 0042 0043 

0041 0042 0042 
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TABLE XV ■ Log A« 

For correcting Lunar Distances 


REDUCED PARALLAX AND REFRACTION OF b 


51 ' 52' 
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0020 0020 
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00l8 

OOl8 OOIQ 
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OOl8 0018 
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OOI7 OOI7 
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0015 OOI5 
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0015 OOI5 

OOI4 

OOI4 OOI5 

OOI4 

OOI4 OOI4 
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OOI7 OOl8 OOl8 

OOI7 OOI7 OOl8 
OOI7 COI7 0017 
OOl6 OOl6 0017 
OOl6 OOl6 OOl6 
OOI5 OOl6 OOl6 
0015 0015 OOI5 

0015 OOI5 OOI5 
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OOI4 OOI4 OOI4 
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0007 0007 0007 0007, 0007 0007 

0007 0007 0007 0007 0007 0007 
0006 0006 0006 0000 0006 0007 
0006 0006 0006 0006 0006 ooc6 
0005 0005 0006 0006 0006 0006 
0005 0005 0005 0005 0005 0005 

0005 0005 0005 0005 0005 0005 
0004 0005 0005 0005 0005 0005 
0004 0004 0004 0004 0004 0004 
0004 0004 0004 0004 1 0004 0004 
0004 0004 0004 0004 0004 0004 

0004 0004 0004 0004 0004 0004 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
0003 0003 0003 0003 0003 0003 
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TABLE XV. LogB. 

For Correcting Lunar Distances 



REDUCED REFRACTION AND PARALLAX OF O OR * 


O' 0" O' 30' r 0" V 30" *2' 0" 2' 30" j 3' 0" 8' 30" 4' 0" 4' 30 ' 5' 0" 5' 30" 


9 9995 9 9994 9 999 2 9 999 1 
9 9995 9 9994 9 9993 9 999 2 
9 9997 9 999° 9 9995 9 9994 9 9993 

9 9997 9 9996 9 9995 9 9994 9 9993 

9 999° 9 999 8 9 9997 9 999° 9 9995 9 9995 

00000 99999 99998 9 999 s 9 999? 9 999° 9 999° 

o 0000 o 0000 9 9999 9 9999 9 9998 9 9998 

0 0001 o 0001 o OOOO o OOOO o OOOO 

00001 oooox OOOOI OOOOI OOOOl 


o 0001 o oooa o 0002 o 0002. 




AppAlt REDUCED REFRACTION AND PAR VLLA X OF O OR * 

o 01 * o' 0" I O' 80 / I 1' 0" I 1' 30" ‘2' 0" 2' 30' 3' 0" 3' 30" 4' 0" 4' 30" 5' 0" 5' 30" 


. 9 9984 

9 9988 9 9986 


9 999° 9 99 8 9 9 99 8 7 
9 999 1 9 999° 9 99 88 


99998 
9 9999 

. 00000 99999 

o 0000 9 9999 

O OOOO O OOOO O OOOO 
O OOOO O OOOO O OOOO 


9 9993 9 999 a 9 999 1 9 99 8 9 
9 9994 9 9993 9 999 1 9 999° 
9 9994 9 9993 9 999 a 9 999 1 
9 9995 9 9994 9 9993 9 999 2 
9 9995 9 9994 9 9993 9 999 s 
9 9995 9 9994 9 9994 9 9993 


9 99 8 ° 9 
9 99 8 a 9 
9 9984 9 
9 99 8* 9 
9 9987 9 

9 99^8 9 
9 9989 9 
9 999° 9 
9 999° ■ 
9 999 1 


9974 9 997^ 
0078 9 9975 


9980 9 997« 
998a 9 998 x 
9984 9 998 a 
99* 5 9 99*4 


9 999 6 9 9995 9 9994 9 9993 
9 9997 9 9990 9 9996 . 
99998 99997 . 

9 9999 


rm 




TABLE XV, LogB, 

For Correcting Lunar Distances. 
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of 


REDUCED REFRACTION AND PARALLAX OF 0 OR : 
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0" 
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9 9935 
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- 

9 9954 

9 9956 
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99929 
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9 995Z 
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9 9955 
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9 9957 

9 9954 
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TABLE SY. LogD. 

For correcting Lunar Distances* 


REDUCED PARALLAX AND REFRACTION OF i 
~ 41 ' 42 ^ 43 ' 44 ' 45 ' 46 ' 4 T 48 ' 49 ' 1 50 51 ' 52 ' 53 ' 54 ' 1 55 ' 






TAELE XV. LogD. 

For correcting Lunar Distances. 


BEDUCED PARALLAX AND BEFRACTION OF 3> 


53' 54' 



02,21 0225 0229 
0218 0222 0227 
0216 0220 0224 
0214 02X8 0222 

0211 0215 0219 
0209 0213 0217 

0207 0211 0215 
0205 0209 0213 
0203 0207 0210 
0201 0205 0208 
OI99 0202 0206 
OI97 0200 0204 

0195 OI98 0202 
OI 93 OI 97 0200 
OIQI OI95 OI98 
OI89 OI93 OI96 
OI87 OIQI OI94 
Ol86 OI89 OI93 

0184 0187 OIQI 
0182 0185 OI89 
Ol8o 0184 0187 
OI79 Ol82 0185 
OI77 Ol8o 0184 
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OI74 OI77 Ol8o 
OI72 OI75 OI79 
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0158 0101 
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0185 

0189 
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0142 0144 1 014^ 
0140 0143 
0139 0142 
0138 0141 
0137 0140 
0136 0139 

0135 0138 
0134 0136 
0133 0135 
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0131 0133 
0130 0132 

0129 0131 
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0157 

0156 

0154 
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0151 


0150 

0148 
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0145 
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0145 
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0160 
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0147 
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TABLE XV. Log D, 

For correcting Lunar Distances. 











liLBLE XV. Log D. 

For correcting Lunar Distances 
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Alt 
I of ]) 


REDUCED PARALLAX AND REFRACTION OF D 


50 


1 28 0 
ao 

1 29 0 
30 

1 30 0 
30 

1 31 0 
so 

1 32 0 
30 

1 33 0 
30 


51' 


o 0037 
o 0036 
O 0034I 
o 0033 
o 0031 
o 0030 

o 0028 
o 0027 

O 0020 

o 0024I 
o 0023 

O 0022 

1 34 0 o 0021 
30 o 0020 

1 35 0 00018 
30 00017 

1 36 0 00016 
30 00015 

1 37 0 00014 
30 00013 

1 38 0 00012 
30 00011 

1 39 0 00010 
30 

40 

41 

42 

43 

44 
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I 46 
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| 50 
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53 

54 

55 

56 

57 

58 

59 

60 
61 
62 

63 

64 

65 

66 

67 

68 

69 

70 
72 
74 
76 
78 
80 
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o 0038 
o 0036 
o 0035 
o 0033 
o 0032 
o 0030 

o 0029 
o 0028 
o 0026 
o 0025 
o 0024 
O 0022 

O 0021 
O 0020 

o 0019 
O 0018 
o 0017 ] 
o 0016 

o 0014 
o 0013 

O 0012 
O OOI I 
O OOIO 

o 0009 
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o 0007 
o 0005 
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O OOOI 

o 0000 
99998 
9 9997 
9 9995 
9 9994 
99992 

9 999 1 
99990 

9 99I1 

9 9986 

9998s 

99984 
99983 
9 9982 

9 99|» 

9 9980 

99979 
9 9979 
99978 

9 9977 
99976 
99976 
9 9975 
9 9974 

9 9974 
99972 
99971 
99971 

9 997°| 
99969 

9 9968 


o 0039 
o 0037 
o 0035 
o 0034 
o 0032 
o 0031 

o 0029 
o 0028 
o 0027 
o 0025 
o 0024 
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o 0038 
o 0036 
o 0035 
o 0033 
o 0031 

o 0030 
o 0029 
o 0027 
o 0026 
o 0025 


o 0023 o 0023 


o 0022 
o 0020 

O OOIO 
o OOIO 

o 0017 
o 0016 


55' 56' 


O 0022 
O 0021 
O 0020 
o 0018 
o 0017 

O OOIO 


00015 00015 
00014 00014 
00013 00013 


O 0012 
o OOII 
O OOIO 

o 0009 
o 0007 
o 0005 
0 0003 
o OOOI 


0 0012 
0 OOII 
0 OOIO 

o 0009 
o 0007 
0 0005 
0 0003 

O OOOI 


o 0040 
o 0038 
o 0037 
o 0035 
o 0034 
o 0032 

o 0031 
o 0029 
o 0028 
o 0026 
o 0025 
o 0024 

O 0022 
0 0021 
0 0020 
O OOI 
O OOI 
o 0016 

o 0015 
o 0014 
o 0013 
0 0012 
0 OOI I 
O OOIO 


57' 


o 0041 o 0042 
00039 00040 
00037 00038 
00030 00036 
00034 00035 
00033 00033 


o 0031 
o 0030 
o 0028 
o 0027 
o 0025 


o 0000 0 0000 
9 999 s 9 999 s 
9 9997 9 9997 
9 9995 9 9995 
9 9994 9 9994 


99992 9 999 2 
9 999 1 9 999 1 
99990 99990 

9 9988 9 9988 
99987 9 99 s 7 

99986 9 99 s6 
99985 9 99 s 5 
99984 9 99 s 4 
9 99 s 3 9 99°3 
99982 9 9981 

99981 99980 
9 9980 9 9980 
99979 9 997“ 


o 0009 
o 0007 
o 0005 
o 0003 

0 OOOI 

o 0000 
9 9998 

9 9997 
9 9995 
9 9993 
99992 
99991 
9 99 8 o 
o 9988 

99987 


o 0032 
o 0030 
0 0029 
0 0027 
o 0026 


58' 59' 


o 0024 0 0025 

o 0023 0 0023 
o 0022 0 0022 

O 0020 0 0021 

o 0019 0 0019 

0 OOIO 0 OOIO 
00017 00017 

o 0016 o 0016 
OOOI4 00015 

OOOI3 OOOI4 
00012 00012 
0 OOII 0 OOII 
0 OOIO O OOIO 


o 0042 
o 0040 
o 0039 
o 0037 
o 0035 
o 0034 

o 0032 
o 0031 
o 0029 
0 0028 
o 0026 
o 0025 

o 0024 
0 0022 
0 0021 
0 0020 
o 0019 
o 0017 

o 0016 
o 0015 
o 0014 
o 0013 

O 0012 
O OOIO 


0 0043 o 0044 
o 0041 o 0042 
o 0039 o 0040 
O 003 o o 0038 
o 0036 o 0037 
00034 00035 

00033 00033 
00031 00032 
o 0030 o 0030I 
0028 o 0029' 


CO' 


o 0009 o 0009 
o 0007 o 0007 
o 0005 o 0005 
o 0003 o 0003 

o OOOI o OOOI 

o 0000 o 0000 
9 999 s 9 999 s 
9 999 6 9 999 6 
9 9995 9 9995 
9 9993 9 9993 

9 999* 9 999 1 
9 999° 9 999° 
99989 99980 

99988 9 99 ss 
99987 99986 


o 0027 
o 0025 

o 0024 
o 0023 

O 0021 
0.0020 
O 0019 
o 0018 

o 0016 
o 0015 
o 0014 
o 0013 


o 0027 
o 0026 

0 0024 

1 o 0023 

0 0022 
| O 0020 
| O OOI Q 

1 O 0015 

0 0017 
o 0015 
o 0014 

I o 0013 

O 0012 
O OOII 


o 0032 
o 003 1 
o 0029 

O 0025 

o 0026 

o 0025 
o 0023 

O 0022 
O 0021 
O OOI 
O OOI 

0 0017 
o 0016 
o 0014 
o 0013 

O 0012 
O OOII 


o 0009 
o 0007 
o 0005 
00003 
o 0002 

O OOOO 

9 999* 
99996 

9 9995 
9 9993 
9999a 
9 9990 
9 9989 
9 99«7 
9 9986 


O OOIO 

o 0007 
o 0005 
o 0003 
O 0002 


I O OOIO 

I o 0008 
o 0005 
o 0003 

O 0002 


99978 
9 9977 

9 9977 
9 997 6 
9 9975 


9 997 
9 9977 

9 997® 
9 9975 
9 9975 


9 9986 

99984 

99983 

9 9982 
99981 

9 9980 
9 9979 
9 997 s 
9 9977 
9 9976 

9 997 6 
9 9975 
9 9974 


99985 99985 
99984 99984 
99983 9 99® 3 
9 99 Sa 9 99 Sa i 
9 99 Sl 9 99 So | 
9 9980 
9 9979 9 9978 
9 997 s 9 9977 
9 9977 9 9970 
9 997° 9 997 6 


o 0000 o 0000 
9 999 s 9 999 s 
9 999 6 9 999° 
9 9995 9 9994 
9 9993 9 9993 

9 999 1 9 999* 
99900 9 999° 
99989 99988 

99987 9 99 s 7 
9 9986 9 9986 


o 001 o| 
o 0008 
o 0006 
o 0004 1 

O 0002 

o 0000 

99998 
9 999® 
9 9994 
9 9993 
99991 
99990 
9 9988 

99987 

99985 


9 9974 9 9974 9 9973 
9 9974 9 9973 9 9973 

9 9973 9 9973 9 997* 

99972 99971 99971 

9 997 1 9 997° 9 997° 
99970 99969 9996 
99969 99960 9 99°- 
99969 99968 99967 

9 9967 9 9966 9 9966 


9 9975 
9 9974 
9 9974 
9 9973 

99972 


,9 9975 
9 9974 
9 9973 
99972 

9 997 1 


99972 99971 
99970 99970 

mu 


9 99*5 

9 9984 

9 9982 

99981. 

9 99 s ° 

9 997 
9 997 

99977 

9 997° 
9 9975 

9 9974 
999731 

9 9973 
99972 
99971 

99970 

nit? 


9 9984 9 99841 
9 9983 9 9983 
9998a 9 998 2 
99981 99981 

99980 99979 
99979 99978 
99978 99977 


99984 

99983 

99981 
9 9980 
99979 
99978 
9 9977 


9 997° 9 9977 y 
9 9977 9 997° 9 997° 


9996- 

99967 99967 
9 99°7 9 99°° 
9 99®5 9 99 ®4 


9 99®- 
99967 

Q 9066 

9 9965 


9 9976 
9 9975 

9 9974 
9 9973 
99972 
99971 
99971 


9 9975 
9 9974 

9 9973 
9 9973 
I 9 997 a 
99971 

9 997° 


99970 99969' 

9 9969 9 99° s 
99968 99967 
9 9966 9 9966 
9 99®® 9 99®5, 
9 9965 9 99®4| 

9 9964I 9 99® 3 9 99®3 


9 9975 
9 9974 

9 997* 

9 997* 

9 997 1 
9 997° 
9 997° 

9 99® 

9 99®, 

9 9966 

99965 

9 99®4, 
9 99®4| 
9 9962 


619 



TABLE XVI. 

Second Correction of the Lunar Distance 




















TABLE XVI, 

Second Correction of the Lunar Distance 


Appn, 

rent 

Dis- 

tance 







FIRST 

CORRECTION OF DISTANCE 






Appar 

r< nt 
Dis- 
tance 

37 ' 

38 ' 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 ' 

49 

H 

51 

B 

H 

54 ' 

65 ' 

56 ' 

57 ' 

58 ' 

C 9 ' 

eo' 

Subtr 
15 ° 0 ' 

// 

45 

/ 

47 

ss 

// 

S 2 

55 

/ 

5? 

6 c 

f 3 

/ 

66 

69 

r 

72 

// 

75 

/ 

78 

w 

81 

// 

85 

88 

// 

9 1 

/ 

95 

// 

99 

t* 

102 

// 

106 

// 

no 

ft 

113 

/ 

117 

Add 

30 

43 

45 


5 ° 

53 

56 

s 3 

6l 

6 4 

67 

7 ° 

72 

76 

79 

82 

85 

88 

92 

95 

99 

102 

106 

no 

1 1 *3 


imm 

4a 

44 

46 

49 

5 i 

54 

5<5 

59 

62 

64 

6 7 

70 

73 

76 

79 

82 

85 

89 

92 

95 

99 

IC2 

106 

lie 


1 ou 

40 

43 

45 

47 

5 c 

5 2 

54 

57 

60 

62 

65 

68 

7 i 

74 

77 

80 

83 

86 

89 

9 2 

96 

99 

103 

ic6 


17 0 

n 

4 i 

43 

46 

48 

5 ° 

53 

55 

5 f 

6c 

63 

66 

69 

7 i 

74 

77 

80 

83 

86 

90 

93 

96 

99 

103 


3 U 

3 « 

n 

40 

42 

44 

47 

49 

5 i 

54 

56 

59 

fai 

6 4 

66 

69 

72 

75 

78 

81 

84 

87 

90 

93 

96 

IOC 


lo U 


41 

43 

45 

47 

5° 

5 2 

54 

57 

59 

62 

64 

67 

70 

73 

75 

78 

81 

84 

87 

90 

94 

97 


oU 

36 

3 * 

40 

42 

44 

46 

48 

50 

53 

55 

56 

60 

6 3 

65 

68 

7 1 

73 

76 

79 

82 

85 

88 

91 

94 


IV u 

35 

n 

39 

4 i 

43 

45 

4 Z 

49 

5 i 

54 

58 

61 

63 

66 

69 

7 i 

74 

77 

79 

82 

85 

88 

9 1 


oU 

34 

36 

37 

39 

4 i 

43 

46 

48 

5 ° 

5 2 

54 

57 

59 

62 

e 4 

67 

69 

72 

75 

77 

80 

83 

86 

89 


20 

33 

35 

36 

33 

4 f 

4 2 

44 

46 

49 

5 i 

53 

55 

58 

60 

62 

65 

67 

70 

73 

75 

78 

81 

83 

86 


iCL 

3 1 

33 

35 

36 

33 

4? 

4 2 

44 

46 

48 

50 

5 2 

55 

57 

59 

61 

64 

66 

69 

7 i 

74 

76 

79 

82 


*>o 

30 

3 i 

33 

35 

36 

33 

4? 

42 

44 

46 

48 

50 

5 2 

54 

J6 

58 

61 

6 3 

65 

68 

70 

73 

75 

78 


9 A. 

28 

n 

3 i 

33 

35 

36 

33 

4° 

42 

44 

45 

47 

49 

51 

53 

56 

58 

60 

62 

64 

67 

69 

72 

74 



27 

20 

3 ° 

3 1 

33 

35 

36 

3 8 

40 

4 i 

43 

45 

47 

49 

5 i 

53 

55 

57 

59 

61 

64 

66 

68 

71 


1 UlS 

26 

% 

28 

30 

3 i 

33 

35 

3 6 

33 

4 ° 

41 

43 

45 

47 

49 

5 i 

53 

55 

57 

59 

61 

63 

65 

67 


is 

*5 

20 

ll 

29 

3 ° 

3 2 

33 

35 

36 

3 f 

40 

4 i 

43 

45 

47 

48 

5 ° 

5 2 

54 

56 

58 

60 

62 

64 


Hi 

23 

2 5 

26 

2 z 

29 

30 

3 2 

33 

35 

36 

38 


4 i 

43 

45 

46 

48 

5 ° 

5 2 

54 

56 

58 

6c 

62 


IBM 

22 

24 

2 5 

26 

28 

20 

30 

32 

33 

35 

36 

3 f 

39 

41 

43 

44 

46 

4 s 

5 o 

5 i 

53 

55 

57 

59 


IB 

22 

2 3 

2 4 

a 5 

26 

28 

29 

30 

32 

33 

35 

3 fa 

38 

39 

4 i 

43 

44 

46 

48 

49 

5 1 

53 

55 

57 


30 * 

Q I 

21 

22 

2 3 

2 4 

2 5 

?2 

28 

2 2 

3 1 

3 2 

33 

35 

36 


3 ? 

4 i 

42 

44 

46 

47 

49 

51 

53 

54 


QO 

20 

21 

22 

2 3 

2 4 

26 

*1 

28 


3 i 

3 2 

33 

35 

3 6 

38 

36 

39 

41 

4 2 

44 

46 

47 

49 

5 1 

5 2 


1 OA 

;? 

20 

21 

22 

2 3 

2 5 

26 


28 

3 ° 

3 i 

3 2 

34 

35 

38 

39 

4 i 

39 

4 2 

44 

45 

47 

49 

5 C 


OO 

Q /% 

ia 

- Q 

19 

20 

22 

2 3 

2 4 

2 5 

26 


28 

3 ° 

3 i 

3 2 

34 

35 

36 

3 | 

36 

4 i 

42 

44 

45 

47 

4 « 


vw 

IS 

19 

20 

21 

22 

23 

2 4 

2 5 

26 

27 

29 

30 


3 2 

34 

35 

38 

39 

4 i 

42 

44 

45 

47 


35 

\l 

18 

19 

20 

21 

22 

2 3 

24 

2 5 

26 

28 

2 9 

30 

3 i 

32 

34 

35 

36 

3 ? 

39 

4 C 

42 

43 

45 


on 

T (Z 

*7 

i8 

1 9 

20 

21 

22 

2 3 

2 4 

25 

2 7 

28 

20 

30 

3 1 

3 2 

34 

35 

3 6 

38 

39 

4 C 

42 

43 


<5 / 

OQ 

ID 

;z 

18 


r 9 

20 

21 

22 

2 3 

2 5 

26 

2 l 

28 

2 9 

3 ° 

3 i 

33 

34 

35 

36 

3 ^ 

3 ° 

4 C 

\l 

42 


uCJ 

39 

x 5 

15 

ID 

16 

17 

16 

18 

17 

;s 

20 

19 

21 

20 

22 

21 

2 3 

22 

24 

2 3 

2 5 

2 4 

26 

2 5 

27 

26 

28 

27 

ll 

30 

29 

3 i 

3 c 

33 

3 1 

34 

33 

35 

34 

3 C 

35 

3 r 

3 6 

40 

39 


mm 


15 

16 

;z 

i i 

18 


20 

21 

22 

2 3 

2 4 

2 5 

26 

27 

28 

2 9 

30 

3 i 

33 

34 

35 

36 

37 

140 ° 


*3 


*5 

10 

16 

17 

18 

19 

20 

21 

21 

22 

2 3 

24 

2 5 

26 

2 7 

28 

29 

30 

3 1 

33 

34 

35 

138 


12 

*3 

14 

15 

15 

16 

T z 

n 

18 

*9 

20 

21 

22 

2 3 

2 4 

24 

2 5 

26 

27 

28 

29 

3 ° 

3 1 

33 

130 

46 

12 

12 

13 

14 

h 

15 

16 

16 

*7 

18 

19 

*9 

20 

21 

22 

2 3 

24 

2 5 

26 

26 

27 

28 

29 

3 ° 

134 

48 

1 1 

II 

12 

13 

13 

14 

15 

15 

16 

17 

17 

18 

*9 

20 

20 

21 

22 

23 

2 4 

2 5 

2G 

26 

2 7 

28 

132 


10 

II 

11 

12 

12 

13 

14 

H 

15 

16 

16 

*7 

18 

18 

19 

20 

21 

21 

22 

2 3 

24 

2 5 

2 5 

26 

130 

DA 

9 

IO 

IO 

11 

1 1 

12 

13 

13 

14 

14 

15 

ID 

16 

*7 

18 

18 

J 9 

2C 

21 

21 

22 

2 3 

24 

2 5 

128 

54 

i 

9 

IO 

IO 

1 1 

1 1 

12 

12 

x 3 

13 

14 

15 

i 5 

16 

1 6 

17 

it 

IS 

10 

20 

21 

21 

22 

2 3 

120 

56 

0 

8 

8 

9 

IO 

IO 

II 

11 

12 

12 

13 

H 

14 

*5 

15 

16 

17 

17 

18 

18 

19 

2 C 

2C 

21 

124 

58 

7 

8 

8 

9 

9 

IO 

IO 

11 

11 

12 

12 

13 

13 

14 


15 

15 

l6 

16 

17 

18 

i£ 

19 

20 

122 


7 

7 

8 

8 

8 

2 

9 

10 

10 

11 

11 

12 

12 

*3 

x 3 

14 


15 

15 

16 

16 

17 

18 

18 

120 

■ 

6 

7 

7 

7 

8 

8 

8 


9 

10 

10 

II 

11 

12 

12 

13 

13 

14 

14 

15 

15 

16 

16 

* 7 

118 

U 4 

6 

6 

6 

7 

7 

8 

8 

8 

8 

8 

9 

IO 

10 

1 1 

1 1 

12 

12 

12 

*3 

*3 


14 

*5 

15 

no 

OU 

5 

6 

6 

6 

7 

7 

7 

8 

8 

9 

9 

9 

10 

10 

11 

11 

II 

12 

12 

*3 

13 

M 

14 

114 

08 

5 

5 

5 

6 

6 

6 

7 

7 

7 

7 

0 

8 

0 

9 

9 

IO 

10 

IO 

11 

11 

11 

12 

12 

*3 

112 

70 

4 

5 

5 

5 

5 

6 

6 

6 

6 

7 

7 

7 

8 

8 

8 

9 

9 

9 

10 

10 

10 

11 

11 

11 

sa 

74 

3 

4 

4 

4 

4 

4 

5 

5 

5 

5 

6 

6 

6 

6 

7 

7 

7 

7 

8 

8 

8 

8 

9 

9 

[sail 

78 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

5 

5 

5 

5 

5 

6 

6 

6 

6 

i 

7 

102 

82 

2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

4 

Euan 

86 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

84 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

c 

0 

0 

0 

0 

0 

0 

0 

m 

ApjMlr 

rout 

Dis- 

tance 

37" 

38' 

39' 

40' 

41' 

42' 

43' 

44' 

45' 

46 

47' 

48' 

49 ' 

50' 

51 ' 

52' 

53' 

54' 

55' 

56 ' 

a 



m 

1 

FIRST CORRECTION OF DISTANCE 




TABLE XVII, 

lror finding the Correction of the Lunar Distance for the Contraction of the Moon’s SemicTiameter 


mm 



TABLE XYII. A. 

Giving the Argument for Table XYII. B. 





Reduced 
P tind R 
of ]> 








APPARENT 

ALTITUDE OF 

2) 








o 

5 

0 

51 

0 

0 

0 

6* 

0 

7 

0 

7* 

0 

8 

0 

W 

0 

9 

0 

9* 

0 

10 

0 

11 

0 

12 

0 

13 

0 

14 

0 

15 

0 

10 

0 

17 

0 

18 

0 

20 

0 

25 

0 

30 

0 

40 

0 

50 

41 ' 


5 6 























42 

63 

54 

47 

4 i 





















43 

62 

53 

46 

40 

35 




















44 

60 

5 i 

45 

33 

34 

30 

27 


















45 

58 

5 ° 

43 

33 

33 

30 

26 

2 4 

21 

20 















46 

57 

49 

42 

37 

33 

29 

26 

2 3 

21 

19 

17 

15 













47 

56 

48 

4 i 

36 

3 2 

28 

2 5 

2 3 

20 

*9 

17 

14 

12 

10 


8 









48 

54 

46 

40 

35 

3 i 

28 

2 5 

22 

20 

18 

J 7 

14 

12 

10 

9 

7 

6 







49 

53 

45 

39 

35 

30 

27 

2 4 

22 

19 

18 

16 

14 

12 

10 

9 

8 

7 

6 

6 

5 

3 




50 

5 2 

44 

38 

34 

30 

26 

2 4 

21 

19 

17 

16 

13 

11 

10 

9 

8 

7 

6 

5 

5 

3 

3 

2 


51 

5 ° 

43 

38 

33 

2 9 

26 

23 

21 

*9 

17 

15 

13 

11 

10 

8 

7 

7 

6 

5 

5 

3 

2 

2 

2 

52 

49 

42 

37 

3 2 

28 

2 5 

2 3 

20 

18 

n 

15 

13 

1 1 

9 

8 

7 

7 

6 

5 

4 

3 

2 

2 

2 

53 

48 

4 i 

36 

3 2 

28 

2 5 

22 

20 

18 

16 

15 

12 

11 

9 

8 

7 

6 

6 

5 

4 

3 

2 

2 

2 

54 

47 

4 i 

35 

3 i 

2 7 

24 

22 

19 

18 

16 

*5 

12 

10 

9 

8 

7 

6 

6 

5 

4 

3 

2 

2 

2 

55 



35 

3 ° 

27 

2 4 

21 

19 

17 

16 

14 

12 

10 

9 

8 

7 

6 

6 

5 

4 

3 

2 

2 

2 

56 





26 

2 3 

21 


17 

15 


12 

10 

9 

8 

7 

6 

5 

5 

4 

3 

2 

2 

2 

57 








is 

17 

15 

*4 

12 

10 

9 

7 

7 

6 

5 

5 

4 

3 

2 

2 

2 

58 











13 

11 

10 

8 

8 

7 

7 

6 

5 

5 

4 

3 

2 

2 

2 

59 














7 

6 

6 

5 

5 

4 

3 

2 

2 

2 

60 

= 

_ 



_ 















4 

3 

2 

2 

2 


TABLE XYII B, Contraction of D's Semidiameter. 


"Whole 

Correction 






ARGUMENT 

= 

NUMBER 

FROM TABLE 

XYII 

A 






of ]) 

2 

4 

0 

8 

10 

12 

14 

10 

18 

20 

22 

10 

20 

28 

30 

32 

31 

30 

3 S 

40 

41 

48 

5*2 

50 

m 

04 


// 

" 

n 

rt 

// 

n 

n 

// 

tt 

// 

// 

// 

/' 

it 

tr 

n 

rt 

tt 

n 

tt 

tt 


// 

tt 

tt 

ft 

0' 

0 

0 

0 

0 

0 

0 

0 

0 

O 

0 

0 

O 

0 

0 

0 

0 

0 

0 

O 

0 

0 

0 

0 

0 

0 

0 

5 

0 

0 

0 

0 

0 

0 

0 

0 

O 

0 

0 

O 

0 

0 

0 

0 

0 

0 

O 

0 

0 

0 

0 

0 

0 

0 

10 

0 

0 

O 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

I 

1 

1 

1 

I 

1 

1 

1 

I 

1 

1 

1 

15 

0 

0 

O 

0 

0 

1 

1 

X 

I 

1 

1 

I 

1 

1 

3 

1 

2 

2 

2 

2 

2 

2 

2 

3 

3 

3 

20 

0 

0 

0 

1 

1 

1 

1 

1 

I 

2 

2 

2 

2 

2 

2 

3 

3 

3 

3 

3 

4 

4 

4 

4 

5 

5 

22 

0 

0 

I 

1 

1 

1 

1 

2 

2 

2 

2 

2 

3 

3 

3 

3 

3 

3 

4 

4 

4 

5 

5 

5 

6 

6 

24 

0 

0 

I 

1 

1 

1 

2 

2 

2 

2 

3 

3 

3 

3 

3 

4 

4 

4 

4 

5 

5 

6 

6 

6 

7 

7 

26 

0 

1 

I 

1 

1 

2 

2 

2 

2 

3 

3 

3 

4 

4 

4 

4 

5 

c 

5 

5 

6 

6 

7 

8 

8 

9 

28 

0 

1 

I 

1 

2 

2 

2 

3 

3 

3 

3 

4 

4 

4 

5 

5 

5 

6 

6 

6 

7 

8 

8 

9 

9 

10 

30 

0 

1 

I 

1 

2 

2 

3 

3 

3 

4 

4 

4 

5 

5 

5 

b 

6 

6 

7 

7 

8 

9 

9 

10 

11 

12 

32 

0 

I 

I 

2 

2 

2 

3 

3 

4 

4 

5 

5 

5 

6 

6 

7 

7 


8 

8 

9 

10 

11 

1 1 

12 

13 

34 : 

0 

1 

I 

2 

2 

3 

3 

4 

4 

5 

5 

6 

b 

6 

7 

7 

8 

8 

9 

9 

10 

11 

12 

*3 

14 

*5 

36 

1 

1 

2 

2 

3 

3 

4 

4 

5 

5 

b 

6 

7 

7 

8 

8 

9 

9 

10 

10 

1 1 

12 

13 

*5 

iS 

17 

38 

1 

1 

2 

2 

3 

3 

4 

5 


6 

6 

7 

8 

8 

9 

9 

10 

10 

11 

12 

x 3 

14 

15 

16 

17 

18 

40 

1 

1 

2 

3 

3 

4 

4 

5 

b 

6 

7 

8 

8 

9 

9 

10 

11 

12 

12 

13 

H 

15 

17 

18 

*9 

20 

42 

1 

1 

2 

3 

4 

4 

5 

6 

6 

7 

8 

8 

9 

10 

11 

11 

12 

13 

13 

14 

16 

17 

18 

zo 

21 

23 

44 

1 

2 

2 

3 

4 

5 

5 

6 

7 

8 

9 

9 

10 

11 

12 

12 

13 

14 

15 

15 

17 

*9 

20 

22 

23 


45 

Aii 

1 

2 

2 

3 

4 

5 

0 

6 

7 

8 

9 

10 

11 

1 1 

12 

13 


15 

*5 

16 

18 

x 9 

21 

2 3 

24 


4 o 

1 

2 

3 

3 

4 

5 

6 

7 

7 

8 

9 

10 

11 

12 

13 

14 

H 

15 

16 

17 

19 

20 

22 

24 



47 

1 

2 

3 

4 

4 

5 

6 

7 

8 

9 

10 

11 

11 

12 

13 

14 

15 

16 

17 

18 

*9 

21 

2 3 

2 5 



48 

1 

2 

3 

4 

5 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

18 

20 

£2 

2 4 

26 


1 

49 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

12 

13 

14 

15 

16 

17 

18 

19 

21 

2 3 

25 



1 

50 

1 

2 

3 

4 

5 

6 

7 

8 

9 

KG 

KG 

KB 

J 3 

14 

15 

16 

x 7 

18 

19 

20 

22 

24 

26 



1 

51 

1 

2 

3 

4 

5 

6 

Z 

8 

9 

s 

E8 

E 


15 

16 

17 

18 

*9 

20 

21 

2-3 

2 5 

27 




52 

1 

2 

3 

4 

5 

6 

8 

9 

10 

IS 

EE 

IS 

14 

15 

16 

17 

18 

19 

21 

22 

24 

26 





53 

1 

2 

3 

4 

6 

7 

8 

9 

10 

11 

12 

13 

15 


17 

18 

19 

20 

21 

22 

2-5 

27 





54 


2 

3 

5 

6 

7 

8 

9 

10 

12 

*3 


15 

16 

17 

19 

20 

21 

22 

2 3 

26 






55 


2 

4 

5 

6 

I 

8 

10 

1 1 

12 

13 

15 

16 

17 

18 

19 

21 

22 









56 

57 


3 

4 

4 

5 

5 

6 

7 

8 

9 

10 

11 

*3 


*5 

16 











1 













~ 11 

TABLE XVm, 

For finding the Correction of the lunar Distance for the Contraction of the Sun’s Semidiameter 

TABLE XVIII. A. Giving the Argument for Table TVTILB. ]; 
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TABLE XlXi 

For finding the Yalue of iV for correcting lunar distances for the compression of the earth 
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Aberration, of a star in the direction of 
tlie observer’s motion, found, I , 629 , 
annual aberration of a star m longi- 
tude and latitude, found, 630 , m right 
ascension and declination, 633 , G-auss’s 
tables, 635, of the sun, 638, diurnal 
aberiation m right ascension and de- 
clination, found, 638, velocity of light, 
640, planetary, 641, constant of, 689, 
effect upon the angular distance of two 
stars, found, II , 466, effect upon, the 
position angle of two stars, 467 Aber- 
ration of lenses, spherical and chro- 
matic, II, 18 
Adams, 1 , 655, 584 
Airy, I, 323, II, 302, 381 
Alidade, II , 32 , ellipticity of the pivot, 47 
Almacantars, defined, I , 19 
Altazimuth, II , 315 

Altitude, defined, I , 20 , parallels of, I ,19 
Altitude and azimuth as co-ordinates, I , 
18 

Altitude and azimuth instrument, II , 315 , 
azimuths observed with, 319 , zenith 
distances, 326 , correction for defective 
illumination, 333 
Amici, II , 449 

Amplitude, defined, 1 , 20 , of a star, 
found when the star is m the horizon, 
I 38 

Argelander, 1 , 93, 132, 141, 159, 646, 
705, 706, II, 381 
Axis of the heavens, defined, I , 21 
Azimuth, defined, I, 20, azimuth of a 
star, found from its decimation and 
hour angle, and the latitude of the 
observer, 31, found w’hen the star is 
on the six hour circle, 36, when the 
star is at its greatest elongation, 37, 
from its zenith distance, 39 

B\.ohb, I, 324, 342. 

Baily, 1 , 93, 650 
Becher, II , 104 
Beer, I , 543 
Bertrand, II , 469 

Bessel, 1 , 85, 87, 92, 93, 96, 97, 131, 132, 
134, 136, 145, 158, 159, 160, 161, 165, 
167, 168, 171, 395, 406, 439, 448, 456, 
461, 507, 512, 566, 574, 575, 578, 606, 
611, 615, 638, 640, 646, 650, 651, 652, 
655, 662, 665, 668, 693, 694, 697, 698, 
702 } II , 35, 50, 59, 61, 143, 144, 171, 
176, 178, 183, 192, 197, 199, 228, 234, 
238, 265, 268, 269, 271, 283, 289, 293, 
294, 295, 296, 301, 802, 304, 307, 309, 
340, 375, 388, 405, 406, 407, 414, 432, 
449, 450, 453, 469, 489, 494 


Biot, 1 , 159 , II , 9. 

Bohnenberger, II, 68, 469 
Bond, 1 , 324, II , 79, 87, 92, 369, 450 
Borda, I , 398 , II, 125 
Bouguer, I, 136, 138, II , 403 
Bowd itch, I , 153, 180, 269, 276, 306, 307, 
308, 316, II, 125. 

Bradley, 1 , 136, 138, 160, 161, 167, G65, 
692, 700, 702, 705, 706, II , 489 
Bruhns, 1 , 136 
Bren now, II , 437, 440, 445 
Burckhardt, 1 , 448, 686. 

Busch, 1 , 692, 700, 701. 

Cagnoli, 1 , 286. 

Caillet, 1 , 265, 298 
Celestial latitude and longitude as co-oidi 
nates, I , 24 
Celestial sphere, 1 , 17 
Chronograph, electro, I , 342 et seq. , H , 
86 

Chronometers, winding, II , 77, trans- 
porting, 78 , correction for temperature, 
79 ; comparison of, 79, by coincident 
beats, 80, probable error of an inter 
polated value of a correction, 83 
Chronometnc expeditions, 1 , 323 
Circles See graduated circles, meridian 
circles, &c 

Circummendian altitudes, I , 235 (see 
time), more accurately reduced, 238, 
of the Sun, Gauss’s method, 244, limits 
of the methods, 251 
Clark, II , 450 

Clocks, II , 84, cloek correction, I , 193, 
II , 174, rate, I, 193 
CODDINGTON, II , 9 
Coffin, 1 , 628, II , 296, 297 
Colures, defined, 1 , 28 
Compass, variation of, 1 , 429 
Connaissance (La) des Temps, 1 , 68 
Constants, astronomical, determined by 
observation, I-, 671; constants of refrac- 
tion, 671, of solar parallax, 673, of 
lunar parallax, 680, of abeiration, 688, 
689, of nutation, 698, of precession, 701 
Co-ordinates, rectangular, I , 43, trans- 
formation of, 48, spherical, 18, trans- 
formation of, 27, differential variations 
of, 50. 

Cusps m a solar eclipse, II , 432 

Damoiseau, 1 , 674 575, 686 
Daussy, II , 126, 127 
Day, sidereal, I , 52, solar, 53 
Dean, II , 349, 359 

Declination, circles of, parallels of, de- 
I fined, I , 21, of a star, found from its 
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altitude and azimuth, and the latitude 
of the observer, 27, found from the 
star’s latitude and longitude, and the 
obliquity of the ecliptic, 42, of the sun 
at the time of his tiansit over a given 
meridian, 71, of the moon or a planet 
at the time of tiansit over a given me- 
ridian, 73, reduction of, 116, of stars, 
found by transits over the prime ver- 
tical, II , 271 , absolute decimation of 
the fixed star^, determined, 1 , 665 
Decimation and hour angle as co-ordi- 
nates, 1 , 21 

Decimation and right ascension as co- 
ordinates, I , 22 

Delambre, I , 177, 239, 689, 692 
De La\ge, 1 , 391 

Derivatives of a tabulated function, 1 , 89 
Dip, of the horizon, 1 , 172, 173 , of the 
sea at a given distance from the ob- 
server, found, 179 
Dollond, II , 403 
Down, 1 , 126 
Douwes, 1 , 315, 316 

Earth, figure and dimensions of, 1 , 95 , 
compression of, 96, eccentricity of the 
mendian, 96, radius found for a given 
latitude, 99, length of noimal termi- 
nating m the axis, found for a given 
latitude — distance from the centie to 
the intersection of the noimal with the 
axis — radius of curvature of meridian, 
101 , reduction of observations to the 
centre, 103 

Eclipses of Jupiter’s satellites, I , 339 
Eclipses, solar , piediction foi the earth 
generally, I , 436 , fundamental equa- 
tions — investigation of the condition of 
beginning or ending of a solar eclipse 
at a given place on the earth’s surface, 
439, position ot the axis of the shadow, 
found for any given time, 441 , distance 
of a given place of observation from the 
axis of the shadow at a given time, 
found, 444, radius of the shadow found, 
448, outline of moon’s shadow upon 
the earth at a given time, found, 456 , 
rising and setting limits, 466, curve of 
maximum m the horizon, 475, northern 
and southern limits, 480, curve of 
central eclipse, 491, duration of total 
or annular eclipse, 493 , place where the 
central eclipse occurs at noon, found, 
494, northern and southern limits of 
total or annular eclipse, 498 , prediction 
for a given place — time of a given phase 
computed, 505, instant of maximum 
obscuration, and degree of obscuration, 
found, 508, method of the American 
Ephemens, 612, correction for refrac- 
tion, 515, reduction to the sea level, 
517 , longitude of a place found from 


tho observation of a solar eclipse, 518, 
longitude corrected, 521, observations 
upon the sun’s cusps, II , 432 , lunar , 

I , 542 See Occupations 

Ecliptic, defined, 1 , 22 , obliquity of, de- 
fined, 23, foui d, 659 
Ellis, II , 194, 195 
Emory, 1 , 339 

Encke, 1 , 91, 96, 100, 448, 693, 640, II , 
469, 475 

Ephemens, American, French, German, I , 
68, Peirce’s method of correcting, 358 
Equation of time, 1 , 54, 71 , of equal al- 
titudes, 200, personal equation, II , 189 
Equator, celestial, defined, I , 21 
Equatorial telescope, II , 367, general 
theory of, 370, instrumental declination 
and hour angle of an observed point, 
found, 371, flexure, 373, instrumental 
decimation and hour angle, reduced to 
the celestial decimation and liour angle, 
375, adjustment of, 379 
Equinoctial, defined, 1 , 21 , points, dq* 
fined, 23, determined, 665 
Equinoxes, defined, I , 23 
Ertel, II , 132, 315, 316, 329 

Ferguson, 1 , 126 

Fixed stars, proper motion of, 1 , 620, 
heliocentric or annual parallax of, de- 
fined, 643, found m longitude and 
latitude, 644, found m right ascension 
and declination, 645, mean and appa- 
rent places of, 645 
Franklin, Sir John, I , 583 
Fraunhofer, II , 367, 368 

Galloway, 1 , 706 
Gambey, II , 125 

Gauss, 1 , 31, 34, 199, 244, 246, 282, 286, 
300, 339, 627, 628, 636, 643, 674, 705, 
II , 23, 66, 148, 469 
Gay Lussac, 1 , 143 
Geocentric place, I , 103 
Gerling, 1 , 679, II , 469 
Gilliss, 1 , 352, 680 
Goetze, II , 9 

Gould, I, 342, 344, 346, 350, 680, II. 
304 

Graduated circles, II , 29, eccentricity of 
37, 39, periodic functions, 42, errors 
of graduation, 61 

Hadley, II , 92 
Halley, II , 131 

Hansen, 1 , 85, 182, 439, 475, 686 , 

II , 59, 144, 171, 174, 213, 216, 219, 220, 
249, 251, 257, 304, 407, 469 

Heliometer, II , 408 , general theory of, 
407 , determination of constants of, 423 
Henderson, 1 , 686, 706 
Herschel, 1 , 693, 694, 703, 705, II , 9, 
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Hipparchus, 1 , 686 

Honzon, defined, 1,18, dip of, defined,, 
172, dip found, 173, distance of, at sea, 
found, 178 

Hour angle, defined, I, 21, numerical 
expi ession of, 27 , of a star, found from 
its altitude and azimuth, and the lati- 
tude of the observer, 27, found when 
the star is at its greatest elongation, 37 , 
when the star is on the prime vertical 
of a given place, 37 , when the star is 
in the horizon, 88, from its zenith dis- 
tance, 39, found at a given time, 64- 
Hour circles, defined, 1 , 21 
Hubbard, I , 628, 651 
Huisse, 1 , 211 

Interpolation, simple, I, 69; by second 
differences, 73, by differences of any 
order, 79 , Bessel’s formula, 85 , into 
the middle, 87, formula arranged ac-j 
cording to the powers of the fractional 
part ot the argument, 89 

Jahrbuch, Berliner Astronomisches, I ,68 
Johnson, 1 , 706 

Jupiter’s satellites, eclipses of, 1 , 839 

Kaiser, 1 , 391 
Kane, 1 , 583 
Keith, I , 628 
Kendall, 1 , 352 
Kepler, I , 692, 673 
Kessel, II , 285, 268 
Knorre, II , 102 
Kramp, 1 , 158, 158 

Lacaille, 1 , 686, 706 
Lagrange, I , 148, 593, 506 
Lalande, 1 , 93, 428 
Lambert, 1 , 542 

Laplace, 1 , 148, 153, 156, 169, II , 469 
Latitude, celestial — circles of — parallels 
of, I , 24, geographical, 25, of a star, 
found from its decimation and right 
ascension, and the obliquity of the 
eoliptic, 39 , reduction of, for the com- 
pression of the earth, 97, distinction 
between geodetic and astronomical, 103 , 
astronomical latitude found by meridian 
/ altitudes, or zenith distances, 223 ; by | 
a single altitude at a given time, 229 , 
by reduction to the mendiau when the 
time is given, 233 , by circummeridian ] 
altitudes, 235 , by the pole star, 253 , j 
by two altitudes of the same star, or 
different stars, and the elapsed time 
between the observations, 257 , by two 
altitudes of the sun, 266 , by two equal 
altitudes of the same star, or of the 
sun, 270 , by two altitudes of the same 
or different stars, with the difference of 
their azimuths, 277, by two different 


stars observed at the same altitude 
when the time is given, 277 . by three 
or more different stars observed at the 
same altitude when the time is not 
given, 280, by Cagnoli’s formulae, 286, 
by the transits of stars over vertical 
circles, 293 , by altitudes near the me- 
ridian when the time is not known, 296, 
by the rate of change of altitudes near 
the prime vertical, 303, found at sea, 
by meridian altitudes, 304, by reduc- 
tion to the meridian when the time is 
given — by two altitudes near the me- 
ridian when the time is not known, 307, 
by three altitudes near the meridian 
when the time is not known, 309, by a 
single altitude at a given time, 310, by 
the change of altitude near the prime 
vertical— by the pole star, 311 , by two 
altitudes with the elapsed time, 313, 
Docwes’s methodof “double altitudes, ” 
315, determined by a transit instru- 
ment in the prime vertical, II , 238, 242, 
252, 254, 260, 265, by Talcott’s method, 
342 

Least squares, method of; Appendix, II , 
469 

Legendre, II , 469 

Level, II ,70; value of a division found — 
radius of curvature — effects of changes 
of temperature, 75, radius of curva* 
ture of different parts of the tube, 76 , 
level constant, 153 
Le Yerrier, I , 578, 601 
Liagre, II , 469 
Lieusson, L, 333, II , 79, 

Light, velocity of, I , 640 
Linden au, 1 , 692, II , 469 
Littrow, I , 300, 302 , II , 9 
Lloyd, II , 9- 
Locke, II , 89 

Longitude, celestial, defined, 1 , 24 , of a 
tar, found from its dechnatiou and 
right ascension, and the obliquity of 
the ecliptic, 39, terrestrial longitude, 
found by astronomical obseivations — 
by portable chronometers, 817, by ter- 
restrial signals, 337, by celestial sig- 
nals, 339, by the electric telegraph, 
341, by moon culminations, 350, by 
azimuths of the moon, or transits of the 
moon and a star over the same vertical 
circle, 871 , by altitudes of the moon, 
382, by lunar distances, 393, by an 
eclipse of the sun, 518 , by occupations, 
550, terrestrial longitude found at sea, 
by chronometers, 420, by lunar dis- 
tances, 422, by the eclipses of Jupiter’s 
satellites — by the moon’s altitude, 423, 
by the occultations of stars by the 
moon, 424 , by the observed contact of 
the moon’s limb with the limb of a 
planet, 578 
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Lunar distance, found at a given tune, I , 
75, longitude found by, 893 
Lundahl, 1 , 693, 701, 706 
Lyman, II , 366 

Madleb, 1 , 370, 542, 543, 606, 703, 706 
Mahleb, II , 367 
Mabtins, II , 106, 119, 127, 130 
Mayer, I, 542, II, 145 
Measurement of angles, II , 29 
Meridian, celestial, defined, I., 19 
Meridian circle, II , 282, reduction to 
the meridian, 289 , observation by re- 
flection, 293 , flexure, 302 , observations 
of the decimation of the moon, 304, 
decimation of a planet, or the sun, 309, 
correction of the observed decimation 
of a planet’s or the moon’s limb for 
spheroidal figure and defective illumi- 
nation, 310 

Meridian line, defined, I, 19, direction 
found by the meridian passage of a star, 
by shadows, 429, by single altitudes of 
a star, 430, by equal altitudes of a star, 
431, by the angular distance of the 
sun from any terrestrial object, 432, by 
two measures of the distance of the sun 
from a terrestrial object, 434, by the 
azimuth of a star at a given time, 434, 
by the greatest elongation of a circum- 
polar star, 484. 

Meridian mark, II , 187 
Mebz, II , 367 

Micrometer, filar, II , 59, 391 , value of a 
revolution, found, 60, 360, effect of 
temperature upon the value of a revolu- 
tion, 68 , position micrometer, 69 , ring 
micrometer, 436 , other micrometers, 449. 
Micrometric observations — filar microm- 
eter — distance and position angle of 
two stars, found, II , 391 , correction 
of the observed position angle for errors 
of the equatorial instrument, 392 ; ap- 
parent difference of right ascension and 
decimation of two stars, found, 397, 
correction for refraction, 450, correc- 
tion for precession, nutation, and aber- 
ration, 465. 

Microscope, reading, II , 33 ; error of 
runs, 35 

Mitchel, II , 87 
Moon culminations, 1 , 350 
Mobse, II , 86, 87 
Mural eircle, II , 282 

Nadir, defined, 1,19, point, H , 285. 

Nautical Almanac, British, 1 , 68. 

Newton, II , 92 

Nicolai, 1 , 364, 627, 635 

Nonagesimal, 1 , 25 

Nonius, II , 30 

Noon, apparent* mean, 1 , 53 

Nutation, 1 , 624, in right ascension and 


declination for a given star at a given 
time, found, 625, general tables for, 
explained, 626, constant of, 624, 698* 
effect upon the position angle ©t two 
stars, found, II , 467. 

Obliquity of the ecliptic See ecliptic 
Occupations, of fixed stars by the moon, I , 
549, longitude found by, 550, 578, pre- 
diction for a given place, 557, limiting 
parallels of latitude found, 661, of 
planets, 565, form of a planet’s disc, 
566, curve of illumination of a planet’s 
surface, found, 569, of Jupiter, 575, 
Saturn, Saturn’s Ring, Mars, Venus, 
and Mercury, 576, Neptune, Uranus, 
583, of fixed stars by a planet, 601, 
of Jupiter’s satellites, 340 
Olbebs, 1 , 107, II , 16 
Olufsen, 1 , 686 

Oudemans, 1 , 391, 448, 551, 555. 

Pape, 1 , 601 

Parallactic angle, defined, 1 , 30, of a star 
on the prime vertical of a given place, 
found, 37, found from a star’s zenith 
distance, 39 

Parallax, defined, 1 , 104 , found in alti- 
tude or zenith distance, the earth re- 
garded as a sphere, 105, of a star, m 
zenith distance and azimuth, when the 
geocentric zenith distance and azimuth 
are given and the earth is regarded as 
a spheroid, 107 , of a star m zenith dis- 
tance and azimuth, when the apparent 
zenith distance and azimuth are given, 
the earth regarded as a spheroid, 112, 
reduced, reduction of, 113, of the 
planets or the sun, 113 , m zenith dis- 
tance, for the point m which the normal 
meets the earth’s axis, 116, m zenith 
distance for the same point, when the 
apparent zenith distance is given, 118 ; 
of a star in right ascension and decima- 
tion when its geocentric right ascension 
and decimation are given, 119, of a 
star m right ascension and decimation, 
when its observed right ascension and 
decimation are given, 123 , in latitude 
and longitude, 126 , solar, constant of, 
673, of a planet, or the sun, found by 
meridian observations 674, of the sun, 
found by extra-meridian observations 
of a planet, 677, lunar, constant of, 
680, of a fixed star, found by micro- 
metric measures, 693 
Peabson, II , 9, 450 

Peibce, 1 , 148, 347, 351, 858, 861, 362, 
366, 369, 578, II , 193, 202, 207, 256, 
261, 357, 469, 490 
Periodic functions, II , 42 
Personal equation, II, 289, personal 
scale, 193. 
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Peters, C A F , I., 606, 624, 626, 626, 
627, 660, 651, 652, 662, 665, 693, 698, 
699, 701, II, 59, 318, 319, 497, 
Petersen, 1 , 256, 601 , II , 440 
Piazzi, 1 , 94, 702 
Pistor, n , 106, 119, 127, 130. 

Planets, occultations of, 1 , 565 
Plumb line, abnormal deviations of, I , 
102 

Poisson, II , 469 
Polar distance, defined, 1 , 22 
Portable transit instrument (see transit 
instrument) as a zenith telescope, II , 
366 

Potter, II , 9 

Precession, lum-solar, planetary, 1 , 604 , 
change m the obliquity of the ecliptic, 
605, general precession m longitude, 
and the position of the mean ecliptic, 
found, 605, m longitude and latitude 
of a given star, from the epoch 1800, 
found, 608, between any two given 
dates, 610, annual precession m longi- 
tude for a given date, 611; m right 
ascension and declination, between any 
tyo given dates, 613, annual precession 
m right ascension and declination, 616, 
position of the pole of the equator at a 
given time, found, 618, constant of, 701 , 
effect upon the position angle of two 
stars, found, II , 467 
pRECHTEL, II , 9 
Prime vertical, defined, 1 , 19 
Prismatic circle, II , 127 
Proper motion of the fixed stars, 1 , 620 , 
reduced from one epoch to another, 
621 , ou a great circle, 623 
Proportional logarithms, I , 75 
Puissant, 1 , 217, 250 

Bamsden, II , 23, 449 
Raper, I, 422, 305, II , 104 
Reduction of a planet’s place, 1 , 657 
Reduction to the meridian for circum- 
m endian altitudes, I, 235, 238, for 
meridian circle observations, II , 289 
Refraction, general laws of, I , 127, as- 
tronomical, 128, tables of, explained, 
130, 169, formula investigated, 134, 
differential equation of, 136, Simpson’s 
or Bougurr’s formula, Bradley’s, 
138, first hypothesis, 136, second hy- 
pothesis, 143 , of a Btann right ascension 
and declination, found, 171, constants 
of, determined, 671, effect m transit 
observations, II , 186 
Regnault, I, 141, 143, 160, 161 
Repeating circle, II , 119 
Repsold, II , 157, 272, 283, 303 
Right ascension, defined, I , 23 , of a star, 
found from the star’s hour angle, 39, 
from its latitude and longitude, and the 
obliquity of the ecliptic, 42 , of the sun 


at the time of his transit over a given 
meridian, 71 , of the moon or a planet 
at the time of transit over a given me- 
ridian, 73, of the fixed stars, deduced 
from transits II, 175, of the moon, 
deduoed from an observed transit, 214 
Determination of the absolute E A. of 
fixed stars 1 , 665 

Ring micrometer, II , 436, correction for 
curvature, 438 , correction for the proper 
motion of one of the objects, 441; 
radius of the ring, found, 445, correc- 
tion for refraction, 461 
Rittenhouse, II , 66, 187 
Rochon, II , 449 
Rudberg, 1 , 143, 160 
Rumker, 1 , 93 

S afford, 1 , 512 
Santini, 1 , 94 

Sawitsch, II , 9, 212, 221, 264 
Saxton, II , 87, 91 
Schott, 1 , 588 

Schumacher, 1 , 34, 256, 627, 635, II, 
130 

Semidiameters of celestial bodies, 1 , 180 , 
augmentation of, 183, contraction of 
the vertical semidiameter of the sun or 
moon, produced by refraction, found, 
184, contraction of any inclined semi- 
diameter, produced by refraction, 186, 
contraction of horizontal, 187, planets’ 
mean, 687 

Sextant, II , 92 , adjustments, 95, 96 , 
index correction, by a star, by the sun, 
98, method of observation, 99, altitude 
from artificial horizon, 161, from the 
sea horizon, 103, equal altitudes, 104; 
how to examine the colored glasses, 
106, parallax, 107, errors of the index 
glass, 108 , error of the sight line, 112 ; 
eccentricity, 117 
Simpson, 1 , 138 
Six hour circle, defined, 1 , 26 
Solstices, defined, 1 , 23 
Spherical astronomy, defined, 1 , 18 
Star catalogues, I , 91 
Steinheil, II , 132, 234, 268 
Struve, 1 , 93, 324, 326, 328, 329, 331, 
332, 575, 578, 606, 632, 640, 692, 706, 
707, II , 84, 157, 192, 262, 272, 275, 
282, 283, 318, 367, 381, 386, 450 
Sumner’s method of finding a ship’-s place 
at sea, 1 , 424 

Sun, right ascension of, 1 , 71 , meridian 
zenith distances of, 228, mean motion 
of, 652, epoch of mean longitude of, 
653 , motion in space, 703, observations 
upon the cusps m a solar eclipse, II., 
432. 

Talcott, 1 , 226, II , 340, 366, 367, his 
method of finding the latitude, 342 
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Telescope, II , 9, magnifying power, 12, 
field of view, 14, brightness of images, 
and intensity of their light, 15, spher- 
loal and chromatic aberration, 18, 
achromatic eye pieces, 20, diagonal 
eye pieces, 22, magnifying power 
measured, first method, 22, second 
method, 23, third method, 25, fourth 
method, 26 , reflecting, 27 , finding, 28 , 
zenith, II , 340, equatorial, 367 
Time, apparent, mean, sidereal, solar, I , 
63, civil, astronomical, 64 , conversions 
of, 54, 67, 59, 60, 62, 655, local mean, 
found, 65, equation of, 64, 71, local, 
Greenwich, defined, 66, Greenwich, 
corresponding to a given right ascen- 
sion of the moon on a given day, found, 
76, corresponding to a given lunar 
distance on a given day, found, 77, 
found by astronomical observations, 
198 , by transits, 196, by equal altitudes 
of a star, 196, by equal altitudes of the 
sun before and after noon, 198, before j 
and after midnight, 201 , correction for 
small inequalities m the altitudes, 202 , 
probable error of observation of equal 
altitudes, 205, found by a single alti- 
tude, or zenith distance, 206 , mean of 
times reduced to mean of zenith dis- 
tances, 215, found by the disappear- 
ance of a star behind a terrestrial 
object, 217, true and apparent rising 
or setting of a star — beginning and 
ending of twilight, 218, found at sea, 
by a single altitude, 219, by equal 
altitudes, 220, found with a portable 
transit instrument m the mendian, II , 
200, out of the meridian, 215 
Transit, 1 , 62 , time of the moon’s or a 
planet’s transit over a given mendian, 
found, 72 

Transit circle, II , 282 
Transit mstiument, II, 131, method of 
observation, 138, general formulae, 
189, in the mendian, 140, thread in- 
tervals, 146, reduction to the middle 
thread, 149, reduction to the mean of 
the threads, 151, level constant, 153, 
inequality of pivots, 155, colhmation 
constant, ICO, azimuth constant, 169, 
portable, m the meridian, 200 , m any 
vertical plane, 209, adaptation as a 
zenith telescope, II , 866 
Transit instrument m the prime vertioal , 
geographical latitude determined, II, 
238, 242, 260, 252,254, 265, adjustment 
m the prime vertical, 289, correction 
for inclination of the axis, 241 , declina- 
tions determined, 271. 


Transits, of the moon, II , 176 of the sun 
or a planet, 182, correction of the 
transit when the planet’s defective limb 
has been observed, 185, effect of re* 
traction, 186, probable erroi ofobserva 
tion, 194, of Jupiter’s satellites o^cr 
the planet’s disc, and of shadows of the 
satellites, 1 , 340, of Venus and Mer- 
cury over the sun’s diso, 691 
Trottghton, II , 119, 127 
Twilight, time of beginning and ending. 
1 , 218 

Twining, 1 , 602 


Valz, II , 25 
Vega, 1 , 211 
Vernier, II , 80 
Vernier, Petlr, II , 80 
Veitical circles, lines, and planes, defined, 
I, 19 


Walker, 1 , 342, 355, 304, II , 308, 402 

WARNSTORFr, I , C4, 256, 627, 635 

Weisse, 1 , 93 

Wiohmann, II 436 

Wolpers, 1 , 93, 662 

Wrigiit, 1 , 504 

WURDEMANN, I , 344, II , 136 


Year, length of, I, G52, fictitious, G51* 
beginning of fictitious, found, 654 


Zaoh, 1 , 302 
Zeoh, 1 , 93, 211, 052 
Zenith, defined, 1 , 19 
Zenith distance, defined, 1 , 20 , of a star, 
found from its decimation ami hour 
angle, and the latitude of tlio obseiver, 
81, found when the stai is on the six 
hour circle, 36, found when the star is 
at its greatest elongation, 37, found 
when the star is on the prime vertical, 
37, reduction ot obseivcd zenith dis- 
tances to the centre ot the eaitli, 189, 
change of, m a giveu interval ot tune, 
213, moan of the zenith distances re- 
duced to the mean of the times, 214 
of the sun, 228 (soo II , 320) 

Zenith telescope, II, 340, correction for 
refraction, 344, for level, lor nncio 
meter, 346, reduction to tho meridian, 
selection of stars, 347, discussion of 
the results, 350, value of a division of 
the level, 358 , value of a revolution of 
the micrometer, 360, extra meridian 
observations fox latitude, 8G4 
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